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Abstract

This paper examines the allocation of market risk in a general class of collective
pension arrangements: Collective Defined Contribution (CDC) schemes. In a CDC
scheme participants collectively share funding risk through benefit level adjustments.
There is a concern that, if not well designed, CDC schemes are unfair and will lead to an
unintended redistribution of wealth between participants and, in particular, between
generations. We define a pension scheme as fair if all participants receive an
arbitrage-free return on the market risk they bear. The fact that the participants’ claim
on the CDC schemes’ collective assets is expressed in terms of a stochastic future
benefit, makes the arbitrage-free allocation of market risk non-trivial. It depends
crucially on the specification of the discount rate process in combination with the
benefit adjustment process. We show that fair CDC schemes may use a default-free
market interest rate in combination with a specific horizon-dependent benefit
adjustment process. Alternative discount rates are also permissible, but require
additional correction terms in the benefit adjustment process.

Key words: Pension; Retirement; Asset Pricing; Fair value; Intergenerational risk-sharing;
Funded pension systems.

JEL Codes: H55, G13, G23, J26, J32

∗We would like to thank Servaas van Bilsen, Zvi Bodie, Bert Boertje, Bart Bos, Theo Kocken, Antoon Pelsser,
John Ralfe, Bas Werker, Sweder van Wijnbergen and the seminar participants at Cardano, De Nederlandsche
Bank, and Maastricht University for the valuable discussions on the ideas presented in this paper.

†University of Chicago, IABoelaars@uchicago.edu, corresponding author
‡Maastricht University and De Nederlandsche Bank, dirk.broeders@dnb.nl

1

IABoelaars@uchicago.edu
dirk.broeders@dnb.nl


1 Introduction

Defined Benefit (DB) pension schemes are under pressure. DB schemes guarantee pension

benefits, regardless of the pension fund’s actual investment returns, Bodie (1990). An external

guarantor must ensure that the pension scheme can fulfill the benefits it has promised the

scheme participants. In recent decades, falling interest rates and rising life expectancy have

made the provision of such long-term guarantees more expensive. As a result, employers, labor

unions, and policy makers seek alternatives to traditional DB schemes.

One alternative is to switch to an individual Defined Contribution scheme (DC). In a DC

scheme, individuals accumulate retirement funds on an individual account basis. The level of

future retirement income depends on the actual investment return and is no longer guaranteed,

as is the case in a DB scheme.

Some employers, labor unions, and policy makers propose a different alternative: a Collective

Defined Contribution scheme (CDC).1 CDC schemes combine features of DB and DC schemes.

The approach is to stick to the defined benefit administration framework, while reducing the

risk burden on the schemes’ sponsor by ‘softening’ the guarantee.2 Participants still accrue a

retirement benefit denoted in terms of a future income level, but this benefit level fluctuates

as a function of the funding status of the pension scheme. The ‘DC’ in CDC points to the

fact that, as in conventional individual DC, there is no guaranteed benefit level, while addition

of the letter ‘C’ for ‘Collective’ points to the fact that, unlike the conventional individual DC

scheme, there is no individual capital accumulation.

CDC schemes are a hybrid form of DB and DC schemes. Over time, hybrid pension schemes

have become more popular, see Figure 1. This figure shows the growth of hybrid pension

schemes in an unbalanced sample of OECD countries. The share of each pension scheme type

is based on weighting countries equally. In 2005, 7 percent of the 19 countries in the OECD

pension database had some form of hybrid pension plan. In 2017, this had grown to 16 percent

across 18 countries.3

1Existing defined benefit schemes in both Canada and the Netherlands evolve into CDC pension schemes.
At the time of writing, the UK government is consulting on the potential introduction of CDC pension schemes
(Department for Work and Pensions, 2018). Novy-Marx and Rauh (2014) study the effect of linking benefits to
investment performance in American state pension plans.

2Note that under rational behavior, employees will negotiate higher wages to compensate for a lower value
of their pension guarantee, see, e.g., Sharpe (1976) and Treynor (1977). A move away from DB should therefore
be seen primarily as a shift of risk from the sponsor to the individual pension scheme participant.

3Hybrid is defined as the sum of mixed DB and protected DC.
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Figure 1. Growth of hybrid pension plans in selected OECD countries, source: https://

stats.oecd.org/

As a CDC scheme pools assets of all participants, the scheme can potentially redistribute

wealth. Especially because a CDC scheme allocates wealth over time, and hence across different

generations, a complex economic problem emerges, namely, whether all participants are treated

fairly. We define a pension scheme to be fair if all participants, at any point in time, make an

arbitrage-free return on the market risk they bear. This definition implies that if a scheme is not

fair, some participants could get a better risk-return trade-off outside the scheme. We argue that

this definition of fairness is an important sustainability criterion. If violated, participants or

groups of participants can benefit by leaving the scheme. This would make the pension scheme

unstable. Pension scheme stability is, e.g., analysed in Chen, Beetsma, Broeders, and Pelsser

(2017). Our definition of a fair pension scheme is in line with the concept of fair contracts, as

referred to in insurance literature, see, e.g., Grosen and Jørgensen (2002), Chen and Suchanecki

(2007), Døskeland and Nordahl (2008), and Orozco-Garcia and Schmeiser (2017).

CDC schemes distributes risk across participants by adjusting benefit levels. The benefit

level adjustment is a function of the scheme’s funding ratio, which is the ratio of the scheme’s

assets to the present value of benefits. The present value of benefits is obtained by discounting

the outstanding benefits. Fairness will depend crucially on the combined specification of the

benefit adjustment process and the discount rate process that are used. In this paper we focus

on market risk only.

We show that the arbitrage-free allocation of market risk is non-trivial. Starting, for
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example, from a defined benefit context, introducing benefit adjustments that are equal for all

participants (in percentage terms) is not arbitrage-free. This may be a surprising result

because adjusting all benefit levels equally intuitively feels like a ‘fair’ arrangement. This is,

however, not the case because of interaction between the benefit adjustment process and the

discount rate process. In a world with stochastic interest rates, the covariance between

discount rates and benefit level adjustments implies an arbitrage opportunity. Unless the

pension scheme fully hedges its discount rate risk, homogeneous benefit adjustment implies a

continuous transfer of wealth from young to old participants. We show how to make this

contract arbitrage-free through the introduction of a horizon-dependent benefit adjustment

rule.

An additional advantage of using a horizon-dependent benefit adjustment rule is that it

allows for an arbitrage-free smoothing policy. In practice, policy makers prefer the idea that

current retirement income is not too volatile on a year-to-year basis. We show how a specific

horizon-dependent benefit adjustment process can reduce the volatility of current retirement

income while preserving the arbitrage-free allocation of market risks.

We also address the widely debated topic of liability discounting. In a defined benefit setting

the discount rate follows trivially from the nature of the liabilities. If benefits are default-free,

the market consistent value of the pension liabilities is found by discounting benefits using

a default-free market interest rate. In a CDC scheme, future benefit levels are stochastic.

Therefore, it is less obvious how to obtain the present value of benefits. There is actually a

circularity. Benefit levels are adjusted based on the funding ratio, which is itself a function of

the present value of the benefits. We show that, in order to preserve a fair allocation of market

risks, CDC benefits still have to be discounted using a default-free market rate.

Finally, an important disclaimer is in place. In this paper we only address the fair allocation

of market risk in CDC. Fairness is important to ensure stability of the pension scheme as it

prevents unintended wealth redistributions between participants. Fairness, however, should not

be confused with optimality. Fair CDC pension schemes may be suboptimal in terms of the

risk exposure of individual participants. The matter of optimality will need to be explored in

more detail in future studies. However, the analysis in this paper does provide the building

blocks for such an analysis by deriving the implied exposure of individual participants in the
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scheme to risk.

The remainder of the paper is structured as follows. In Section 2 we define the concepts

used (fairness, CDC, etc.) and in Section 3 we discuss some of their implications. In Section 4

we introduce some technical assumptions and notation. In Section 5 we derive the return of an

individual participant in a CDC scheme and show how this return can be market inconsistent.

Section 6 explains how to achieve fairness through a horizon-dependent benefit adjustment and

how this also allows for smoothing of benefit adjustments. In Section 7 we focus on the role of

the discount factor and to what extent one could use alternative discount factors. Finally, we

evaluate CDC in Section 10 and Section 11 draws a conclusion.
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2 Definitions and technical assumptions

2.1 Market risk and fair pension schemes

Collective pension schemes pool and allocate risks of individual participants. We can

subdivide these risks into two classes: traded risks and non-traded risks. Idiosyncratic

longevity risk could, for example, be considered a non-traded risk, while equity risk and

interest rate risk are traded risks. As equity risk and interest rate risk are priced in the

market, we also refer to these risk factors as market risks. The fact that risk is traded on a

financial market has an important consequence. If the pension scheme, internally, allocates

traded risks on terms that are inconsistent with the market, some participants will have an

incentive to leave the scheme and trade at the more favorable market terms outside the

scheme. Put more formally, the return these participants make inside the scheme is not

arbitrage-free. In line with the concept of ‘fair value’ we will define a pension scheme to be

fair if all participants make an arbitrage-free return.

Definition 1 A pension scheme is fair if all participants, at each point in time, make

an arbitrage-free return.

Put more technically, we define the pension scheme to be fair if the discounted market value

of a participant’s claim on the fund is a martingale under the risk-neutral measure.

If a pension scheme is fair, all participants will receive a market consistent return on any

traded risks they bear. If not, some participants are forced to bear traded risks inside the CDC

scheme at terms less favorable than those that prevail in the market. From the perspective of

these individuals, the CDC scheme levies an implicit tax. They could have made a higher return

in the market with certainty. Since the fund as a whole makes a market-consistent return, the

implicit tax on one participant is by definition an implicit subsidy for the other.

In our opinion, a sound objective for a CDC scheme is to rule out such redistribution. Not

because redistribution is generally unwanted, but there seem to be other entities and policy

tools more suited for the purpose of redistribution of wealth between individuals and generations

(i.e. the government and tax policy). Market inconsistencies in a CDC scheme introduce an

unnecessary political dimension that may at some point threaten the sustainability of the
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scheme as some groups will have an incentive to leave the scheme.

If policy makers, by contrast, prefer to allow the CDC scheme to redistribute risk in a market

inconsistent manner, our fairness criterion will still be useful as a benchmark. Our analysis will

make the redistributional flows within the scheme transparent. This can help policy makers

to decide whether or not the redistribution implied by a specific CDC scheme design is in line

with their policy objective.

2.2 Defining Collective Defined Contribution Schemes

Next, we define the CDC pension scheme. CDC is a general type of pension scheme that is

similar to traditional Defined Benefit (DB) schemes in that the scheme promises its participants

a stream of cash flows from retirement date until death. CDC pension schemes, however, differ

from traditional DB schemes as funding risk is born by the participants through benefit level

adjustments. We work in continuous time and formally define the CDC pension scheme as

follows:
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Definition 2 A CDC pension scheme is an institutional arrangement through which individuals

(‘participants’) collectively save and invest to finance a retirement income. The CDC scheme

has the following features:

• There is a single collective pool of wealth (‘Assets’), with a market value at time t denoted

A(t).

• The pension schemes’ administration contains, for each participant indexed i, a ‘benefit

level’ denoted bi(t).

• Once a participant reaches the retirement age, he/she receives a continuous ‘benefit

payment’ equal to bi(t)dt. Payments stop once the participant dies.

• At each point in time, the pension fund determines the ‘regulatory present value’, denoted

L(t) (for ‘Liabilities’), of all benefits currently present in its administration.

• The regulatory present value of benefits is determined by discounting all future payments

assuming that benefit levels remain constant in the future and using a potentially horizon-

dependent ‘regulatory discount rate’.

• There is an ‘adjustment rule’ that describes how benefit levels change in response to

changes in the value of the pension funds’ assets and the regulatory value of benefits.

In a DB setting, the benefit level would also be the eventual level of the benefit cash flow

the participant receives during retirement. In a CDC setting, the interpretation is somewhat

less clear. In a fair CDC scheme, which uses a term-structure of default-free interest rates to

discount the benefits, the benefit level can be interpreted as the expected future benefit cash

flow under the τ -forward measure.4

Note that the aggregate exposure to market risk in the CDC scheme is determined by the

asset portfolio. So, aggregate exposure is selected at the collective level through a single asset

allocation choice. The way the scheme subsequently allocates aggregate risk to participants

depends on two choices that still need to be made: the choice of the discount factor process

and the choice of the benefit adjustment process. Whether the pension scheme is fair depends

on the combined choice for these two processes.

4Here, τ refers to the maturity date of the pension benefit. See i.e. Shreve (2004) Chapter 9.4 for a discussion
on forward measures.

8



Figure 2. Periodic resetting of the regulatory funding ratio F = A
L

in a CDC scheme

2.3 Completeness

Before we are able to evaluate a CDC scheme’s fairness, we have to impose one technical

restriction: completeness.

Definition 3 A CDC scheme is complete if the choice for the discount rate process and

the benefit adjustment process implies that A(t) = L(t) for all t.

This definition imposes that all value in the CDC scheme is always explicitly allocated to the

participants under the regulatory discounting regime. Completeness simplifies our evaluation

of pension schemes’ fairness. Clearly, if some risk were not explicitly allocated, we cannot

determine if all participants receive appropriate compensation for the risk they bear. It makes

sure that the funding status of the scheme will not be a state variable to our analysis.

Figure 2 shows a discrete time illustration of the benefit adjustment mechanism in a complete

CDC scheme. The scheme adjusts benefit levels at each time step such that the regulatory

funding ratio is reset to 1. Between the time steps the benefit levels bi(t) are constant and the

regulatory funding ratio freely drifts as the market value of the assets, the discount rate, and

the regulatory present value of benefits, change.

In practice, proposals for CDC schemes typically allow the scheme to have temporary

imbalances between assets and the regulatory value of liabilities. The idea is that, by allowing
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temporary imbalances or buffers, the impact of shocks can be smoothed. Current retirement

income does not fluctuate one-to-one with funding risk. We will allow for smoothing in

Section 6.1. To ensure that the scheme is still complete, we need not keep track though of

participants that eventually pick up surpluses and deficits. To do this we will ‘expand the

state variables’. Instead of administering a single benefit level for each participant, we will

allow the scheme to administer a benefit level for each participant that is horizon-dependent.

This allows us to explicitly allocate any surpluses or deficits to participants as future benefit

increases or cuts. By doing so, we maintain completeness (A(t) = L(t)), while allowing the

impact of funding shocks to be allocated smoothly over future horizons.

3 Implications of fairness and completeness

Now that we have defined fairness and completeness, a few propositions immediately follow.

Proposition 1 In a fair CDC scheme, contributions paid must equal the regulatory value of

newly accrued benefits.

Proposition 2 In a fair CDC scheme, a participant leaving the scheme receives a cash transfer

value equal to the regulatory value of the surrendered benefits.

The rationale behind these two propositions is straightforward. If the contributions paid and

the transfer value were not equal to the regulatory value of the benefits, the assets and liabilities

would no longer be in balance. This would imply a benefit level adjustment for all participants

in the scheme. Such an adjustment would clearly imply an arbitrary transfer of value between

participants and hence would imply a breach of fairness.

Proposition 3 In a fair CDC scheme, the regulatory value of benefits equals the market

consistent value of benefits.

So far, we have not imposed that the regulatory value of a CDC benefit is equal to the market

consistent value of this claim on the scheme. However, it follows directly from Proposition 1

that in a fair CDC scheme this is the case. In a fair CDC scheme, individuals pay contribution

equal to the regulatory value of the accrued benefit. If this value were to be different from the
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actual market consistent value of this benefit, the individual would immediately incur a gain

or loss in market value terms. This gain or loss implies a market value transfer to or from the

other CDC scheme participants. With these definitions and propositions in place, we can now

turn to technical specification of the financial market and CDC schemes.
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4 Assumptions and relevant notation

4.1 Technical assumptions

We will keep our specification of the financial market general. By doing so, our evaluation of

the fairness of the pension scheme does not rely on subjective assumptions about unobservable

or potentially unobservable variables, such as risk premiums or asset price volatilities. We

assume that an arbitrage-free financial market exists. For mathematical convenience, we follow

Merton (1973) by assuming that the economy has a continuous time Markov structure and all

variables follow Ito-processes.5 So, all uncertainty is captured by dz, which is an n× 1 vector

of independent Wiener processes. Investment opportunities at each point in time depending

on m state variables that we denote by vector X(t). Vector X(t) could, for example, contain

variables such as the current yield curve, and the dividend price ratio (see i.e. Campbell and

Viceira (2005)). The instantaneous return on asset j can then be written as:

dSj
Sj

= µj(X(t), t)dt+ σj(X(t), t)dz (4.1)

We assume that asset prices are observable, while state vector X(t), expected return vector

µj(X(t), t), and the variance-covariance matrix σj(X(t), t) may be unobserved. We will assume

that default-free bonds of all maturities are traded or can otherwise be replicated. We will

denote the price at time t of a zero-coupon bond that pays one unit of currency at time τ by

P (X(t), t, τ) and we will write the process of this price as:

dP (X(t), t, τ)

P (X(t), t, τ)
= µP (X(t), t, τ) + σP (X(t), t)dz (4.2)

We will denote the instantaneously risk-less rate of interest by r(X(t), t). Furthermore, we

define the instantaneous discount process by D0 = e−
∫ t
0 r(X(t),t)dt, such that:

dD0(t)

D0(t)
= −r(X(t), t)dt (4.3)

As we will focus on the fair allocation of market risk, we will ignore longevity risk throughout

5This setup allows for a rich stochastic environment, although it does rule out jumps in the time-series
variables. We rule out jumps for mathematical convenience. In appendix 11 we discuss fairness in a discrete
time setting.
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the paper. Each individual participant i retires at a known predetermined date Ri and passes

away at known date Ti. One interpretation of this is that we assume all idiosyncratic mortality

risk to be fully diversified through a large enough pool of homogeneous participants and that

we assume systemic longevity risk to be uncorrelated with (other) traded risk factors.

4.2 Relevant notation

The individual participants’ return and exposure to market risk in the CDC scheme depends

on four processes: the asset process, the discount rate process, the benefit adjustment process,

and the liability process. We introduce notation for these processes here.

4.2.1 The asset process

For the asset process we write:

dA(t) = A(t) [µA(X(t), t)dt+ σA(X(t), t)dz] + (Y (t)− b(t, t))dt (4.4)

The values of µA and σA depend on ‘the state of nature’ (captured by X(t)) and the asset

allocation chosen by the pension scheme trustees.

4.2.2 The discount rate process

Although we speak of a discount rate, it will typically be easier to work with the discount

factor. If we denote the discount rate at time t applied to benefits due at time τ by d(t, τ), the

corresponding discount factor is D(t, τ) = e−
∫ τ
t d(t,s)ds. We write the stochastic process for the

discount factor as follows:

dD(t, τ)

D(t, τ)
= µD(X(t), t, τ)dt+ σD(X(t), t, τ)′dz, (4.5)

with boundary condition D(t, t) = 16.

6We further discuss this boundary condition in 7
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4.2.3 The benefit adjustment process

Comparable to the discount rate process, we write the benefit adjustment process as:

dbi(t)

bi(t)
= µbi(X(t), t)dt+ σbi(X(t), t)′dz (4.6)

Note that we allow the benefit adjustment rule to be participant-specific for now. We will

restrict this later when we consider specific implementations of the CDC scheme.

4.2.4 The liability process

We will denote the regulatory present value of all CDC benefits by L(t) and typically refer to

L(t) as the schemes’ liabilities, a term inherited from the DB setting. By completeness of the

CDC scheme, the process for L(t) by construct mirrors A(t). A more meaningful role in the

analysis is played by the change in the regulatory present value of benefits caused by discount

rate changes only (i.e. excluding benefit adjustments). Let L̃(t) denote the index that tracks

the change in liabilities caused by discount rate changes only, then we write:

dL̃(t)

L̃(t)
= µL(X(t), t)dt+ σL(X(t), t)′dz, (4.7)

An exact specification of µL and σL can be found in the appendix. The difference between dA
A

and dL̃
L̃

is the gap that needs to be closed through benefit level adjustments.

All drift and volatility terms may depend on the state of the economy (X(t)) and the calendar

date (t). In what follows we drop the dependence onX(t) and t in our notation for convenience.

With this setting we now can turn to the return on pension benefits.
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5 Return on CDC benefits

The fairness criterion applies to the return that an individual participant in the pension scheme

makes. The CDC scheme may feature participants of all age groups and hence of all investment

horizons. Therefore, in order for the CDC scheme to be fair, the return must be fair on benefits

of all horizons. Since it is easier to analyze the return of a benefit cash flow with a specific

horizon, we focus on the value of a future payment to individual i at time τ . We denote

the value of this benefit payment by Vi(t, τ). Since the regulatory value is defined to be the

discounted value of bi under the assumption that bi does not change in the future, we have:

Vi(τ) = bi(t)D(τ) (5.1)

By Proposition (3), if the CDC scheme is fair, Vi(τ) is also the market consistent value of the

benefit cash flow. Using Ito’s lemma we find that the return on this τ -horizon benefit cash flow

to individual i is:

dVi(τ)

Vi(τ)
=
dbi
bi

+
dD(τ)

D(τ)
+
dbidD(τ)

biD(τ)
(5.2)

The return has three distinct elements: the benefit adjustment effect, the change in discount

rate effect, and the covariance between these two processes. In order for this return to be market

consistent, we need the mean return to be a market consistent compensation for the given level

of market risk. In technical terms, we need D0Vi(τ), the discounted value process, to be a

martingale under the risk-neutral measure. So, fairness requires:

EQt
[
dD0

D0

dVi(τ)

Vi(τ)

]
= 0 ∀τ (5.3)

Because the return dVi(τ)
Vi(τ)

depends on the combination of the discount rate and benefit

process, we cannot say that a discount rate or benefit adjustment process is fair in isolation. A

discount rate process can be fair in combination with a particular benefit adjustment process

and unfair in combination with another. Therefore we always have to evaluate the two processes

jointly.
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5.1 Traditional DB as a special case of CDC

A traditional defined benefit scheme can be seen as a CDC scheme where benefit adjustment

is always zero. In this case, the return on the claim to the time τ benefit payment is reduced

to the discount rate effect only:

dVi(τ)

Vi(τ)
=
dD(τ)

D(τ)
= µD(τ)dt+ σD(τ)′dz (5.4)

Since a default-free zero-coupon bond that matures at time τ is traded or can be replicated, no-

arbitrage implies that the discount rate change must be equal to the return on this bond: dP (τ)
P (τ)

.

Hence, a fair DB pension scheme uses a default-free market interest rate as its discount rate

and all participants earn a risk-free return on their participation in the DB scheme. Balance

between A(t) and L(t) is maintained in this case by the fact that A(t) includes the value of the

claim on the external guarantor (e.g. the shareholders of the corporation or the government).

5.2 Example of an unfair CDC scheme

Fairness of CDC schemes is less obvious. To highlight that CDC schemes can easily be unfair,

consider the following ‘naive’ introduction of CDC. Coming from a traditional DB setup, the

benefit guarantee is abolished and the schemes’ asset-liability mismatch risk is no longer

absorbed by an outside sponsor. Instead, it is decided that mismatch risk is absorbed by

adjusting benefit levels of all participants by the same percentage. The discount factor will

still be the price of a default-free zero-coupon bond that is traded in the market. Since the

benefit adjustments are the same for all participants, it is tempting to think this pension

scheme will be fair. It turns out, though, that this is not the case. The return on the CDC

benefit due at time τ in this case is (see appendix B for the derivation):

dV (τ)

V (τ)
= µD(τ)dt+ σD(τ)′dz︸ ︷︷ ︸

Return on zero-coupon bond

+ µAdt+ σ′Adz︸ ︷︷ ︸
Return on assets

−
(
µLdt+ σ′Ldz

)︸ ︷︷ ︸
Liability matching portfolio return

+
(
σA − σL

)′(
σD(τ)− σL

)
dt︸ ︷︷ ︸

Market inconsistent return component

(5.5)
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In the defined benefit setting, the participant only receives the return on the zero-coupon bond.

In the general CDC setting there are three additional terms. The participant now also shares

in the return on assets, the liability matching portfolio return, and finally there is a covariance

term. Note that the first three elements in (5.5) together form a market consistent return.

These three terms together are equale to the arbitrage-free market return on a portfolio which

is long the default-free zero-coupon bond with maturity date τ , long the CDC schemes asset

portfolio and short the portfolio of default-free bonds that replicates the discount factor return

on the aggregate CDC benefits7. The fourth term, on the second row, is a non-stochastic

term. So, the overall return is a market consistent return plus a deterministic term. Since the

final term is deterministic, it cannot be a market consistent compensation for risk. Put more

formally, the expected change in the discounted value process is given by:

EQt
[
dD0

D0

dVi(τ)

Vi(τ)

]
=
(
σA − σL

)′(
σD(τ)− σL

)
dt ∀τ (5.6)

This result follows trivially, since the discounted value process for all traded asset are

martingales under the risk-neutral measure. Now, for the CDC scheme to be fair, the

right-hand side has to be zero conform (5.3).

There are two special cases in which (5.3) indeed holds. The right-hand side value in (5.6)

is a covariance between two variables. This covariance is the inner product of two volatility

vectors. The first vector,
(
σA−σL

)
, is the schemes’ asset-liability mismatch. It is the volatility

of the return difference between the assets and the liability matching portfolio. The second

variable,
(
σD(τ)−σL

)
, is what we will call the horizon mismatch. It is the difference between

the discount factor volatility for the specific horizon τ and the discount factor volatility of the

CDC scheme liabilities on aggregate. Fairness requires that these two vectors are orthogonal.

Firstly, this is the case if the CDC scheme as a whole hedges all discount factor risk. So, the

CDC scheme would have to choose an asset mix that fully matches the discount factor risk of all

CDC benefits. This implies that the pension fund invests in the replicating portfolio of bonds

and effectively becomes a DB scheme as discussed in Section 5.1. Secondly, this is the case if

the exposure of the individual participant matches the exposure of the aggregate benefits in the

CDC scheme. This condition is only met in the hypothetical case that the CDC scheme has

7For brevity we will refer to this as the ‘liability matching portfolio’.
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participants with identical retirement dates and hence discount rate exposures. This implies

that the pension fund effectively becomes a DC scheme.8 To illustrate the potential size of

the unfair returns, we display a simple numerical example in the next section. We also further

discuss the economic intuition.

5.2.1 Numerical example: Vasicek interest rate model

We consider a numerical example of the CDC scheme that applies a homogeneous benefit

adjustment mechanism and uses a term structure of default-free interest rates to discount the

regulatory benefits. We assume that the instantaneous interest rate follows:

dr(t) = −κr(r(t)− r̄)dt+ σrdzr (5.7)

where κr is the speed of mean reversion and r̄ the long-term mean interest rate and dzr is a

standard Brownian motion. Assume that bond prices are consistent with the following pricing

kernel, M(t):

dM(t)

M(t)
= −r(t)dt+ φrdzr (5.8)

where φr denotes the (constant) price of interest rate risk. Since the CDC scheme uses the

risk-free interest rate to discount the regulatory benefits, the discount rate is equal to the price

of a zero-coupon bond, whose price can be derived from the pricing kernel (see, i.e., Brennan

and Xia (2002)).

We calibrate the CDC scheme such that the retirement benefits have an aggregate duration

of approximately 20 years, while the assets have a duration of 10 years.9 In addition, we use

the parameter values for the financial market model as given in Table 1.

Figure 3 shows the market inconsistent excess return on the benefits as a function of the

duration of the benefits. If the CDC scheme were to be fair, the market inconsistent excess

return would be nil and the line would lie flat at zero. Instead, we see that the holders of

8To be precise, the horizon-specific return will still be market inconsistent in this case (σD(τ) 6= σL).
However, if we consider the total return on all benefit payments over all horizons jointly, the market inconsistent
components will cancel out. Intuitively, all individuals have exactly overlapping investment horizons and hence
have the same exposure and make the same return, which is simply the return on the funds’ assets.

9These figures roughly match an average Dutch pension fund, both in terms of demographics and asset
allocation.
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Parameter Value

r̄ = r0 0.02
κr 0.0347
σr 0.01

Table 1. Financial market calibration. These are the parameter values used in our
numerical illustration of CDC unfairness. Our choice of κr implies that the half-time of interest
rate shocks is 20 years. Note that the bond risk-premium (φr) has no impact on the market
inconsistent excess return.

benefits with a short duration (the elderly) receive above-market returns of up to 120 basis

points, while the holders of benefits with a long duration (the young) receive returns that are

well below market consistent levels. The CDC scheme with a homogeneous benefit adjustment

mechanism that uses a traded discount rate redistributes wealth from young to old participants.

Figure 3. Illustration of market inconsistent return in CDC scheme This graph
illustrates the difference between the actual expected return and the market consistent expected
return benefits purchased at their regulatory value. The parameter values used to calculate
these figures are given in Table 1.

The economic intuition behind this result is as follows. The CDC scheme chooses an interest

rate sensitivity for its assets that is well below the interest rate sensitivity of the present
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value of the retirement benefits. This implies that in scenarios with declining interest rates,

benefit levels will be reduced. When interest rates rise benefit levels will be increased. The

change in interest rates will affect the regulatory value of participants differently, based on

their investment horizon. The relative claim of young and old participants on the CDC scheme

changes. When interest rates fall, the benefits of young participants become more valuable

compared to the value of old participants’ benefits. Vice-versa, when interest rates rise, the

benefits of young participants become relatively less valuable. A consequence of this is that

in bad times, when benefits are reduced due to interest rate shocks, young participants lose

relatively valuable benefits. Conversely, in good times, when participants receive extra benefits,

the young gain benefits that are relatively cheap. So, in good times a relatively small share of

the surplus goes to the young, while in bad times the young absorb a relatively big share of the

deficit. This asymmetry generates the unfair returns we see in Figure 3.
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6 Fair CDC with horizon-dependent benefit adjustment

In the previous section we saw that fairness is not trivial. We saw that a traditional DB scheme

can be viewed as a special case of the more general CDC concept. The DB scheme was fair

as long as we discount benefits using default-free market interest rates. Once we introduce

risk sharing with participants through homogeneous benefit adjustments, we saw that the

CDC scheme turned unfair. Due to correlation between the discount factor and the benefit

adjustments, the CDC scheme redistributes wealth from young to old participants. In this

section we show how this problem can be corrected by introducing a horizon-dependent benefit

adjustment process. Horizon-dependent adjustments do require the CDC scheme to keep a more

general administration. Instead of administering a single benefit level bi(t) for each participant,

we will now assume that the administration holds, for each individual, a potentially different

benefit level for each horizon: bi(t, τ). This allows us to eliminate the unfairness previously

found. Additionally, it allows us to introduce a feature that policy makers often propose:

smoothing. By smoothing, we mean that current shocks to the funding ratio of the scheme do

not translate one-to-one into benefit level variation, but only affect benefit levels gradually over

time. The concept of smoothing is decribed by Gollier (2008)

6.1 Fair horizon-dependent benefit adjustment

In Section 5.2 we saw that it is the covariance between the discount factor and benefit

adjustment process that causes the return on CDC benefits with different horizons to be

unfair. This can be fixed by adding an appropriate correction term to the benefit adjustment

process. Since the covariance is horizon-dependent, this implies that the benefit adjustment

process will also have to be horizon-dependent. For the moment, let us stick to the idea that

we want all participants to share equally in the mismatch risk of the scheme. The fair

adjustment process with fairness correction will then be:

db(τ)

b(τ)
= µAdt+ σ′Adz︸ ︷︷ ︸

Return on assets

−
(
µLdt+ σ′Ldz

)︸ ︷︷ ︸
Liability matching portfolio return

−
(
σA − σL

)′
σD(τ )dt︸ ︷︷ ︸

Horizon specific fairness correction

(6.1)
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This benefit adjustment process is both complete and fair.10 The return on the value of a CDC

benefit with maturity date τ becomes:

dV (τ)

V (τ)
= µD(τ)dt+ σD(τ)′dz︸ ︷︷ ︸

Return on zero-coupon bond

+ µAdt+ σ′Adz︸ ︷︷ ︸
Return on assets

−
(
µLdt+ σ′Ldz

)︸ ︷︷ ︸
Liability matching portfolio return

(6.2)

and hence,

EQt
[
dD0

D0

dVi(τ)

Vi(τ)

]
= 0

For the individual participant the exposure to market risk is now equivalent to holding a

default-free zero-coupon bond with maturity date τ plus a long position in the schemes’ assets

and a short position in the schemes’ liability matching portfolio.

6.2 Fair smoothing

Policy makers seem to prefer the idea that pension income is not too volatile on a year-to-year

basis. It is therefore common that policy makers propose some kind of smoothing procedure.

In practice, there are many types of smoothing procedures. Smoothing may be applied to

the valuation of assets and liabilities themselves or the adjustment process may be smooth.

Whatever tools are used in practice, the goal is to make sure that shocks to the pension

schemes financial position only gradually affect benefit levels. Our generalized setup, where

benefit levels are horizon-dependent, allows for easy implementation of such a policy. We can

weigh the exposure of the benefit level to mismatch risk with a horizon-dependent smoothing

parameter. The benefit adjustment process then becomes:

db(τ)

b(τ)
= α(τ)︸︷︷︸

Smoothing parameter

[
µAdt+ σ′Adz −

(
µLdt+ σ′Ldz

)
−
(
σA − σL

)′
σD(τ )dt

]
(6.3)

where α(τ) is the smoothing parameter. This parameter controls to what extent benefits with

a certain maturity date share in the CDC schemes’ mismatch.

10One may wonder if implementation of the horizon-specific correction is feasible in a real world setting where
adjustments must occur at discrete points in time. In appendix C we show that this is indeed feasible and the

adjustment process takes a relatively simple form: bτ,t+1 = bτ,t ×
[
1 +

(
At+1

At
− L̃t+1

Lt

)
Pτ,t
Pτ,t+1

]
.
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The return on the value of a CDC benefit with maturity date τ becomes:

dV (τ)

V (τ)
= µD(τ)dt+ σD(τ)′dz︸ ︷︷ ︸

Return on zero-coupon bond

+ α(τ)︸︷︷︸
Smoothing

 µAdt+ σ′Adz︸ ︷︷ ︸
Asset return

−
(
µLdt+ σ′Ldz

)︸ ︷︷ ︸
Matching portfolio return

 (6.4)

The only difference with the return we saw in Section 6.1, is that the exposure to mismatch

risk is now horizon-dependent and can be explicitly controlled by α(τ). Policy makers could

pick a low level for α(τ) for short horizons and a higher level for long horizons. Completeness

does imply the following restriction on the choice of α(τ):

∫ ∞
t

α(t, τ)L(t, τ)dτ = L(t) (6.5)

An example of a ten-year linear smoothing policy that is complete, could be, for example11:

α(t, τ) =


τ−t
10

if (τ − t) < 10

L(t)−
∫ t+10
t

τ−t
10

L(t,τ)dτ∫∞
t+10 L(t,τ)dτ

if (τ − t) ≥ 10

We indexed α(t, τ) explicitly with t to highlight not only that the smoothing policy may be

changed over time, but also that it must be changed over time to maintain completeness. It

is also important to note that α(t, τ) is fixed before the shock occurs to which α(t, τ) applies.

α(t, τ) may depend on past shocks though. So, we could update future levels of α(t, τ) as

shocks occur. By doing so, we could potentially create option-like exposures to mismatch risk

that are both fair and complete.

11In case of discrete time benefit adjustments, the fair horizon-dependent adjustment rule becomes: bτ,t+1 =

bτ,t ×
[
1 + α(τ)

(
At+1

At
− L̃t+1

Lt

)
Pτ,t
Pτ,t+1

]
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7 CDC with alternative discount rates

In the previous section we saw that we can achieve fairness in the CDC scheme by making

benefit adjustments horizon-dependent. We did so while sticking to the assumption that the

CDC scheme discounts its benefits using a default-free market interest rate. This approach

implies a specific interpretation of the benefit level. b(t, τ) is the expected future benefit cash

flow under the τ -forward measure. Loosely speaking, it is the expected benefit level excluding

any risk premia that will be earned in expectation. In practice, policy makers may like the

benefit level to coincide with some the expected benefit payment or some kind of ‘target benefit

level’.12 The idea is that if b(τ) is interpreted as a target level or the expected benefit payment,

we should be applying a discount rate that does not ignore risk premia and that hence lies

above the default-free yield curve.

In this section we discuss whether the CDC scheme could be fair if it uses a discount rate

that deviates from the default-free market interest rate. Our point of departure will be the

CDC scheme with smoothing, introduced in the previous section. So the benefit adjustment

process will be as given in (6.3).

7.1 Non-default-free market-based discount rates

First, we will discuss why a fair CDC scheme cannot use a discount rate that trades in the market

but is not default-free, i.e., the yield on a corporate bond.13 In order to see that a default-

free interest rate is the only potentially fair discount rate, note that, the regulatory value of a

benefit at time of payment is equal to bi(τ)D(τ, τ)dt. The scheme, however, is designed such

that bi(τ)dt is paid out. This implies that we need D(τ, τ) = 1 with certainty, to make sure

that there is no redistribution of value upon distribution of the benefit. If the scheme were to

use a non-default-free discount factor, D(t, τ) may be lower than one at time τ . Consequently,

whenever D(τ, τ) < 1, the retired individuals receive more than the actual value of their

benefits. If a fair CDC scheme does want to work with a discount factor derived from assets

subject to default, the CDC scheme should be generalized by setting the payment to retirees

12The Department for Work and Pensions for example speaks of such a ‘target benefit level’ in its consultation
document (Department for Work and Pensions, 2018)

13Of course, a genuinely default-free asset only exists in theory. So, consistent with the argument in this
paragraph, one could argue that the CDC scheme is never truly arbitrage-free, unless the payment to current
retirees is set equal to bi(t)D(t, t)dt instead of bi(t)dt.
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equal to bi(t)D(t, t)dt. So, participants would not only be subject to benefit adjustments, but

also to discount factor default risk shocks. The consequence would be that generations would

now also implicitly trade credit default derivatives through the CDC scheme. While technically

possible, it is not clear why this would be a desirable feature of a CDC scheme.

7.2 Default-free discount rate with deterministic spread

In the previous section we argued that fair CDC schemes cannot use discount rates that are

derived from assets that feature default risk. Such discount rates would violate the restriction

that D(τ, τ) has to be equal to 1 with certainty. This does not rule out that a deterministic

spread may be added on top of the default-free market interest rate.14 If we allow the spread

to be both time and horizon dependent, the discount factor can be written as:

D(t, τ) = P (t, τ)× e−
∫ τ
t λ(s,τ)ds (7.1)

where P (t, τ) is the market price at time t of a default-free zero-coupon bond that pays one at

time τ and λ(s, τ) is the spread on the default-free interest rate. The discount factor process

becomes:

dD(t, τ)

D(t, τ)
=
dP (t, τ)

P (t, τ)
+ λ(t, τ)dt (7.2)

and the change in the present value of the liabilities due to discount factor change is

µLdt+ σ′Ldz = µPLdt+ σ′PL
dz +

∫ ∞
0

λ(t, τ)× L(t, τ)

L(t)
dτdt (7.3)

where L(t, τ) is the present value of all benefits maturing at date τ and µPLdt+ σ′PL
dz is the

return on the bond portfolio that replicates the discount rate risk of the liabilities, so:

µPL =

∫ ∞
0

µP (t, τ)
L(t, τ)

L(t)
dτ

σPL =

∫ ∞
0

σP (t, τ)
L(t, τ)

L(t)
dτ

14This idea was for example part of a policy proposal by the Dutch government.
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The return on the CDC benefit maturing at date τ becomes:

dV (τ)

V (τ)
=µP (τ)dt+ σP (τ)′dz︸ ︷︷ ︸

Return on ZCB

+ λ(t, τ)dt

+ α(t, τ)

 µAdt+ σ′Adz︸ ︷︷ ︸
Asset return

−
(
µPLdt+ σ′PL

dz
)︸ ︷︷ ︸

Matching portfolio return

−
∫ ∞

0

λ(t, τ)× L(t, τ)

L(t)
dτdt


(7.4)

and the expectation under the risk-neutral measure of the change in the discounted value

process is:

EQt
[
dD0

D0

dVi(τ)

Vi(τ)

]
= λ(t, τ)− α(t, τ)

∫ ∞
0

λ(t, τ)× L(t, τ)

L(t)
dτ (7.5)

So, fairness requires that:

λ(t, τ)− α(t, τ)

∫ ∞
0

λ(t, τ)× L(t, τ)

L(t)
dτ = 0

This condition implies that λ(t, τ) will, generally speaking, depend on α(t, τ). For example:

λ(t, τ) = λ̄α(t, τ) would satisfy (7.5), with λ̄ being any arbitrary number. There is a problem,

however. The current discount factor D(t, τ) depends on
∫ τ
t
λ(s, τ)ds, which, through λ(s, τ),

depends on all future values of α(t, τ). As pointed out earlier, future values of α(t, τ), depend

on the future distribution of benefits, which is currently unknown. Consequently, fair CDC

schemes with smoothing cannot apply a deterministic spread on top of the default-free term

structure.

If the CDC scheme does not apply a smoothing policy, it could apply a deterministic spread

without violating fairness. In this special case, it is still necessary that λ(t, τ) does not depend

on τ . Otherwise (7.5) still implies that the current discount factor depends on the future

maturity distribution. So, the fund could apply a spread λ(t, τ) = λ̄(t).

Note that the path of λ̄(t) over time must be pre-determined and cannot freely be changed.

Changing λ̄(t) would shift the value of D(t, τ), which would imply an arbitrary jump in the

value of benefits.
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7.2.1 Restoring fairness through a benefit adjustment process correction

In the analysis above, we considered a CDC scheme that uses the benefit adjustment process

with smoothing, as given by (6.3). As pointed out earlier, fairness always depends on the

combination of the benefit adjustment process and discount rate process. So, technically, if

the CDC scheme wants to use a discount rate with deterministic spread, it could maintain

fairness by adding a correction term to the benefit adjustment process. Instead of using the

adjustment process given by (6.3) the CDC scheme could apply the following adjustment rule

with correction:

db(τ)

b(τ)
= α(τ)

[
µAdt+ σ′Adz −

(
µLdt+ σ′Ldz

)
−
(
σA − σL

)′
σD(τ )dt

]
−
[
λ(t, τ)− α(t, τ)

∫ ∞
0

λ(t, τ)× L(t, τ)

L(t)
dτ

]
dt︸ ︷︷ ︸

discount rate spread correction term

(7.6)

which simplifies to

db(τ)

b(τ)
= α(τ)

[
µAdt+ σ′Adz −

(
µPLdt+ σ′PL

dz
)
−
(
σA − σPL

)′
σP (τ )dt

]
− λ(t, τ) (7.7)

If the scheme chooses this approach, the effective return an individual participant makes,

only is given by

dV (τ)

V (τ)
= µP (τ)dt+ σP (τ)′dz︸ ︷︷ ︸

Return on zero-coupon bond

+ α(τ)︸︷︷︸
Smoothing

 µAdt+ σ′Adz︸ ︷︷ ︸
Asset return

−
(
µPLdt+ σ′PL

dz
)︸ ︷︷ ︸

Matching portfolio return

 (7.8)

Note that this return is almost identical to the case without deterministic spread that we

saw in (6.4). The only difference is that the matching portfolio now uses a different weighting

of different maturities. The yield spread changes the level of L(t, τ) which enters as a weight

in the definition of µPL and σPL
. A positive spread implies that the duration of the matching

portfolio is lowered, while a negative spread implies that the duration of the matching portfolio

is increased. Since the specification of the matching portfolio does not affect the aggregate

exposure to market risk, this change implies that discount rate risk is allocated differently

across the plans participants.
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Summarizing, if the scheme applies benefit smoothing, adding a spread on the default-free

market interest rate would require an additional correction term in the benefit adjustment

process. The main implication of adding a spread will be that it changes the allocation of

discount rate risk. Additionally, the interpretation of b(τ) is no longer the expectation under

the τ -forward measure and it adds complexity to the scheme for no obvious reason.

7.3 Non-stochastic discount rates

In the previous section we looked at the possibility of adding a deterministic spread on top

of the market-based default-free discount rate. Here, we consider abolishing a market-based

discount factor altogether and analyse the case in which the scheme uses a non-market-based

discount rate.15 Again, we will start by assuming that the CDC scheme applies the benefit

adjustment rule with smoothing, given by (6.3). Consider the non-stochastic discount factor

given by:

D(t, τ) = e−
∫ τ
t λ(s,τ)ds (7.9)

The return on the CDC benefit with horizon τ in this case will be:

dV (τ)

V (τ)
= λ(t, τ)dt+ α(t, τ)

 µAdt+ σ′Adz︸ ︷︷ ︸
Asset return

−
∫ ∞

0

λ(t, τ)× L(t, τ)

L(t)
dτdt

 (7.10)

The expectation under the risk-neutral measure of the change in the discounted value process

is:

EQt
[
dD0

D0

dVi(τ)

Vi(τ)

]
=

[
λ(t, τ)− α(t, τ)

∫ ∞
0

λ(t, τ)× L(t, τ)

L(t)
dτ − (1− α(t, τ))r(t)

]
dt (7.11)

Fairness therefore requires that:

λ(t, τ)− α(t, τ)

∫ ∞
0

λ(t, τ)× L(t, τ)

L(t)
dτ − (1− α(t, τ))r(t) = 0 (7.12)

15This is, for example, the approach taken in Canada and the approach by the CDC pioneer in the UK,
Royal Mail. Royal Mail writes ‘Pension liabilities would be valued by the Plan Actuary using central (or best)
estimate assumptions, i.e. with no intended bias for prudence or optimism.’ So, the scheme uses a discount
rate which is presumably non-stochastic, at least for a certain period of time.
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This condition cannot hold generally since r(t) is time-variant and cannot be known in advance.

The condition only holds if the scheme does not apply smoothing (α(t, τ) = 1 ∀τ) and if λ(t, τ)

is chosen to be independent of τ . In this special case, the return simplifies to:

dV (τ)

V (τ)
= µAdt+ σ′Adz︸ ︷︷ ︸

Asset return

(7.13)

The CDC scheme degenerates into a standard mutual fund in which all participants simply

receive the return on assets.

7.3.1 Restoring fairness through a benefit adjustment process correction

Again, fairness can be achieved by implementing an appropriate correction to the benefit

adjustment process. If policymakers wish to design a fair CDC scheme with smoothing and a

non-stochastic discount rate, the fair benefit adjustment process will be as follows:

db(τ)

b(τ)
= α(τ)

[
µAdt+ σ′Adz −

(
µLdt+ σ′Ldz

)
−
(
σA − σL

)′
σD(τ )dt

]
−
[
λ(t, τ)− α(t, τ)

∫ ∞
0

λ(t, τ)× L(t, τ)

L(t)
dτ − (1− α(t, τ))r(t)

]
dt︸ ︷︷ ︸

non-stochastic discount rate correction term

(7.14)

which simplifies to:

db(τ)

b(τ)
= (1− α(t, τ))r(t) + α(τ)

(
µAdt+ σ′Adz

)
− λ(t, τ) (7.15)

Consequently, the return made by individual participants will be:

dV (τ)

V (τ)
= (1− α(τ))r(t) + α(τ) (µAdt+ σ′Adz) (7.16)

So, participation in the CDC scheme is equivalent to investing an α(t, τ) share in the pension

scheme’s assets and a (1− α(t, τ)) share in an instantaneously riskless asset.
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Discount rate

Market based Deterministic

No Constant Horizon Constant Horizon
Benefit adjustment spread spread dependent dependent

Homogenous No No No Yes No

With horizon correction

No smoothing Yes Yes No Yes No
No smoothing + spread correction Yes Yes Yes Yes Yes

Smoothing Yes No No No No
Smoothing + spread correction Yes Yes Yes No No

Table 2. Overview of CDC pension scheme fairness. This table shows the fair and
unfair combinations of the benefit adjustment process and the discount rate process in Collective
Defined Contribution pension schemes that were discussed so far.

7.4 Overview

Table 2 summarizes all combinations of the benefit adjustment process and the discount rates

process we have discussed so far. It follows from the table that a market based discount rate

without a spread is fair for all benefit adjustment processes, as long as the benefit adjustment

process is horizon dependent. Furthermore, the table shows that without smoothing, a spread

correction can make any discount rate process fair.
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8 Index linked CDC

So far we have assumed that pension benefits are not explicitly inflation protected. Policy

makers typically argue that a pension scheme should ideally provide inflation-linked benefits.

The discussion in Section 7.1 shows how this could be done. Instead of defining the payment

to retirees at time t to be bi(t), we could generalize this to be bi(t)D(t, t). We could then

choose D(t, τ) to be the value of a default-free index-linked bond that pays one real unit of

consumption at maturity date τ . The interpretation of bi(t) now changes from a nominal

benefit to an index-linked benefit and the actual level of the payment at time t to retirees will

be bi(t)Π(t), where Π(t) is the level of the consumption price index underlying the index-linked

bond. Of course, an issue in practice may be that the availability of inflation-linked bonds may

be limited. In that case, there may not be a price available for all relevant horizons.
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9 Implied exposures

In the previous sections we derived fair CDC schemes. What does a fair CDC scheme imply for

the allocation of its participants to market risk? A CDC scheme sets a single asset allocation

for its collective pool of assets. Yet, through the benefit adjustment process and discount rate

process, each participant has a different exposure to risk. This difference can be seen by looking

at the volatility of the individual CDC returns we derived (see (6.4), for example). Obviously,

also smoohting will impact the allocation to market risk. In this section we illustrate how a

CDC scheme with and without smoothing allocates risk over the course of the participants’ life.

To illustrate the impact of smoothing we will consider the following smoothing policy. We

set α(τ) equal to zero at τ = t. From there α(τ) increases linearly until τ = t + 10 and then

remains flat for all τ > t+ 10. Roughly speaking this implies that shocks are smoothed over a

10 year period.

We assume in our example that the pension fund invests 50 percent of its wealth in equity

and 50 percent in bonds. We assume that the duration of assets is 10 years. Figure 4, Panel

A, shows the implied allocation to equities as a function of the age of the participants. The

red line shows the implied exposure if the scheme did not apply smoothing. For equity risk,

no smoothing implies that all participants have the same exposure to equity risk. The blue

line shows the implied exposure under the smoothing policy. The smoothing policy lowers the

exposure for old participants and increases the exposure for young participants. The exposure

to equities of participants up to 55 years of age is elevated from 50 to almost 60 percent. From

the age of 55, the effect of the smoothing policy gradually starts to decrease the participants

exposure to equity risk. For old participants the exposure to equities drops (almost) linearly.

For participants close to the end of their life, the exposure to equities falls to zero.

Figure 4, Panel (b), shows the implied duration as a function of age. Different from the

equity risk case, the implied interest rate risk exposure, as measured by the implied duration,

is not equal for everyone in the absence of smoothing. The red line shows that, in the absence

of smoothing, the CDC scheme acts as an intergenerational interest rate swap. Young people,

holding long-term benefits, have a very high implied duration. Since the schemes aggregate

duration in this example is equal to ten, the high duration for the young implies that for the

old the implied duration even goes negative. For the oldest cohort, the implied duration is
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(a) Implied stock exposure (b) Implied duration

Figure 4. Implied portfolio allocation in CDC scheme Panel (a) illustrates the implied portfolio share
invested in stocks by age cohort. Panel (b) shows the implied duration by age cohort. The maturity profile
of benefits is calibrated to the average Dutch pension scheme, which implies an aggregate duration of benefits
of 20 years. The smoothing policy is such that α(τ) is zero at τ = 0, increases linearly until τ = 10 and then
remains flat for all τ > 10.

exactly minus 10, which is exactly the duration mismatch of the scheme.

The impact of the smoothing policy (the blue line) is primarily visible for the retired cohorts.

Without smoothing, participants aged 65 and older had a negative duration. The present value

of their benefits increases, for example, when interest rates increase. With the smoothing policy

in place the implied duration effectively becomes negligible. Changes in interest rates no longer

affect the present value of the benefits of retirees. Compared to the situation without smoothing,

the old generations now share less in the scheme’s duration mismatch. Understanding the

implied exposures is necessary for the next section in which we discuss the relation between

fairness and optimality.
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10 Fairness and optimality

In the previous sections we saw that fair CDC design is non-trivial. Only specific

combinations of the benefit adjustment process and discount rates process lead to an

arbitrage-free allocation of market risks. A specific horizon-dependent benefit adjustment

process combined with a default-free discount rate leads to an arbitrage-free allocation of

market risks. Within this configuration, benefit smoothing is possible while preserving the

arbitrage-free condition. Under an arbitrage-free configuration, the pension scheme does not

redistribute value across participants.

In addition to the no-arbitrage condition, policy makers should also be concerned about

efficiency. A fair CDC scheme is not per se an optimal pension scheme. In the context of

market risk, the question is whether CDC achieves an optimal exposure to market risk for all

scheme participants. Although we did not analyze optimality of the risk exposure, our analysis

can be used as input for this analysis because we derive the implied exposures of individual

participants within the collective scheme.

Without deeper analysis we can however conclude that CDC acts as a constraint on the

exposure of individuals to market risk. In the CDC scheme, the individual exposure is a

function of the collective asset allocation, the benefit adjustment process, the discount rate

process and the choice of the smoothing regime. This means that within a CDC scheme, policy

makers are limited in the types of (implied) life-cycles they can achieve. In particular, interest

rate risk is allocated over generations in a very specific way, with extremely long durations for

young participants and very low durations for old participants (see Figure 4). One may wonder

whether this is optimal. In particular the very low duration for old participants.16 We will

leave this issue for future research however.

16see i.e. Van Bilsen, Boelaars, and Bovenberg (2019) for a discussion of optimal exposure to interest rate
risk over the life-cycle.
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11 Conclusions

In this paper we examine the allocation of market risks in a general class of collective defined

contribution schemes. We define a collective defined contribution scheme to be fair if all

participants receive an arbitrage-free return at each point in time.

We firstly show that simply moving from a defined benefit setup to a CDC setup through the

introduction of homogeneous benefit adjustments is typically not fair. Since the benefit levels in

collective DC are stochastic, the actual return an individual makes has three components: the

benefit adjustment effect, a discount rate effect, and, since these two components are correlated,

a third covariance effect. It is this last component that makes it non-trivial to achieve fairness

in a CDC scheme.

We secondly show how this problem can be solved by making benefit adjustments horizon-

dependent. Horizon-dependent benefit adjustment also creates the opportunity for fair and

smoothing the impact of shocks. This means that current retirement income can be made less

sensitive to current shocks while keeping the scheme as a whole arbitrage-free.

Thirdly, we show to what extent a fair CDC scheme could deviate from the term-structure

of default-free interest rates observed in the market as its discount rate. We show that deviating

from a default-free market rate requires the scheme to add additional correction terms to its

benefit adjustment process.

While we show that it is possible to design a fair CDC scheme, we do also stress that fairness

is not the same as optimality. A CDC scheme can be seen as a rather specific constraint on

the exposure to risk of different individuals and generations. Instead of having the opportunity

to freely pick an exposure to risk for each individual or generation separately, a CDC scheme

only allows its board to pick a single collective asset allocation. Through benefit smoothing

the board can still differentiate the exposure to risk over the life-cycle a bit, but its degrees of

freedom are limited compared to a system based on individual or generational accounts.
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Appendix A: Liabilities

We will here describe the process for the regulatory present value of liabilities in more detail.

Let b(t, τ) denote the aggregate level of all benefits that belong to participants that are retired

at future date τ . In other words: if benefit levels were not to change, this is the aggregate

benefit payment the CDC scheme will make at date τ to retirees. So,

b(t, τ) ≡
∑
i

bi(t)I{τ > Ri}I{τ ≤ Ti} (A1)

The regulatory value of the aggregate payment due at time τ , assuming the benefit levels do

not change in the future, is then given by:

L(t, τ) ≡ b(t, τ)D(t, τ) (A2)

The total regulatory value of the pension schemes liabilities follows from aggregation over all

future horizons τ :

L(t) =

∫ ∞
0

L(t, τ)dτ (A3)

Next, let us describe the change in the regulatory value L(t) over time. We derive the

instantaneous change in the pension funds liability by applying Ito’s Lemma to (A3).

Furthermore note that in a dynamic setting the liabilities will be reduced by payments made

today, b(t, t)dt, and increased by aggregate contributions, denoted by Y (t).

dL(t) =

∫ ∞
0

[
db(t, τ)

b(t, τ)
+
dD(t, τ)

D(t, τ)
+
db(t, τ)

b(t, τ)

dD(t, τ)

D(t, τ)

]
×L(t, τ)dτ − (Y (t)− b(t, t))dt (A4)

The first part of this expression shows that the change in present value of the regulatory

liabilities is driven by a change in the benefit level, a change in the discount rate and a covariance

term. The second term is the net inflow or net outflow of the pension scheme. It will be useful

to define a process that describes the change in liabilities caused by discount rate variation

only. The reason is that this is the part of the present value change that will enter the benefit

adjustment process.
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We will write the total change in the regulatory value of the liabilities due to discount rate

changes as:

dL̃(t)

L̃(t)
=

∫ ∞
0

[
dD(t, τ)

D(t, τ)

]
× L(t, τ)

L(t)
dτ ≡ µL(X(t), t)dt+ σL(X(t), t)′dz (A5)

where

µL(t) =

∫ ∞
0

L(t, τ)

L(t)
µD(X(t), t, τ)dτ (A6)

is the instantaneous return on liabilities, and

σL(t) =

∫ ∞
0

L(t, τ)

L(t)
σD(X(t), t, τ)′dτ (A7)

the instantaneous volatility of the return on liabilities.
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Appendix B: Homogeneous benefit adjustment

Homogeneous benefit adjustment implies that we can write the benefit adjustment process as:

db(τ)

b(τ)
=
dbi
bi

= µbdt+ σ′bdz ∀τ, ∀i (B1)

So, µb and σb are not horizon or individual dependent. Remember that we suppress the

dependency on t and X(t). Combining this with the requirement that the scheme is complete

(A(t) = L(t)) allows us to pin down what µb and σb are. Setting the change in value of the

assets dA in (4.4) equal to the change in the value of liabilities dL in (A4) gives:

A(t) [µAdt+ σ′Adz] =

∫ ∞
0

[
db(τ)

b(τ)
+
dD(τ)

D(τ)
+
db(τ)

b(τ)

dD(τ)

D(τ)

]
× L(τ)dτ (B2)

Using the fact that A(t) = L(t) at all times and using (B1), we can re-write this as:

µAdt+ σ′Adz = µbdt+ σ′bdz + µLdt+ σ′Ldz + σ′bσLdt (B3)

This equality needs to hold for all t and for all potential stochastic paths, so we can solve

the drift term and volatility term separately. Doing so, we find that:

σ′b = σ′A − σ′L︸ ︷︷ ︸
A-L mismatch risk

(B4)

and (B5)

µb = µA − µL︸ ︷︷ ︸
expected return on A-L mismatch

− (σA − σL)′ σL︸ ︷︷ ︸
A-L mismatch risk / liability discount rate risk correlation

(B6)

Note that the unexpected change (σ′bdz) in the benefit level is equal to the unexpected return

on the schemes’ asset-liability mismatch. The mean benefit adjustment is equal to the mean

return on the asset-liability mismatch risk minus a term representing the correlation between

asset-liability mismatch risk and the volatility of the (pre-adjustment) value of the liabilities

caused by discount rate variation.

Now, substituting the benefit adjustment process into the return equation (5.2) gives us the

return on the participants τ -horizon payment.
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Appendix C: Fair benefit adjustment in discrete time

In this appendix we will consider the situation in which benefit payment and adjustment takes

place in discrete time. We will consider the case in which discounting is done using a market

consistent default-free interest rate. First, let us derive what the benefit adjustment process

looks like in case the fund applies a homogeneous adjustment rule without smoothing. The

regulatory present value of the benefits is given by:

Lt =
∑
τ>t

bτ,tDτ,t (C1)

where bτ,t is the sum of all benefits at time t that are due at time τ and Dτ,t is the discount

factor applicable to these benefits. Homogeneous adjustment implies that all benefits increase

by the same percentage. Let ∆bt+1 denote the percentage change in the benefit levels at the

start of period t+ 1. Completeness requires that, at the start of time t+ 1:

∑
τ≥t

bτ,t(1 + ∆bt+1)Dτ,t+1 = At+1 (C2)

Which implies that:

∆bt+1 =
At+1

L̃t+1

− 1 ∀τ (C3)

where L̃ is the present value of the benefits before benefit adjustment.

The return on the benefit cash-flow becomes:

Vt+1

Vt
=

(1 + ∆bt+1)Dτ,t+1

Dτ,t

=
At+1

L̃t+1

Dτ,t+1

Dτ,t

(C4)

The right-hand side is not a return on a traded portfolio. It is the return on the discount factor

times the return on assets divided by the return on the liability matching portfolio. Intuitively

it is clear that this is a complex non-linear pay-off and we saw in the continuous time case, that

this tends to result in a transfer of market value from young to old.

We can correct this unfairness, while preserving the idea that every participant shares in
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the funds mismatch return, by making ∆bt+1 horizon depended in the following way:

∆bτ,t+1 =

(
At+1

At
− L̃t+1

Lt

)
Dτ,t

Dτ,t+1

(C5)

Instead of making the benefit adjustment depend on the realized funding ratio it is now a

function of the return mismatch. This gets rid of the non-linearity implied by using the funding

ratio. Additionally, there is now a horizon-dependent correction term: Dt(τ)
Dt+1(τ)

. If the fund uses

a default-free interest rate, this term is the inverse of the period return on a zero-coupon bond

that matures at time τ . Implementing this benefit adjustment rule results in a return on the

CDC benefit of:

Vt+1

Vt
=
Dt+1(τ)

Dt(τ)
+
At+1

At
− L̃t+1

Lt
(C6)

which is the return on a zero-coupon bond plus the excess return on the funds mismatch. This

is a market consistent return, since all three terms are returns on traded assets. Note that (C6)

is indeed the discrete time equivalent of (6.2). Note that in order to establish fairness of the

discrete time return in (C6) we do not need to assume that returns follow an Ito-process or

have a Markov structure.

As we did in the continuous time case, we can also add a smoothing parameter to this

equation. In this case we get:

∆bτ,t+1 = ατ,t

(
At+1

At
− L̃t+1

Lt

)
Dτ,t

Dτ,t+1

(C7)

Vt+1

Vt
=
Dt+1(τ)

Dt(τ)
+ ατ,t

(
At+1

At
− L̃t+1

Lt

)
(C8)

Notice that (C8) is exactly the discrete time equivalent of (6.4). The return is equal to a

long position in the zero-coupon bond and an exposure to the funds mismatch return that is

weighted by ατ,t. Completeness in this case implies that ατ,t is chosen such that:

Lt =
∑
τ>t

ατ,tbτ,tDτ,t (C9)
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