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1 Introduction

Traditional capital markets theory relies on the assumption that log prices are
martingales, implying the expected value of log price is the log price in the previous period,
and log returns are uncorrelated. Therefore, log prices follow random walkeganeturns
are unpredictable. This theory is called Random Walk Hypothesis (RWH) and represents one
of the variants of the broader Efficient Market Hypothesis (EMH).

Mainstream financial economics also relies on Normality of the log returns. For
instance,non-Normality is not consistent witlthe MearVariance approach of portfolio
theory (Markovitz, 1952, 1959) and the related Capital Asset Pricing Molelpficing of
financial derivatives according to the models develope&lbgk and Scholes (1972, 137
and the riskmanagement approacfialue At Risk (RiskMetrics, 1996also rely on the
assumption of Normality

In order to allow for nofNormality and autocorrelation in log returns, Peters (1994)
introduces the Fractal Markets Hypothesis (FMH). The FMidsdnot reject a priori the
assumption that returns are {digrmal and uncorrelated, but allows for a broader range of
returns behaviour. As a result, the FMH does not necessarily constitute an alternative to the
EMH, but rather a generalisation.

The FMH cerives its name from the theory of fractédandelbrot, 1982)A fractal is
an object whose parts resemble the whole. Peters (1994) argues that markets have a fractal
nature: when markets are stable, returns calculated over different time scales @&hily, w
monthly, and so on) exhibit the same statistical properties. For instance, if daily returns are
leptokurtic, so are monthly returns; if daily returns exhibit positive autocorrelation, so do
monthly returns. This feature is called saffinity.

The distributional properties and autocovariance structure of saffgie time series
can be represented by the Hurst exponent. In a financial time series, the Hurst exponent can
be estimated to test the validity of the RWH. For Norloglreturns, if the Htst exponent is
smaller (larger) than 0.5, negative (positive) autocorrelation existedoeturns calculated
for any time scalelf the Hurst exponent is 0.5 the process is random, and the RWH is valid.
A Hurst exponent larger than 0.5 suggests pasitongrange autocorrelation in the log
returns, and therefore the autocorrelation function decays slowly for log returns calculated for
any time scale. A Hurst exponent smaller than 0.5 suggests negative autocorrelation for log
returns calculated for artime scaleFor independent returns, if the Hurst exponent is larger
than 0.5 the distribution of returns calculated over any time scale is leptokurtic and the
population variance is infinite. If the Hurst exponent is 0.5 the process is N@fte, the
literature neglects the likely influence of nblormality on the calculation of the Hurst
exponent, or it simply assumes ANprmality increases the Hurst exponent and may thus
lead toH > 0.5 even in the absence of lerange autocorrelation. B RescaledRange
Analysis (RRA)has been employed widdly calculate the Hurst exponent.

This paper presents tests for the validity of the RWH for six stock markets located in
developed European countries. We examine stock market indices comprising a large number
of stocks, and therefore predictability due to thin trading is very unlikelyecien of the
RWH due to longange autocorrelation would therefore suggest that patterns in the stock
returns of individual stocks do not dissipate quickly, and are likely to generate arbitrage
opportunities.



We contribute to the extant literature inveml ways. First, we provide robust
evidence of significant lorgange autocorrelation for the Mibtel, the index of the Italian
stock market. Significant loagange autocorrelation is contrary to the RWH, because it
implies that correlation patterns iretlog returns do not dissipate quickly and could therefore
be used for arbitrage opportunities.

Second, unlike most of the extant literature, we employ Monte Carlo simulations to
construct critical values for the null hypothesis of uncorrelated and Néomatturns. This
enables us to assess whether the estimated Hurst exponents for the log return series are
significantly different from the joint hypothesis of no lerange autocorrelation and
Normality, and therefore do not comply with the RWH.

Third, for each of the six log return series we compare the estimated Hurst exponent
with the Hurst exponent estimated for two surrogate series: a shuffled surrogate, with the
same probability distribution of the original series, but no autocorrelation; and aalsun
surrogate, with the same autocorrelation properties of the original series, but whose
distribution is Normal. A comparison with both series is necessary if one aims to determine
whether statistical departure from the RWH is genuine, that is, iuéstd longrange
autocorrelation, rather than ndformality.

Fourth,previous literature uses the RRA on the residuals of an autoregressive model
of log returns, to avoid that shadnge autocorrelation produce spurious detection of-long
range autocorration, or persistence (Peters, 1994; Opengl, 1999). Howeverywe argue
that this procedure may impair the satfine structure of the time series, which implies that
the autocovariance function be the same at all time sdAlesise both procedureghét is,
we run the RRA both after priltering is carried out, and on the log return series that have
not been prdiltered), and compare the result¥he RRA applied to the préitered log
returnsfails to reject the RWHor any of the indicesHowever when the RRA is run on the
log return series, evidence contrary to the RWH is found for the Mibtel, for which the Hurst
exponent is significantly larger than 0.5. The Hurst exponent for a shuffled surrogate of the
Mibtel log returns is found not to diffesignificantly from 0.5, while the Hurst exponent for a
Normalised surrogate of the Mibtel log returns is found to differ from 0.5 at the 10% level of
significance. Therefore, contravention of the RWH for the Mibtel is due to-rimge
autocorrelationAn examination of the fractal properties of the six indices over small and
large time scales only has confirmed this finding.

The results of the RRA for the other five indices do not provide evidence contrary to
the RWH. However, there isvidence ofshortterm autocorrelatiomnd non-Normality for
small scalesWe also find that préltering the log return series prior to the RRA may
increasethe chances of a spurious detection of foaugge autocorrelation, contrary to widely
held belief.

The rest of the papés as follows. Section 2 reviews the properties of-aihity,
long-range autocorrelation, and the generalised Central Limit Theorem. Section 3 describes
the methodology and data. Section 4 reports the results. Section 5 concludes.

2 Self-affinity, long-range autocorrelation, and the generalised Central
Limit Theorem

Self-similarity is the distnguishing feature of fractalgeach part comprising a fractal
resembles the whole. In a financial time series, the weaker concept -@ffieety is
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employed selfaffine time series have the same properties irrespective of the time scale (for
instance, daily, weekly, or monthly returnSgction 2.1 describes the concept of-aéfhity

and the implications of sedffinity on the autocorrelation structurd the log returns
measured over different time scales. Section 2.3 describes the properties of the Stable
Paretian distribution and the generalised Central Limit Theorem.

2.1  Selfaffinity and the autocorrelation structure of a time series

Self-affinity can be described mathematically as follows (Calvet and Fisher, 2002, p.
383):

Xt X (0t S0 X (), X (0} &)

L d
WhereH > 0 andn, k, té % OO0, and= denotes equality in distribution

Selfaffinity in a time series with Normal increments implies that the varianpce,
scales proportionately with the time scale over which increments are measaaohrding
to a factor of proportionality governed by the Hurst exportént,

& =n"'gf @

The brackets encircling and 1 are to denote that they are not exponents, but denote
the time scale over which the increments are calculated-aBielty also implies that the

autocorrelation function for lag, ;™ =9 /o™, does not depend om. That is,

1W=1% or n O 1 a naderautdorrgélationTsl’e=24" P v160r n O 1,
there are equivalent expressions fdf’ for k > 1 (Onali and Goddard, 2009).

Fractimal Brownian Motion(FBM) satisfiesthe property of seléffinity!. The FBM
is a gengmlisation of theBrownian Motion used to define eandom walkprocess, and was
introduced by Mandelbrot and van Ness (1968). This model has the same features as the
Brownian Motion but its increments can be depende@brrelation (at all time scales) in a
self-affine seriess represented byhe parametd&y<H <1. For 0 <H < 0.5, the series is
negatively correlated at all time scales, or antipersistent. For H5<<1, the series is
positively correlated at all time scales, or persist€amporal seHaffinity ensureghaté [ € ]
the distribution of returns over different spling intervals are identical except for a single,
nonrrandom contractiah(Mandelbrot,Fisher andCalvet, 1997, p. 8). This has important
consequences for researchers, dgisna-inconsistentimodel renders the results reliable only
for the sele@dtime s@le For exampleif weekly data are analysed, thesults might not be
valid for monthly data.

Techniques based on the (temporal) -affihity property have been employed to
assess the degree to which returns are-tange dependent. If a log returnisseris found to
be either persistenH(> 0.5) or antipersistentH( < 0.5), the Efficient Market Hypothesis

! Longrange dependence, and thus a slow decay for the autocorrelation function, is found in Autoregressive
Fractionally Integrated Moving Average processes (ARFIMA, Granger and Joyeux, 1980; Hosking, 1981).
ARFIMA(0,d,0) processes, where d =(b, are aayptotically selfaffine (Fisher, Calvet and Mandelbrot,

1997).

2 The increments of the FBM constitute the Fractional Normal Noise (FGN), a stationary continuous process.
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(EMH), in the form of the Random Walk Hypothesis (RWH), is violated. An extensive
literature examines whether the RWH correctly represents the ibehaf stock market
returns using fractal analysis. If the RWH is rejected, the FMH may represent a better
explanation for the behaviour of stock returns.

Empirical studies on the loagnge autocorrelation properties of returns precede the
FMH (Peters, 294). Initially, evidence of longange autocorrelation is found ftine US
stock market Greene and Fielitz1977 Peters 1991). dbsequent refinements of the
methodology used to measure leragge autocorrelatiohave produced results consistent
with the Random Walk Hypothesid ¢, 1991). Recently,Serletis and Rosenberg (B)@lo
not find evidence of persistence for four US stock market indices. International equity
markets have also been examin€théung and Lail995; Oponget al, 1999;Howe et al,
1999 McKenzie 2001 Costa and Vasconcelo2d003 Kim and Yoon 2004 Zhuanget al,
2004; Norouzzadeh and Jafari, 2005; Onali and Goddard,),2889ell as commodities
markets Cheung and Lai1993; AlvarezRamirez et al, 2002; Serletis and Rosenberg
2007, and exchange rateMglligan, 200Q Kim and Yoon 2004 Da Silvaet al, 2007)
Recently, he connection betweethe Hurst exponent and market crashbas been
investigated (Grech and Maz@004 Grech and Pamul2008).Cajueiro and Tabak (2004
2005 endeavour to rank the degree of efficiency of emerging madketbe basis of the
Hurst exponent for either stock returns or volatility of returns. Their findings differ according
to whether stock returns or volatility of returns is examined.

Many of the studies above neglect that, if the assumption of Normality of the
incrementsis not satisfiedH > 0.5 does not necessarily implong-range autocorrelation,
because the estimation &f can be affected by the presence of -hwrmality. Certain
studies compare the Hurst exponent of a log return series with the Hurst exponent of a
shuffled surrogate of the series (for instance, Peters, 1991). If the Hurst exponent of the
shuffled surrogatés found to be lower than the Hurst exponent for the log return series, it is
argued that there is lomgnge positive autocorrelation. However, in our view, this
interpretation assumes that ANoBrmality can only result in an increase of the Hurst
exponat. In the absence of a properly defined theory as to the impact défioromality on
the Hurst exponent of a lofrgnge autocorrelated series calculated using RRA, one cannot
rely on this comparison only. A comparison of the estimated Hurst exponenhwithutrst
exponent of a Normally distributed series with the same autocorrelation structure as the
original series may be useful to improve robustness, although it may still not be decisive. In
the next section, we discuss the properties of the Stabledpadettribution, which is able to
account for selaffinity of independent variables that are figarmally distributed.

2.2  The Stable Paretian distribution and the generalised Central Limit Theorem

For independent processes, the Hurst exponent re¢iprocal of the characteristic
exponent for Stable Paretian distributiyng= 1H. Unlike the Normal distribution, the
Stable Paretian distribution allows for high
The log of the characteristic function@fStable Paretian distributiop(t), can be expressed
as follows (Elton et al., 1975, p. 232):

3 Stable Paretian distribution is also referred to as Mandelléngy, L-stable Lévy-stable, and Paretoévy
(Mulligan, 2004).
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Wherei =+/- 1. There are four parameters that define the shape of a Stable Paretian
distribution:

-a<d<npo is an estimate of the central tendency of the distributionUFor
> 1, Uis the mean of the distribution.

g>0 is a measure of the degree of dispersion about the central
tendency parametér and replaces the standard deviation when
the distribution is not Normal (fdd < 2). Forti= 0 andg = 1
the distribution is said to be in its reduced form (Peters, 1994).

-l1<g<1 is a measure of skewness; & = 0 the distribution is
symmetrical arond U, if ¢ > 0 the distribution is skewed to the
right and ife < O the distribution is skewed to the left. As
U- 2, the distribution tends to become symmetsind &
becomes irrelevant for the shape of the distribution &hd
Frechette, 2002).

uo 42 Is ameasuref the kurtosisof the distribution, i.e. the degree to
which the data are clustered around the mean, adinthe
fatnes$ of the tails U= 2 for a Normal distribution and < 2
for a leptokurtic distributin. If U < 2 the variance is not
defined, and itJ< 1 the mean and the variance are not defined.

Infinite variance is a feature that might appear codnteitive as it implies non
stationarity in returns (i.e. absolute value of returns can be infinisgbe). However,
according to Mandelbrot, Fier and Calvet10997), there is no a priori justification for
rejecting the hypothesis of infinite variance in returBarly studies(Mandelbrot, 1963,
1967; Fama1965 Roll, 1970) find thafor log return serieg <U< 2 (or 1 >H > 0.5) More
recently,evidence of existing second moments is fo@ahsen and de Vries, 1991; Loretan
and Phillips 1994; Mantegna and Stanle}995 Pagan, 1996Hiemstra and Jones, 1B9
Annaertet al, 2001)

Independent variables that are distributed according tesd83f the property of
6stabil it y,whiohdseargeneraishiioh of then@entral Limit Theorem (COhe
sum of independent and Stable Paretian distributed variablet)afttic is a Stable Paretian
distributed variable witlthe samédJandg (Fama, 1965)In other words, the Stable Paretian
distribution is able to account for sdffinity of a time series with independent ANiermal
increments.

* According to Hols and de Vries (1991), ;iomt egr at ed ARCH models andUStudent
> 2. However, Jamdee and Los (2005) argue tHaif2 the probability distribution is not propertiefined,

because one or both tails of the distribution are outside the interval [0,1]. According to AstrEg001),U

> 2 suggests that the Stable Paretian distribution simply cannot account for the properties of the time series
examined.



3 Methodology and data

In this paper, we use the Rescaled Range Analysis (RRA) to examine the fractal
properties of six European indices. Section 3.1, describes the steps of the RRA for calculation
of the Hurst exponent. Section 3.2 reports some descriptive statistics fog tle¢ulns of the
six indices.

3.1 Methodology

The RRA is based on an examination of the average rescaled range of the cumulative
deviation of a time seriefsom its mean value within each of a number of subperidtie
rescaled range statistidenoted(R/S,, is specific to theime scale n, equivalent to the
number of daily returns observations included in each subperiod. To obtain an indication of
the scaling behaviour oR(S,, asn varies, R/, is constructed so as to vary proportionately
with n". The RRA is performed using all observations of the log return series, fomeach
Most previous studies discard the last few observations of the series when the total number of
observations is not a multiple of Finally, in order to assess to what extd 0.5 indicates
violation of the RWH, Monte Carlo simulations of random Normal innovations are
performed to obtain critical values for the significance of the departure from the null
hypothesisH = 0.5.

Previous literature argues that fileering using an ARj) model is needed to avoid
detecting spurious lonagange autocorrelation (Peters, 1994; Open@l, 1999). However,
we argue that eliminating sheadrm autocorrelation might eliminate genuine laagge
autocorrelation. For the propertiesself-affine processes, the autocovariance structure for a
certain lagk should be the same regardless.of herefore, eliminating autocorrelation for lag
kandn = 1 could result in the elimination of autocorrelation for values ather than 1. For
this reason, and for comparability with previous literature, we run the RRA on both filtered
and unfiltered log returns.

Let N denote the total number of observations in the sefiegherez is eitherthe
residuals of an ARY) model on thdog return sess, r, =a + br,_, +2.°, or the log return

series itselfy;. Starting from the first observation, subdividénto M contiguous subperiods
labelledm = 1,...M, each containingh observations such thal - n<Mn¢ N. For the
observations within subperiod, the mean and standard deviatiorz@ire

m=n" 4z 4)
t=(m-1)n+l
Sy =\/n'1 a (z-m)’ ©)
t=(m-1)n+l
for m=1,...M.

The cumulative deviations of from /4 within subperiodn are

® The numier of lags of the AR modep, is equal to the lags for which the Partial Autocorrelation Function
(PACF)is statistically significant at the 5%nly lags up to the tenth lag are considered.
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x= a (z-m) (6)

s=(m-1)n+l
Wheret =(m- )n+1,...mn- 1, and x,,, =0.

The range for subperiooh is defined as the difference between the maximum and
minimum values ok; for the observations within subperiod

R = maxi m(X) T ming m(X;) (7)

Commonly,N is not a multiple oh. If Mn <N, thenL = N1 nM observations at the
end of the observation period are unused in the above procedure. To avoid discardibg these
observations, the procedure is repeated starting frorb+thth observation (rather than from
the first observation). A second setMfcalculated values dR, and S, is obtainedwhere
m=M+1,... M. If Mn =N, R, and S, for m= 1,...M are identical toR,, and S,, for m =
M+1,...,2V.

The R/9, statistic is the mean of the rescaled range values fol,...,2V

(R/9), =(2M) "4 (R,/S,) (8)

m=1

Finally, the scaling behaviour oR(S, can be investigated by examining the power
law relationship R/, ~ n", whereH is the Hurst Exponent. Having obtained valuesRig,
for several timescalesn, H can be estimated by running the ordinary least squares (OLS)
regression

IN[(R/9n] = In(c) +H In(n) + dy 9)

whered, is a disturbance term.

The theoretical property of sedffinity applies to the distribution of returns calculated
over all time scals. In practice, however, the scaling behaviour summarized by

d
r” = r®3n" may vary with thetime scale In the case of th&WH (zero temporal
correlation), R/9;, ~ Jn. TheV, statistic is defined

V, =(R/S), /Vn (10)

A plot of V,, againstn provides a convenient visual indication of the variation in the

scaling behaviouof (R/9, with Jn. Asymptotically, V,, is constant over alh under the
RWH, that is under the assumption of Normality and no autocorrelatfothere is
persistence in the returns measured over a specific range of values fondhscalen,
asymptoticallyV, is increasing im over this range. Similarly if there is antipersistence in
returns measured over a specific range of values,fasymptoticallyV, is decreasing over
this range.

As noted earlier, the Hurst exponent is ablédentify longrange autocorrelation in a
Normal series as well as ndformality in an independent series. However, when there is
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both dependence and nblormality the interpretation of the results is ambiguous. For this
reason, | run the RRA on shufflesthd Normalised surrogates of the log return series. The
shuffle eliminates temporal correlation while preserving the original probability distribution.
The Normalising procedure preses temporal correlationub ensures that the log return
series is thtributed Normally.

A shuffle surrogate is created using a method described by Norouzzadeh and Rahmani
(2006, p331). Two integetts andt, (1¢t;,t1,¢N, whereN is the number of observations) are
drawn randomly from a uniform distribution, and the posgi®mfry andry in {r} are
exchanged. The same procedure is repeatedll &ithes, ensuring that the shuffled series is
devoid of temporal correlation.

A Normalising transformation is performed as follows. The original serigsfér 1

¢ t ¢ N, is sored in ascending order. A variatde=1 , 8l is generated whereds ¢ N. The
original order is then replaced by sorting}{{ t} and {s} according tot. These steps ensure
that, while the ordering ofr{} and {s} is based on the values g@f{s} can beused as an
indicator for ranking £}: the smallest value forr{} is for s = 1, the largest value ford is
for s = N, and fors; < s, rq < re. In the next step, two variables are genergbee:N(0,1)

N N )2
with N observations; andj=r +0, 3 p, wherer‘:%é_ rands, = |4 u

t=1 t=1
{r¢} is replaced by corresponding valuesggfFor instance, the tenth observationrigorted
according tot (ri=10) is replaced by the tenth observationgo$orted according t8 (gs=10)-
The resulting series will have the same autocorrelation structung}abut the probability
distribution will be Normal, because the varialgjas Normal, with the same mean and
standard deviation as.

. Finally,

Several previous studies have noted thatapplication othe RRA in finite samples
produces an upwaiiased estimator dfl (Feller, 1951; Anis and Lloyd, 1976; Peters, 1994;
Qian and Rasheed, 200dnd Norouzzadeh and Jafari, 2p0Burthermore, in finite samples
Vj is increasing im under theRWH. Following Onali and Goddard (20Q9onte Carlo
simulations are used to examine whether the estimated Hurst exgtoretite log return
seriesof the indicediffer significantly from the value that is expectedder the RWE and
similarly whether the realed V, statistics for each differ significantly from those expected
under the RWH. This procedure involves generating 5,000 simulated returns series
containing randonNormal innovations. The RRA is repeated for each of the simulated
saies, and the sampling distributions are obtained for the estirhlataad for the realized,
for eachn.

3.2 Data and descriptive statistics

Daily log returnshave been aculated, based on closing daily prices provided by
Thomson Analytics for the following stock market indicesMibtel (Milan), CDAX
(Frankfurt), FTSE 350 (London), Amsterdam S.E:salare (henceforth, ASEMadrid S.E.
all-share(MSE), and Swiss Market Index (SWXurich).

® For convenience, | consider the RWH in the form that reqlogeseturns to be Normally distributed. As long

as log returns are stochastic (instead of deterministic), the RWH is valid. Therefore, rejection of the Normality
assumption does not necessarily imply rejection of the RWH. HoweveilNoonal log returns waeken asset

pricing models and other important approaches of mainstream capital markets theory.
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Figure 1exhibits thedaily log returnsr;, of the six indicesover time. Volatility
clustering (heteoskedasticity)is apparent, asafge returns (of either sigriend to be
concentrated withircertain periods (higholatility periods). This condition is believed to
cause leptokurtosis in log return€hen et al, 2001) The assumptiom; ~ N(g,0?) is
substituted byr; ~ D(g,h;), whereD is some nofNormal probability distributionh; is the

conditional variance, =u,h"?, andu; are IID.

[insert figure 1 here]

Table 1 reports descriptive statistics for the log return serigheomdices for four
time scales: daily, weekly, monthly, and quarterijhe total observations for the four series
are 2,608, 522, 120, and 40, respectively. The descriptive statistics shown i fielbte to
the first four central moments of thesttibution of the log returns: meastandard deviation,
skewness, and kurtosis.

[insert table 1 here]

The skewness is negative in most cagesthe time scale increases, the probability
density functions of the log return series do not appear tontegnore symmetricThe
departure from Normality for quarterly data is contrary to the alleged phenomenon of
6aggregational Normalityé (Cont , 2001) . The
scales suggests that negative daily returns tend to closé&ing large cumulative losses
more likely than large cumulative gains. Negative skewness implies large losses are more
likely than large gainsCeteris paribus negative skewness should encourage investors to
require higher expected returns than if tkeveness is zero.

The probability density functions of the log return series seem to become less
leptokurtic as the time scale increases (although for the FTSE 350 the quarterly log returns
are more leptokurtic than the monthly log returns). Leptokuriogiies extreme returns of
either sign are more likely than in a Normal distributi@eteris paribusjnvestors should
require higher expected returns when the distribution is leptokurtic than in the case of a
mesokurtic distribution (where the kurtosistiree).

Given a random Normal variable with meane and standard deviatiod], the

. u-m. . . .
variable z= is a Normal variable with mean 0 and standard deviation 1. A plnt of

s
againstu, where the values of both variables are sorted in asggodder, is called Normal
probability graph. Becauseis a linear transformation af, the graph is a straight line.
However, for variables that are not Normal, the Normal probability graph is a curve that may
assume a variety of shapes (Fama, 1965).

Figure 2 shows the Normal probability graphs for the log returns of the six indices at
the daily and monthly frequencies. The comparison between the quantiles of the probability
density functions of the log returns and the quantiles of a Normal distnbskiows for
which quantiles there is evidence of departure from Normality, and the degree of such
departure. As said before, if the distribution of log returns were Normal, the plot should be a
straight line. Leptokurtosis should cause the extreme partiseoplots to diverge from a

" Givenn the number of trading days comprising each time scale, for the daily returis,For the other time
scales, there is no exact correspondence batwaad the actual time scale used in the analysis, as the number
of trading days may vary according to the week, month, or quarter.
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straight line representing the Normal case: for lower quantiles the lower half of the plot
should bend downwards, since large negative returns are more likely than in a Normal
distribution; for upper quantiles the upper partha# plot should bend upwards, since large
positive returns are more likely than in a Normal distribution.

[insert figure 2 here]

The plots show evidence of leptokurtosis in the daily log returns. The plots assume a
typical invertedS shape. Leptokurtos decreases as the time scale becomes longer. This is
reflected in the plots for the monthly returns lying closer to the straight line representing the
case for which a Normal variable is plotted against the standard Normal distribution.
However, it can & noticed that for the lower quantiles outliers still exist. Outliers for the
lower quantiles cause the plots to diverge from the straight line in the extreme part of the
lower half of the plots. The lower quantiles correspond to large negative returrsst€nt
with Table 1, there is asymmetry even for long time scales. Negative skewness for long time
scales may be due to clustering of negative daily returns.

Provided the population variance is finite, the Central Limit Theorem (CLT) ensures
that the sunof independent random variables converges to a Normal distribution as the
number of variables increases, regardless of the distribution of each individual random
variable.If the variance of the population is infinithe standard CLT does not hold. In this
case, the sum of IID variables converges &iable Paretiadistributionwith a characteristic
exponent equal to that of the individual random varialfesrder to investigate whether my
data comply with the CLTonce temporal correlation has been eliminated, the procedures
described above are repeated on shuffled surrogates of the log return series, in which the
ordering of the observations is randomised.

Table 2reportsdescriptive statistics fahe shuffledsurrogate of the log retulseries
for four time scales: daily, weekly, monthly, and quartefiyere is little evidence of
leptokurtosis for long time scales. In comparison with the results reported in Tathle
degree of skewness is also less for long time scales. The reduction in skewness for long time
scales in the shuffled series supports the hypothesis that negativeeskeiwn long time
scales may be due to clustering of negative daily returns. These results support the validity of
the CLT.

[insert table 2 here]

Similar to Figure 2Figure 3shows the Normal probability graphs for steuffled log
returns of thesix indices at the daily and monthly frequesc The plots for the daily
frequency are the same as those exhibited in Figure 2, as the shuffle destroys temporal
correlation leaving the probability density function unaltered. However, the shuffle may
modify the probability density function of the monthly log returns. Before the shuffle, the
clustering of positive (or negative) daily returns in a month may result in larger positive (or
negative) monthly returns. On the other hand, periods of negative comelatihe daily
returns tend to produce smaller monthly returns of either sign. The shuffle eliminates the
effect of clustering, and therefore should also reduce skewness and leptokurtosis for large
time scales.

[insert figure 3 here]
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The plots for mathly returns in Figure 3 show a closer fit to the straight line than
those exhibited in Figure 2. Consistent with Table 2, eliminating the temporal correlation
through the shuffle procedure results in a significant reduction of leptokurtosis for lagsretur
calculated for long time scales. The degree of asymmetry is also reduced.

4 Results

The Rescaled Range AnalysiRRA) is carried out over 40 values of thme scale
parameten, defined by increasing In) in steps of 0.1 from a minimum of (= 1.6(n = 5)
to a maximum of Inf) = 5.7 f = 29). For each value of In}, n is obtained by rounding
"™ to the nearest integer. Two of the 42 values oh)lif the range (1.6, 5.7are
discarded, because the integer values!®Peand é""%! gre identical. The results tifie
RRA for each indexare compared with critical values obtained via Monte Carlo simulations.
Section 3.1 reports the results for the-fitered log returns. Section 3.2 reports the results
for the unfiltered log returns.

4.1 Results for prdiltered returns

Tables 3, 4, and 5 repattie estimation result®r the RRAwhen the original log
returns are préiltered using an ARf{) model before calculating the R/S statisfitie first
column reports the name of the indébhe second column reports the estimated Hurst
exponent for the log return series of each indéx The third column reports the estimated
Hurst exponent for the shuffled log return series of each jidieX he fourth column reports
the estimated Hurst expent for the Normalised log return series of each intthx The
sixth column reports the average Hurst exponent estimated with respect to the 5,000 Monte
Carlo simulationsgy, and the Hurst exponents associated withquantiles 0.005, 0.025,

0.050, 0950, 0.975, and 0.999.

Table 3 reports the estimation results for the time sb&lest 299. For the log return
series of all six indicesthe Hurst exponent estimateder thetime scale5¢ n¢ 299 is
higher than the averadg# obtained from the 5,00Monte Carlo simulatios €y = 0.572).
However, none of such values is higher than the critical value associatettiei®?o level
of significance. Accordingly, a twtail test fails to reject the null hypothesistdf= 0.5 (og
returns are temporally uncorrelated at silne scals) in favour of the alternativel | 0.5
(long-range autocorrelatioat all time scals) for any of the 6 indiceS'he estimated Hurst
exponents for the shuffled log return series of all six indices arédevably lower than the
estimated Hurst exponents for the original log return series. The estimated Hurst exponents
for the Normalised log return series of all six indices are lower (but in some case the
difference is very slight) than the estimated Hesgtonents for the original log return series.
For all six indicesHs < Hy < H;. Therefore, temporal correlation seems to affect the
estimated Hurst exponent for the log return series of the indices to a greater extent than non
Normality does. However, me of such values is lower than the critical value associated with
the 10% level of significance.

[insert table 3 here]

To investigate whether there is any statistical evidenadepérture from the RWH
(due to eitheipersistencer antipersistencey)hen returns are measured ogenall or large
time scals only, the estimation of equatiof)(In[(R/S,] = In(c) + H In(n) + d,, and the
Monte Carlo simulationarerepeatedby fitting a spline function to allow for a change in the
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estimated Hurst exponent at the midpoint of the set of 40 values for uséd in the
estimation.

Table 4 reports the results for the spline regresdimmthe small time scales nO O
40. The format of the tables similar to that of Tabl&. H; is smaller(for the CDAX and
SWX), larger (for the FTSE350 and the ASE), or equal (for the Mibtel and MSEheo
average Hurst exponent estimated via Monte Carlo simulatepns 0.606) However, as
before, H; is neither smaller nor larger than the critical values obtained via Monte Carlo
simulationsfor any indexUnlike what observed fd nO 299,Hs < H; does not apply to all
six indices, but only in four cases, aHd< Hy only in two cases. On the contraiy < H;
still applies to all six indices. Therefore, nblormality influences the estimated Hurst
exponent fos nO 40to a greater extent than f6r nO 299, This is consistent with a more
leptokurtic distribution for s@l n than for largen, as shown in section 3.2.

[insert table 4 here]

Table 5 reports the results for the spline regressionthé large time scale®On O
299, The format of the table is similar to that of Table 3 and Tabl¢ . neither smaller nor
larger than theelevant critical values obtained via Monte Carlo simulatiblesvever,H; is
larger thanthe average Hurst exponent estimated via Monte Carlo simulatigrs(.540)
for all six indices. Therefore some pattern, due to either-fange autocorrelation aron
Normality, might be presenior all six indicesHs < H;. Similar to what obtained f& On O
299, Hy > H; for all six indices. Temporal correlation appears to affect the time series
properties of the log return series to a greater extent thahoawnality does. For the Mibtel
and MSEHy > H, indicating that, once neNormality is taken into account, temporal
correlation appears even stronger. Thus, it appears thaNowmality and longange
temporal correlation in a series might combine togeithemarious ways, which may hinder
the interpretation of the Hurst exponent.

[insert table 5 here]
4.2  Results for unfiltered returns

Tables 6, 7, and 8 repatitie estimation resultkor the RRAwhen the original log
returns are not préltered using an ARf{) model before calculating the R/S statistic

Table 6 reports the estimation results for the time sbalest 299. There are several
differences with respect to the results répdrn Table 3H; for the FTSE 350 is lower than
en and tharH; when prefiltering of the log returns is carried out prior to the RRA. A higher
H; when prefiltering is carried out is due to significantly negative autocorrelation for the lags
3, 5, 6, andl10 in the latter. Therefore, pfétering might increasethe probability of a
spurious detection of long memory, contrary to widely held beliefs (for instance, Lo, 1991).
H; for the Mibtel is significantly larger than 0.5 (at the 5% level of significantieis result
is in contravention of the RWH, and implies that usingfptered log returns may prevent
the detection of longange autocorrelation. Moreove is not significantly different from
0.5, while Hy is very close theH;, suggesting that longange autocorrelation is correctly
detected. Further discrepancies between the results reported in Table 6 and those reported in
Table 3 are as follows:
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- When prefiltering is carried out on the log returnds < Hy < H; for
all six indicesi when prefiltering is not carried outHs < Hy < H; only for the
Mibtel, CDAX, and SWX

- For the FTSE 3561s > H; > Hy, suggesting that neNormality has a
large impact on the estimation of the Hurst esponent

- For the ASEHN < Hs< H;.
[insert table @here]

Table 7 reports the results for the spline regresdmmthe small time scales nO O
40. For all indices except the MibtdH; for the original log returns is lower thah for the
prefiltered log returns, suggesting that {fileering may increasethe chances of a spurious
detection of longange autocorrelation. For the Mibtel, andHy, for the original log returns
are higher thail; andHy for the prefiltered log returns.

[insert table 7 here]

Table 8 reports the results for the spline regressionthé large time scale®On O
299, Consistent with what found for&n 299, some departure from the RWH is found for
the Mibtel, for which H; and Hy are different from 0.5 at the 10% level of significance.
Rejection of the null hypothesis for large time scales, even if for a relatively low level of
significance, suggests loffgnge autocorrelation is not spurious. For the FTSE Shtllar
to what found for ©n 299, H; estimated without préiltering the log returns is lower than
when prefiltering is carried out. Therefore, as before,-pitering might cause detection of
long memory when it does not exist, rather than avoidetgction of long memory when
returns are not longange autocorrelated.

[insert table 8 here]

The behaviour of the \statistig Vi, = (R'S)/n’>, indicates how patterns in temporal
correlation vary over different time scales.

Figure 4shows the plot of the realized valuesvphgainst Inf) for the log returns of
the Mibtel, together witlthe plots of the shuffled and Normalised log return sevigandVy
respectively, anthe plos of the mean values of the-3tatistic for eactm obtained from the
5,000 replications of the Monte Carlo simulatidfy), and the0.975 and0.025 quantiles of
the sampling distributions of the-$tatistic for eachn obtained from the Monte Carlo
simulation ¥ g75 andV o5 respectively). The realised values\efare similar to thse of V,
over low values oh, but the two plots tend to diverge flargen. Evidence contrary to the
RWH is found for values for whickthe plot ofV,; breaks through the upper critical value
associated with the 5m6I7e(dhnPofO ¢i RO i, I 19@a nc

(4. (MO O M=.134)(Inp) =4.9),n=164(nf) = 5. 1) nOaRB89245. ®
In(n)  O. Semilaf gomments can be made with respect to the plak &br the scalesn=
67 (In) =4.2),n=99 (In) =4.6),n=164(nft) = 5. 1) n0O ahd9 Aéph. W O

5.7). The plot of Vs tends to bend downward for large valuesofherefore, the \statistic
confirms that longange autocorrelation may exist for the Mibtel.

[insert figure 4 here]
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Figure 5 shows thelots of Vi, Vs, andVy for the CDAX, along withVy, V.g75and
V.25 Evidence contrary tthe RWHis found forn = 270 (Ing) = 5.6), for whichV; > V75
The plot ofVs breaks througNWgsf or appr oxniOhmat e binn®9. OO0

[insert figure 5 here]

Figure 6 shows thplots of V;, Vs, andVy for the FTSE 350, along witi, V.¢75and
V25 The plotsshow thatV; and Vs, neverfall outside the range of values defined(\fy7s, .
Vo25). Therefore the FTSE350 behaveconsistently with th&kWH for all time scals (5 O
O 299) .

[insert figure 6 here]

Figure 7 shows the plots ™, Vs, andVy for the ASE, along withV, Vg7sandV gzs
Vi lies within the boundaries defined ByzsandV o5 for all time scales.

[insert figure 7 here]

Figure 8 shows the plots ®f, Vs, andVy for the MSE, along witV,, V. g7sandV gzs
The plot ofV; suggests departure from the RVitit n = 15 (In() = 2.7), for whichV; > V.g7s
For larger values of, the esults are consistent with the RWFherefore, some departure
from the RWH appears due to shoahge autocorrelation.

[insert figure 8 here]

Finally, Figure 9showsthe plots ofV;, Vs, andVy for the SWX, along withVy, V.g75
andV 25 The plots ov; andVy tend not to diverge substantially frov, althoughVy > V.g75
forn =5, 10 (Inf) = 1.6, 2.3)While for very large scale¥; andVy tend to be larger than
Vm, the plots do not break through the boundary represented by the MgtsoDepartue
from the RWHlis therefore notletectedaccording to conventional standard criteria.

[insert figure 9 here]
5 Conclusions

This paper presents empirical analysis of the unifractal properties of the log returns
of six European stock market indices. Preliminary tests have showhlaoromality in the
probability distribution function of the log returns calculated for various time scales.
However,once temporal correlation in the daily log returns is eliminated through a shuffle
procedure, the distribution of the log returns calculated for large time scales tends towards
Normality.

We have employed the Rescaled Range Analysis (RRA) to investigaterigrange
properties of the log returns of the indic@se RRA enables the calculation of the Hurst
exponent. If the estimated Hurst exponents for any of the six stock market indices were found
to be significantly larger than 0.5, there would be lomgge autocorrelation, or non
Normality, or both. In order to correctly identify lomgnge autocorrelation and/or ron
Normality, two surrogate series for each index have been created: a Normal series with the
same autocorrelation structure as the origilg return series; and a series with no
autocorrelation but the same probability distribution as the original log return series. For the
properties of the Stable Paretian distributiori$ 0.5 and log returns are independent the
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population variance igfinite. If H > 0.5 and log returns are Normally distributed, there is
long-range positive autocorrelation, and returns are predictable.

We run the RRAon the log return seriesf the six indices and find evidence contrary
to the RWH is for the Mibtel,dr which the Hurst exponent is significantly larger than 0.5.
The Hurst exponent for a shuffled surrogate of the Mibtel log returns is found not to differ
significantly from 0.5, while the Hurst exponent for a Normalised surrogate of the Mibtel log
returnsis found to differ from 0.5 at the 10% level of significance. Therefore, contravention
of the RWH for the Mibtel is due to loArgnge autocorrelatio.ong-range autocorrelation
in the log returns implies possible arbitrage opportunities that exploiciabiity in the log
returns. The results for the other five indices do not provide evidence contrary to the RWH.
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Figure 1: Fluctuations of r, over the period 31/08/199530/08/2005
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Figure 2: Normal probability graphs for the daily and monthly log returns.
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Figure 2 continued
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