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Abstract

We develop valuation formulae for a company that maintains a fixed book-value leverage ratio and
claim that it is more redligtic than to assume, as Miles-Ezzell (1980), a fixed market-value leverage ratio.
We show that the appropriate discount rates for the expected equity cash flows and for the expected
vaues of the equity are different. Modigliani-Miller and Miles-Ezzdll do not make any essumption about
the appropriate discount rate for the increases of the book value of assets, but this assumption is needed to
calculate the value of the taxes paid by the levered and the unlevered company
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The value of tax shields defines the increase in the company’s value as a result of
the tax saving obtained by the payment of interest. However, there is no consensus in
the existing literature regarding the correct way to compute the value of tax shields.
Most authors think of calculating the value of the tax shield in terms of the appropriate
present value of the tax savings due to interest payments on debt, but Modigliani-Miller
(1963) proposes to discount the tax savings at the risk-free rate (Rr)*, whereas Harris
and Pringle (1985) and Ruback (1995, 2002) propose discounting these tax savings at
the cost of capital for the unlevered firm (Ku). Miles and Ezzell (1985) propose
discounting these tax savings the first year at the cost of debt and the following years at
the cost of capital for the unlevered firm. Reflecting this lack of consensus, Copeland et
a. (2000, p 482) claim that “the finance literature does not provide a clear answer

about which discount rate for the tax benefit of interest is theoretically correct.”

We show that the value of tax shields depends only upon the nature of the
stochastic process of the net increase of debt. More specifically, we prove that the value
of tax shields in aworld with no leverage cost is the tax rate times the current debt, plus
the tax rate times the value of the future net increases of debt.

We provide an alternative to Modigliani-Miller (1963) and to Miles-Ezzell (1980):
we develop valuation formulae for companies that maintain afixed book value leverage
ratio. Modigliani-Miller (1963) formula should be used when the company has a preset
amount of debt; Miles-Ezzell (1980) should be used only if debt will be dways a
multiple of the equity market value.

While two theories assume a constant discount rate for the increases of debt (the
risk-free rate in Modigliani-Miller, and the appropriate discount rate for the increases of
assets if the company maintains a constant book value leverage ratio), Miles-Ezzell
assume one rate for t = 1 and Ku for t>1. The appropriate discount rate for the increase
of debt int = 1 is negative, according to Miles-Ezz€ll, if the expected growth () is
smaller than (Ku- Re)/(1+ Rg).

Although Miles and Ezzell provide a computationally elegant solution (as shown
in Arzac-Glosten, 2005), it is not a realistic one. We claim that t makes much more
sense to characterize the debt policy of a company with expected constant leverage ratio
as a fixed book value leverage ratio instead of as a fixed market \alue leverage ratio

because:

! Myers (1974) propose to discount it at the cost of debt (Kd).



1. The amount of debt does not depend on the movements of the stock market,

2. Itiseasier to follow for non quoted companies, and

3. Managers should prefer so because the value of tax shieldsis more valuable.

On top of that, the Miles-Ezzell framework provides some results with dubious

economic meaning:

1. The present value of the debt increases is negative under many scenarios (see
sections 2D and 6).

2. The appropriate discount rate for the expected increase of debt of the next
period isvery small: -177.6% in the example of this paper (see section 6).

3. The appropriate discount rate for the expected equity cash flow of the next
period is very big: 119% in the example of this paper (see section 4A).

4. The appropriate discount rate for the expected taxes of the levered firm is
equal or smaller than the appropriate discount rate for the expected taxes of the

unlevered firm under many scenarios (see section 9).

The Miles-Ezzell setup is equivalent to assume that the increase of debt is
proportional to the increase of the free cash flow in every period, whereas we propose
the increase of debt being proportional to the free cash flow.

The paper is organized as follows. In section 1 we derive the general formula for
the value of tax shields. In section 2 we apply this formula to specific situations
including a company that maintains a constant book-value leverage ratio. Section 3 isa
numerical example.

In section 4 we show that the appropriate discount rate for the expected equity
cash flows is different than the appropriate discount rate for the expected value of the
equity. The appropriate discount rate for the expected equity cash flows is not constant
in every period. Although the equity value of a growing perpetuity can be computed by
discounting the expected value of the equity cash flow with a unique average rate (Ke),
the appropriate discount rates for the expected values of the equity cash flows are not
constant.

In sections 5, 6, 7 and 8 we calculate, respectively, the appropriate discount rates
for the tax shields, for the increases of debt, for the value of debt and for the value of
tax shields.

In section 9 we calculate the present value of taxes for the levered and the

unlevered firm. Modigliani-Miller and Miles-Ezzell do not make any assumption about



the appropriate discount rate for the increases of the book value of assets, but this
assumption is needed to calculate the value of the taxes paid by the levered and the
unlevered company.

Section 10 presents the appropriate discount rates for capital gains. Section 11
discusses the influence of growth on the risk of the cash flows. Section 12 concludes.
Table 1 is a map to locate the different formulae in the paper. In the Appendix we
derive additional formulae for the three theories discussed in this paper applied to

growing perpetuities.

1. General expression of the value of tax shields
The value of the debt today (Do) is the value today of the future stream of interest

minus the value today of the future stream of the increases of debt (DDx):
s s
Do = 8 E[MInterest, |- § E[M,DD,] 1)
1 1
Asthe value of tax shieldsisthe value of the interest times the tax rate,
¥ ¥
VTS, =T& E[M, Interest,| =T-Dy + T4 E[M, DD, ] )
1 1

Equation (2), valid for perpetuities and for companies with any pattern of growth,
shows that the value of tax shields depends only upon the nature of the stochastic
process of the net increase of debt. The problem of equation (2) is how to calculate the
value today of the increases of debt that depends of the financing strategy.

2. Value of tax shields and value of the increases of debt in specific situations

We apply the result in (2) to specific situations and show how this formula is
consistent with previous formulae under restrictive scenarios.

The value today of the levered company (Vo) is equal to the value of debt (Do)
plus that of the equity (So). It is also equal to the value of the unlevered company (Vw)?
plus the value of tax shields due to interest payments (VT So):

Vio=So+Do=Vuw+ VTS 3

¥ ¥
2 According to our notation, Vug =& E[M-FCR] and Sq = & E[M-ECR, ], being FCF, the free cash
1 1

flow of period t, and ECF; the equity cash flow of period t.



2A. Debt isproportional to the Equity book value
If D = K-Ebw;, being Ebv the book value of equity, then DD; = K-DEbwi. The
increase of the book value of equity is equal to the profit after tax (PAT) minus the
equity cash flow (ECF). The relationship between the profit after tax of the levered

company (PAT.) and the equity cash flow (ECF) is:
ECFy = PATL - DA; + DD 4

Notation being, DAt = Increase of net assets in period t (Increase of Working
Capital Requirements plus Increase of Net Fixed Assets); DDt = D; — Dr.1 = Increase of
Debt in period t.

Similarly, the relationship between the profit after tax of the unlevered company
(PATu) and the free cash flow (FCF) is:

FCR = PATw - DA (5)

According to equation (4), as DEbv; = DDv/K,
DEbv: = PAT+ - ECR =DA; - DD;=DD;/ K (6)
In this situation, the increase of debt is proportional to the increases of net assets
and the risk of the increases of debt is equal to the risk of the increases of assets:
DDy = DAK/ (1+ K) @
The value today of the increases of debt is:

K 6
EO[M O,t'DDt] = gengo[M O,t'DAt] ®

e a
We will assume that the increase of net assets follows the stochastic process

defined by DAw1 = DAt (1+0)(1+f t+1). fa IS @ random variable with expected value

equal to zero, but with a value today smaller than zero:

f
Et[M t,t+1'f t+1] =- 1+ R (9)
E

Then, in the case of a growing perpetuity:

) R
Eo[M o DD{] = DApE~ 0(+g) - f) W

él+Kg (1+ Rp)

If wecall (1+a) = (1+Rg) / (1-f), then

o 1o @+9)"
Eo[M o, DD{] DD0(1+a)t (11)




a is the appropriate discount rate for the expected increases of the book value of

assets® and, in this case, the appropriate discount rate for the expected increases of debt.

¥
& E[MDD,]is the sum of a geometric progression with growth rate = (1+g)/(1+a).
1
Then:

g_E[MtDDt] _DDp(1+9g) _ gDg (12)

1 a-g a-g

Substituting (12) in (2), we get:
DoaT
VTS, = 9 13
°“@-9 13

As we show in section 5, equation (13) is not the present value of DoaT
discounted at a, but the sum of the present values of the expected tax shields (Dw.1 T RF)

discounted at different rates in each period.

2B. Debt is proportional to the Equity book value and the increase of assets is
proportional to the free cash flow

If the increase of assets (DA:) is proportional to the free cash flow (FCF), a =Ku
and equation (12) is:

A - 900 14
?‘E[MtDDt]_Ku-g (14)

Substituting (14) in (2), we get:

_ DoKuT
(Ku- g)
As we assume that the increases of debt and assets are as risky as the free cash

VTS

(15)

flows (@ = Ku), the correct discount rate for the expected increases of debt is Ku, the
required return to the unlevered company. (15) is equal to equation (28) in Fernandez
(2004).* Cooper and Nyborg (2006) affirm that equation (15) violates value-additivity.
It does not because equation (3) holds.

3 A isthe book value of assets, not the value of the assets which is the value of the unlevered equity (Vu).
* Fernandez (2004) wrongly considered as being zero the present value of a variable with expected value
equal to zero. And he neglected to include in equations (5) to (14) terms with expected value equal to
zero. Due to these errors, Equations (5) to (17), Tables 3 and 4, and Figure 1 of Fernandez (2004) are
correct only if PV[DA{] = PVo[DD{] = 0.



2C. The company has a preset amount of debt
In this situation, DDy is known with certainty today and Modigliani-Miller (1963)
applies: the appropriate discount rate for the DD is R, the risk-free rate.

t
Eq[Mo. DD,|=DD, 4*9 : (16)
(1+Rg)

Equation (16) is the sum of a geometric progression with growth rate
(1+g)/(1+RF). Then:

3 MDD, ] = RgD 5 (17)
1 F-

Substituting (17) in (2), we get:

DoRE T
(Rg-9

Modigliani-Miller may be viewed as just one extreme case of section 2A, in which

VTS, = (18)

a = Rg. Fieten et a. (2005) argue that the Modigliani-Miller formula may be applied to

all situations. However, it isvalid only when the company has a preset amount of debt.

2D. Debt isproportional to the Equity market value
This is the assumption made by Miles and Ezzell (1980) and Arzac and Glosten
(2005). If Dt = L-S;, the value today of the increase of debt in period 1 is:

Da(1+ D
EO[MO,l'[Dl]: 1OJ(r|<ug)_ . gF (19)

We prove in the Appendix (equation A.14) that:

¥ Dg & Ku-Rgd
4 E(M,DD,|= - < 20
GllE[ DD Ko ggg 1+Re & (20)

Substituting (20) in (2), we get the well known Miles-Ezzell formula:

5 = DoRe T (1KY (21)
(Ku- g) (1+RE)

We claim that it makes more sense to characterize the debt policy of a growing
company with expected constant leverage ratio as a fixed book-value leverage ratio
instead of as a fixed market-value leverage ratio because:

1. the debt does not depend on the movements of the stock market,

2. itiseaser to follow for non quoted companies, and

3. managers should prefer so because the value of tax shields is more valuable: (21) is
smaller than (15) and than (13).



The Miles-Ezzell setup works as if the company pays all the debt (D+.1) at the end
of every period t and simultaneously raises all new debt D. The risk of raising the new
debt is equal to the risk of the free cash flow and, hence, the appropriate discount rate
for the expected value of the new debt (the whole debt, not just the increase of debt) is
Ku.

To assume D = L-S; is not a good description of the debt policy of any company
becauseif a company has only two possible states of nature in the following period, it is
clear that under the worst state (low share price) the leveraged company will have to
raise new equity and repay debt, and this is not the moment companies prefer to raise
equity. Under the good state, the company will have to take a lot of debt and pay big
dividends.

The Miles-Ezzell setup is equivalent to assume that the increase of debt is
proportional to the increase of the free cash flow in every period, whereas in section 2B
the increase of debt is proportiona to the free cash flow.

Table 1 is a map of the formulae in this paper. Table 2 summarizes the
implications of several approaches for the value of tax shields and for the value of the

future increases of debt.

3. A numerical example

Table 3 contains the main valuation results for a constant growing company. It is
interesting to note that according to Miles-Ezzell, the present value of the increases of
debt is negative.

Table 4 contains the value of the tax shields (VTS) according to the different
theories as a function of g and a. The VTS grows dramatically when g increases and
decreases with a. It may be seen that Modigliani-Miller is equivalent to a constant
book-value leverage ratio (Dt = L-Ebw), when a= Rr = 4%. The VTS according to M-

M isinfinite when g > Rr.

4. Appropriate discount rates for the expected equity cash flows and for the
expected value of the equity

The value of equity today (So) is equal to the present value of the equity cash flow
in period 1 (ECF4) plusthe present value of the equity in period 1 (S1). For perpetuities
with a constant growth rate (g):



_ECR(+g) , S(+9) 22)
(1+Ke)) (1+Kg)

Ke is the appropriate discount rate for the expected equity cash flow in period 1
and Ks; is the appropriate discount rate for the expected value of the equity in period 1.
We will see that both rates are different under all assumptions. The present value of the
equity valueint=11is

So@+9) _o  ECR(@+9)

1+Kg) °  (1+Key) 23)

The genera expression for the present value in t=0 of the equity valueint =tis:

So+9' o ECR(+g _ ECR+y)'
1+Kg)-1+Kg) °  (1+Ke) ~ (1+Key)..(1+Ke)

To calculate the present value of the equity, we need to calculate the present value
of the equity cash flows. The relationship between expected values in t=1 of the free
cash flow (FCF), the equity cash flow and the debt cash flow is:

ECFo(1+g) = FCFo(1+g) — Do Re (1-T) + g Do (24)

Ke is the average appropriate discount rate for the expected equity cash flows,
such that So= ECFo(1+g)/(Ke-g). Ku is the appropriate discount rate for the expected
free cash flows, such that Vuy= FCFo(1+g) / (Ku-g) . Equation (24) is equivalent to:

So(Ke-g) =Vuy(Ku-g)—Do(RE—g) + DoRe T (25)
As, according to equation (3), So= Vuy— Dot VTS, we may rewrite (25) as:
SoKe =Vuw Ku—DoRr +VTS g+ Do Re T (26)

And the general equationfor Keis:
_ Do VTS,
Ke=Ku+—2|Ku- Rg(1- T)|- —2(Ku- g) 27
5 [Ku- Re(- T)] 5 @7)

This expression is the average Ke: it is not the required return to the equity cash

flows (Kea) for al periods.

4A. Debt is proportional to the Equity market value
According to Miles and Ezzell (1980) and Arzac and Glosten (2005), substituting
(21) in (27), we get:

—ku+ D0 ku- Ry AFRE- RET)
Ke—Ku+SO(Ku Rg) R (28)

If D; = L-S, the appropriate discount rate for S; (Ks) is aso equa to the required
return to the value of debt (Kp). We prove in the Appendix (eguation A.10) that the



appropriate discount rate for Vu is Ku. As according to (21) the VTS is proportional to
D, following equation (3), Dt, S, Vu and VTS have the same risk and the appropriate
discount rate for al of them is Ku. Then, the value of the equity value today is,
according to equation (22):

5, = ECFoll+9) , Soli+g) (29)
1+Ke; 1+Ku

The appropriate discount rate for the expected equity cash flow in period 1 (Kez)

ECRy (1+ g)(1+ Ku) _ @+ Ku) (Ke- g) (30)
So(Ku- ) (Ku- g)

The value of the equity today is also:

1+Ke =

ECFo(l+g) , ECFo(1+g)® | So(1+9)° (31)
(1+Ke;) (1+Ke)d+Key) (1+Ku)?

SO:

Substituting (30) in (31), it is clear that Ke; = Ku. Following the same procedure,
it may be shown that for t >1, Ka = Ku. In the example of table 3, Ke =16.07%,
Ke;=119.03% and Kgi= Ku = 9%.

4B. Debt isproportional to the Equity book value
Substituting (13) in (27), we get:
Ke=Ku+20§u- Rp1- T)- ATKU- QU (32)
S é a- a
Calculating the expected value in t=0 of equation (24):

(1+Q)ECR) _ (1+@FCRy _DoRe(@-T), dDg (33)
(1+Ke)  (+KY ~ (+Rp)  (1+a)

As (1+9)ECR=% (Ke-g) and (1+g)FCR=Vu, (Ku-g), the appropriate discount rate for
the expected equity cash flow in period 1 is:
So(Ke- g)

= 4
e K9, € 9 Re@-TO 9
Ug + DOe - G
(1+Ku) édl+a) (1+Rg) g
And substituting (34) in (23):
Sol+Q) _o yy (KU-9 € g Re@-T)U (35)

1+Kg) © T %@+Ku °§1+a) (1+Rg) 4

In the Appendix we find the present value of the equity valuein t (A.27) and the
discount rate for the expected equity cash flow int (A.30):

10



(1+Key)...1+Ke,) = So(Ke- 9) . (36)
Vup(Ku-g) _ DoRg(-T) ©€Rp-a+gl+Re)X"10 —gdg

@K' @+ l+Rp) g IUFRE)*RE-a § (1+a)

o

Vug(l+g)' | Dogd+g)' ~ (1-T)Dg &, Re(X'- )l 37)
@+Ky'  (@-g)i+a) (1+Rp)'(a-ga  X-D g

X = (1+g)(1+ Re)/(1+a)

In the example of table 3, if a=7%, Ke =11.63%, K&;=9.98% and K<=11.80%. In
the example PV[$]<0 for t>25 and PV ECF]<O0 for t>46. PV[S;]<0 only means that
PVJD{ > PV[Vu]+ PVIVTS]. PVo[ECF]<0 only means that PVo[Dr.1 Re(1-T)] >
PVo[FCF{+ PVo[DDy].

PVols:]=

4C. Debt is proportional to the Equity book value and the increase of assets is
proportional to the free cash flow

In this situation, as the increases of assets are proportional to the free cash flows
(DAw1= Z-FCF;), a = Ku, and equation (32) is:

Ke= Ku+%(Ku- Re)(1- T) (38)

If a =Ku, asVup = So+ Do— VTS, equations (34) and (35) are:
(Ke- 9(1+Rg)A+Ku)

(LrKey)= (Ku- g)(1+ Rg) +(Ke- Ku) (39)
So(1+9) _ Sol@+ RE)(1+ g) - Ke+ Kyl (40)
(1+Kg) (1+Ku)(1+Rg)
And equations (36) and (37) are:

(1+Kep)...(L+Ke,) = So(Ke- g) - (4

So(Ku- g) | Do(1- T)(Ku- Re) g Ku-g = Rg(+g) 3

@+ku'  (Ku-Rg)- g1+Rp) g1+ Ku)' @+g)'@+Rp)'g
Ke- g _(Ku-g),  (Ke-Ku €Ku-g  Rg(l+g) 3 (41bis)

(1+Kep)..(1+Key)  (1+Ku)! KU-g-F%F(1+g)§(1++<u)t A+9)'(1+Rp)'g

Ke-g - (Ku-g) & (Ke- Ku) 0 (Ke- Ku) € Rg(l+g) 3:
(1+Kep)..1+Key)  (1+Ku)t Ku-g- Re(1+g) g Ku- g- Re(1+0) gi+g)' 1+Rp) g

_(Ku-g) aKe-g- RE(1+g)0  (Ke-Ku) € Rg(l+g)
1+Ku)' gKU- 9- Re(1+0)g Ku- g- RE(1+0) g1+ g) (1+Rp)"

(41bis)

0
u
u

11



(Ke- g)(Ku- g- Rp(1+9)) = (Ku- g)gEP(e- g- RF(t1+g)'§C:'J_ (Ke- Ku)? R,:t(1+ 9) tg
(1+Key)...1+ Key) < @kt 81+9) ' (1+Rp)' g
_S@+9"', Do-T)Ku-Rg) €@+g' 1 U
PVols) = é - | 42
o[ t] (1+ Ku)t + (Ku- RE) - g@+RE) a1+ Ku)t (1+ RF)ta ( )
Vs o sE 0 (Keku  fave’ 1 B oy
%Kkt (Ku- Re)- 9+ RE) g+ Kyt (14Rp)
S 2(1+g)" (Ke- Ku)9
PV, = G Ke- Re- g1+R - N
olSt] Ku- Re - g(1+ Rg) §(1+ Ku)! (Ke- Rg- g(1+Rg)) @+Rp) 5

When t tends to infinity, Ke = Kg = (1+0)(1+Rg)-1 if (1+g)(1+Rp)< (1+Ku) and
Kea = Kg = Ku if (1+g)(1+RF) > (1+Ku).

In the example of table 3, if a=Ku=9%, Ke =12.09%, Ke=10.30% and
Ks1=12.27%. In the example PV[Si]<0 for t>24 and PV[ECF]<O0 for t>44.

4D. The company has a preset amount of debt
Modigliani-Miller may be viewed as just one extreme case of section 4B, in which a
= Rr. Substituting (18) in (27) (or substituting a by Rrin (32)), we get:

Do é CRpU
Ke:Ku+§?éKu- Re- ReT KRU Red (43)

é F-94a

But this expression is the average Ke. It is not the required return to equity (Ke)
for al the periods. Substituting a by Re in (34) and (35):

(Ke- g)1+Ku)(1+RE)

(1+Kep) =
(Ku- g)1+Rg) +(Ke- Ku)(1+g)

(44)

So+9) L yy (KU-9), ; Re@-T)- g _So(1+g(L+Re- Ke+Ku)
1+Kg) © @Ky % @+Rp) (1+ Rg)(1+ Ku)

(45)

In this situation, the appropriate discount rate for the expected value of tax shields
(VTS) and for the expected debt is the risk-free rate. Substituting a by Re in (36) and
(37), and having into account that Vup = Sp + Do — VTS, we get:

- So(Ke- g)
(1+Kep)...A+ Kep) = Vi(Ki-9 , Re@ D0 (46)

@+ky' 0 @+Rp)

t t

_ el+tg o Rg(-T)- gael+g ©
Eo|MgtSi|=Vu +-D T 47
O[ O‘tst] 031+Kuﬂ 0 Re-09 gl+Rgg “n

In the appendix (A.33) we show that



So(1+Rp)' (@ +Ku)' (48)
(Sp - Vug)@+Ku)t +Vug(1+ Rg)t

t
P (+Kg)=
1

Comparing (46) and (47) it is clear that the appropriate discount rate for the equity
cash flow is different that the appropriate discount rate for the expected value of the
equity. When t tends to infinity, Ke = Kg = RE.

From (47) we see that the present value of the equity is negative if

& Vup(Rp-g 06, a&+Kuod
t>log =/ log T
gDO[RF(l' - dg §1+RF 2

In the example of table 3, Ke =9.80%, Ke;=9.21% and Ks=9.84%. PV o[$]<O0 for
t>42 and PV ECF]<O0 for t>68.

Although the equity value of a growing perpetuity can be computed by
discounting the expected value of the equity cash flow with a unique average rate Ke,
the appropriate discount rates for the expected values of the equity cash flows are not
constant. Table 5 presents the appropriate discount rates for the expected values of the
equity cash flows of our example. According to Miles-Ezzell, Ke is 119.03% for t = 1
and 9% for the rest of the periods. According to Modigliani-Miller, Ke < Ku if g> Re(1-
™).

For al cases, the expected total return for the shareholder (Ksyari) is Ke for all

periods because:

9So + ECRo(1+9) _GSo+Sp(Ke-9) _
So So

KsHARL =

5. Appropriate discount rates for the tax shields (Kts)

The tax dhield of the next period is known with certainty (Do Rr T) under all
methods and the appropriate discount rate is R.

If the company maintains a constant book-value leverage, the appropriate discount
rate for the expected increases of debt is a; and the appropriate discount rate for the
expected tax shield of t = 2 (Krs), is such that:

D0(1+ g)RFT

Do 9Dg u
(1+Rp)(1+K1gp)

49
W+Rp)2  A+RpA+a)g ()

¢
¢
E

_(1+Rg)(1+a)(l+g)
H s S g Ry =0

13



In the appendix (A.18), we show that the present value of the tax shield int is:

é -1 9\
PV[TS,] = RETDg &, 9A+RE)(X7"- DL

51
A+Re)' @ @+a)X-1 g (1)

We also prove that the appropriate discount rate for the expected tax shield of
period t, for t>1, is:

y= PVolTSe] )y o) o xar ) EFAX - D+IA+RE)X2- D (52)

1+ K
ks PVo[TS; (1+a)(X - D+gl+Re)(XT1-1)

xUia+a)i(x- 1)
@+a)(X-1)+g@+Re)(X -1

1+ Krsp)--(1+Krg) =

In the example of table 3, if a =7%, K15=4.057%.
When t tends to infinity, K= MIN[a, (1+ Rg)(1+g)-1]

¥
It is also easy to calculate that, using (51), VTS, = & PV,[Ts,]= 2212
=0 a-g

According to Miles-Ezz€ll, the appropriate discount rate for the expected tax
shields is Rr for t =1 and Ku for t>1.

According to Modigliani-Miller, as the debt in any period is known today, the
appropriate discount rate for the expected tax shields of any period (Krs) is Re.>

6. Appropriate discount rates for the increases of debt (Kppt)

If the company maintains a constant book-value leverage, the appropriate discount
rate for the expected increases of debt (Kppt) is a. According to Modigliani-Miller, as
the debt in any period is known today, the appropriate discount rate for the expected
increases of debt is Rr. According to Miles-Ezzell, the equivalent discount rate for the

expected increase of debt in period 1 (Kppa) is such that:

EoloDy] - 9Dg  _Do(i+g)  Dg (53)
1+KDDl 1+KDDl 1+ Ku 1+ RF

__9(+KU) @+ Re)

(54)°
g1+ Rg)+Re- Ku

Some algebra permits to express 1+ K pp;

In our example, Kpp1 = -177.6%.

® This result may be obtained aso calculating (52) when a=R:

®1f g=0, then Kppy according to (54) is -100%, which does not make any economic sense. In this situation
Do . Do

1+Ku 1+Rg

the expected value of the increase of debt is 0, but EO[M 0,1'DD1] =
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Fort=2: EgMo,0D,]=Do-Lr P 2Urd 1 9 __ 9Do(1+d
, (1+Ku)g(l+Ku) (1+Rp) g @+ Kpp)(@+ Kppp)

After equation (53) it is obvious that Kpp2 = Ku. Repeating this exercise, we find
that Kppt = Ku. Under Miles-Ezzell the appropriate discount rate for Vw, Dr, VTS and
Vu isKu, and as al of them are multiples of the free cash flow, also DDy is a multiple
of the DFCF. DDy = [Do / FCFo] DFCFo.

Table 6 contains the value today of the increases of debt in different periods and
the sum of al of them. According to Miles-Ezzell the value today of the increases of
debt in every period is negative. It is interesting to note that while two theories assume
a constant discount rate for the increases of debt (Modigliani-Miller assume Rr and
constant book value leverage assumes a), Miles-Ezzell assume one rate for t = 1 and
Ku for t>1. The appropriate discount rate for the increase of debt int = 1 is, according
to Miles-Ezzéll, equation (53), which is negative if g < (Ku- Rp)/(1+ Rp).

7. Appropriate discount ratesfor the value of debt (Kpt)
The expected value of debt in t=1 (Do(1+g)) and the value of the debt today (Do)
must accomplish eguation (55):

Do = DO RF _ gDO + D0(1+g) (55)
1+Rp  1+Kpp  1+Kpg

Substituting the expressions for Kppz (appropriate discount rate for the expected
increases of debt) from the previous section, we find that:
a) according to Miles-Ezzel, Kp1 = Ku
b) according to Modigliani-Miller, Kp1 = R

c) with constant book-value leverage, 1+ K p, = LT+ )+ RE) (56)
T+a+g(l+Rp)

As Kpi= Krsi+12ve prove in the appendix (A.20) that:

(1+9)'(1+Rp)"
L 9@+ Rp)X - 1
@+a)[Xx -1

(1+Kp)..(I+Kp) =

(57)

if a=Rg  (1+Kpp)..(1+Kp) =(1+Rp)'. For t =1, (57) isequal to (56)
In the example of table 3, Kp1 is4.06% and Kp> is 4.11%. When tends to infinity,
1+ Kpt = (1+g)(1+ Rp) if X <1, and 1+ Kpt = (1+a) if X >1.
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d) with constant book-value leverage and DDi= M FCF :

_ (L+g)(L+ Ku)(L+Rg)
1+Ku+g(L+Rp)

In the example of table 3, Kp1 is4.09% and Kp> is 4.18%.

1+Kpg

8. Appropriate discount ratesfor the value of tax shields (Kytsy)
The expected value of the tax shield in t=1 (VTSy(1+g)) and the value of tax
shields today (VTSg) must accomplish equation (58):

_DgReT , VIS((1+0)
1+R|: 1+KVTS]_

VTS, (58)

Substituting the expressions for the value of the tax shields (equations (13), (15),
(18) and (21)), we find that:
a) according to Miles-Ezzel, Kyts1 = Ku
b) according to Modigliani-Miller, Kytsi = R

_a(l+Re)(1+g)

¢) with constant book-value leverage, 1+ Kyg;
a+toRp

(59)

In the example of table 3, Kyts1 is4.88% and Kyrs is 4.91%.

d) with constant book-value leverage and DDi= M FCR : 1+ Ky1g; = Ku(? ngg“ 9
u F

In the example of table 3, Kyts1 is5.15% and Kyrs is 5.18%.

With constant book-value leverage (Di=K Ebw), Kp1 and Kys1 are not equal:

K Koo = g(l+Rg)(1+9)
VTS1 ~© TS1 _Ku+—gR,:

In the case of constant book-value leverage, we prove in the Appendix (A.22) that:

Dy €. ReX'  g(A+Rg) U

PVo|VTS, | = é 60
M= e K a9 a1, (60)
From (60), we get:
_a(X-)@A+Rp)'@+g)"
A+ Kyrs)--A+Kyrg) = Rt @-Ro@- 9 (61)
F
(1+a)
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9. Value today of the expected taxes

We also derive the appropriate discount rates for the expected values of the taxes.
If we assume that the appropriate discount rate for the increases of assetsis Ku, then the
appropriate discount rate for the expected value of the taxes of the unlevered company
is also Ku. But the appropriate discount rate for the expected value of the taxes of the
levered company (Krtaxi) is different according to the three theories. According to
Modigliani-Miller and according to Fernandez, the taxes of the levered company are
riskier than the taxes of the unlevered company. However, according to Miles-Ezzell,

both taxes are equally risky for t > 1.7

If leverage costs do not exist, that is, if the expected free cash flows are
independent of leverage® the value of tax shields (VTS) may be stated as follows
VTS = Gup— Gro (62)

where Gup is the present value of the taxes paid by the unlevered company and Gio
isthe present value of the taxes paid by the levered company.

Taking into consideration Eq. (4) and (5), the taxes paid every year by the
unlevered company (Taxesy) and by the levered company (Taxes,) are:

Taxesyt = [T/(1-T)] PATu=[T/(1-T)] (FCF + DAy (63)
Taxest = [T/(1-T)] (ECF + DA -DDy) (64)

The present values in t=0 of equations (63) and (64) are:

T & ¥ o)
Gug = gﬁ?uo + E?L. E[M t'DAt]Eﬂ (%)
T o ! :
Gio= gi T%épso +8 E[MDA]- & E[M DD [ (66)
e 1 1 2

The value of tax shields is the difference between Gu (65) and G, (66).
In section 2A we defined a as the appropriate discount rate for the expected

increases of the book value of assets. Modigliani-Miller and Miles-Ezzell do not make

It the risk of the increase of assets is smaller than the risk of the free cash flows, then Miles-Ezzell
provides a surprising result: the taxes of the levered company are less risky than the taxes of the
unlevered company.
When leverage costs do exist, the total value of the levered company is lower than the total value of the
unlevered company. A world with leverage cost is characterized by the following relation:
Vu+Gu=S+D+GL+LeverageCost>S+D + G
Leverage cost is the reduction in the company’ s value due to the use of debt.
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any assumption about the appropriate discount rate for the increases of the book value
of assets, but this assumption is needed to calculate the value of the taxes paid by the
levered and the unlevered company. The appropriate discount rate for the expected

taxes of the unlevered company (Kraxui) is such that:

Eo[Taxesyy] _¢ T uadl+g)FCRy . %o 0
1+ Kraxuy) G- THE (1+Ky  (1+a)y

As E[Taxesy1]=[T/(1-T)] [FCFo(1+g) + gAq], we can calculate Kraxuz.

_ (1+gFCR +dAo
I+ Kyaxu1) = (L+ Q)FCRy (1+ 2) + gA o1+ KU) (L+Ku)(1+a) (67)

If a = Ku, then Kraxut= Ku.

The appropriate discount rate for the expected taxes of the levered company is:

EolTaxes ;] _¢ T usl+gFCR , oA  DoRe(1-T)
(1+ KtaxLy) &l1- THg (1+Ku)  (1+a) (A+Rpg)

As E[Tax&cLl] = [T/(l—T)] [FCFo(l+g) + ng —DoRe (1—T)]

__ (1+9g)FCFp +gAg - DoRE(1- T)
LT T G RO, . 0Ao  DoRe@-T) (%8)
(1+Ku) (@+a)  (1+Rf)
For t > 1, (for example, for t=2), the present value is:

5
2

Eo[Taxes 1]+ g)
A+ Kraxi1)@+Kraxi2)

According to Miles-Ezzell, Kyaxi2= Kuif a=Ku

PVo[Taxes »]=

From equation (62) we van calculate the present value of the levered taxes also as:

T é gAg U
Gy =GUg- VTS = —— &Vu, + VTS 69
LO 0 0T T g e gt 0 (69)

Although Kraxut and Kraxit are not constant, we can calculate Kraxu and Kraxt
such that Guo = Taxesuo (1+9) / (Kraxu - g) and G = Taxesio (1+g) / KraxL - 9).
Some algebra permitsto find, for al theories:

_Vup(a- g)KutgaA,
K = 7
T Vuga- 9+ Ao 70
_ So(Ke- g) +g(Ag - Do)
KraxL =9+ B0 VISeA-T) (71)
VUO + -
(a-9 T

In our example (Table 3), if a = 7%, Gu = 870.48, and Kraxu = 8.437%, but
Kraxui is 8.556% and tends to 7% when t tends to infinity. If a = 9% = Ku, Gu =

946.67, and Kraxu = Ktaxut is 9%. According to Miles-Ezzell, Ktax. < Kraxu.
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Table 7 presents the appropriate discount rates for the expected values of the taxes
in the initial periods for our example and their average. According to Miles-Ezzdll, if a
= Ku = 9%, Kraxrt is 10.19% for t = 1 and 9% (equal to Kraxut) for the rest of the
periods. According to Miles-Ezzell, if a = 7%, KraxL1 is 9.64% and Kraxi2 is 8.44%

(smaller than Kraxuz). According to the other theories, Kraxit is higher than Ku (9%)
and grows with t.

10. Appropriate discount rate for capital gains

In the Appendix, we deduct the appropriate discount rate for the expected capital
gainsin formulae (A.37) to (A.41). It may be seen that for our example the appropriate
discount rate for the capital gains in the first periods are negative according to all
theories. This result contradicts Cooper and Nyborg (2006) who affirm that “since
capital gains are known with certainty, the appropriate discount rate for them is the risk
freerate.”

11. IsKu independent of growth?

Up to now we have assumed that Ku is constant, independent of growth. From
equation (6) we know that FCFi = PATw - DA:.

If we consider that the risk of the unlevered profit after tax (PATu) is independent
of growth, and that KpaTy is the required return to the expected PATu, the present value
of equation (6) is:

Vu. = E+9FCR _ (1+g)PATU, - dAo
(Ku- g) (Kpatu-9) (a-9)
_ (1+9)FCh
=9t TrgPATu, oAy
(KpaTu-9 (a-9

Table 8 contains the required return to the free cash flows (Ku) as a function of
a (required return to the increase of assets) and g (expected growth). It may be seen

that Ku is increasing in ¢’ if a < Kpatu, and decreasing in g if a > Kpatu

® This result contradicts Cooper and Nyborg (2006) that maintain that “Ku is decreasing in .
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12. Conclusions

The value of tax shields depends only upon the nature of the stochastic process of
the net increase of debt. More specifically, the value of tax shields in a world with no
leverage cost is the tax rate times the current debt, plus the tax rate times the value today
of the net increases of debt. This expression is equivalent to the difference between the
present values of two different cash flows, each with its own risk: the value today of
taxes for the unlevered company and the value today of taxes for the levered company.
The critical parameter for calculating the value of tax shields is the value today of the
net increases of debt.

When the debt level is fixed, Modigliani-Miller (1963) applies, and the tax shields
should be discounted at the required return to debt. If the leverage ratio (D/E) is fixed at
market value, then Miles-Ezzell (1980) applies with the caveats discussed. If the
leverage ratio is fixed at book values and the increases of assets are as risky as the free
cash flows (the increases of debt are as risky as the free cash flows), then Fernandez
(2004) applies. We have developed new formulas for the situation in whichthe leverage
ratio isfixed at book values but the increases of assets have a different risk than the free
cash flows.

We argue that it is more realistic to assume that a company maintains a fixed
book-vaue leverage ratio than to assume, as Miles-Ezzell (1980) do, that the company
maintains a fixed market-value leverage ratio because:

1. The amount of debt does not depend on the movements of the stock market,

2. Itiseasier to follow for non quoted companies, and

3. Managers should prefer so because the value of tax shields is more valuable.

On top of that, the Miles-Ezzell framework provides some results with dubious
€conomic meaning:

1. The present value of the debt increases is negative under many scenarios

2. The appropriate discount rate for the expected increase of debt of the next

period istoo big: -177.6% in the example of this paper.

3. The appropriate discount rate for the expected equity cash flow of the next

period is too big: 119% in the example of this paper.

4. The appropriate discount rate for the expected taxes of the levered firm is equal

or smaller than the appropriate discount rate for the expected taxes of the

unlevered firm under many scenarios.
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Tablel

Index to the formulaein this paper

General Miles-Ezzell | Modigliani- | Debt proportiona to equity
Miller book value (D; = K Ebw)
D=L S[ D¢ fixed DD=L FCFt
VTS (2) (21) (18) (13) (15)
Kob1, Koot (54), Ku Rr, Rr a,a Ku, Ku
PVo(DDy) (19), (20) (16), (17) (8), (12 (14)
Ke (27) (28) (43) (32) (38)
Ke, Ke (30), Ku (44) (34) (39)
P(1+Ke) (31) (46) (36) (41)
Ksi, Ks (23) Ku, Ku (45), (48) (35), (37) (40), (42)
Kp1, Kpt Ku, Ku Rr, Re (56), (57) (56), (57)
Kvrs (58) Ku Re (59), (61) (59), (61)
Kvut (A.10) Ku Ku Ku Ku Ku
Kovu =Kprcr (A.12) Ku Ku Ku Ku Ku
Krsy, Kts RE, Ku Rr, Rr Rr, (52) Rr, (52)
PVo(St) (31) (47) (37) (42)
Taxesut (63)
Taxesi (64)
Gu (65)
GL (66)
Kraxut (67), (70)
KraxLt (68), (71)
PVo(DEbwy) (A.34) (A.35) (A.36)
Keew, Keat (A.37), (A41) | (A.38), (A.41) | (A.39), (A.41) (A.41) (A.40), (A.41)
Vu (A.10)

VTS = value of tax shields
Kpp = required return to the expected increases of debt
Ke = required return to the expected equity cash flows
Ks, Kp, Kvts, Kyvy = required return to the equity value (S), to the debt value (D), to the value of tax
shidds (VTS) and to the unlevered equity value (Vu).
Kovu =Kprer = required return to the increases of the unlevered equity vaue (Vu) and to the increases of
the free cash flow (FCF)
Kts= required return to the tax shields (TS)
PVo(S) = present valuein t = 0 of the equity valueint (S,)
Taxesy, Taxes = Taxes paid by the unlevered company (Taxes,) and by the unlevered company (Taxes,)
Gu, G. = Present value of taxes paid by the unlevered (Gu) and by the unlevered company (G.)
Kraxu, KraxL = required return to the expected taxes paid by the unlevered company (Ktaxu) and by the
unlevered company (KTAXL)
PVo(DEbw;) = present value in t= 0 of the increase of the expected increase of the equity book-vaueint.

K g = required return to the expected capital gains (CG).
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Table 2
Valuetoday of theincreases of debt implicit in the most popular formulae for
calculating the value of tax shields.

Per petuities growing at a constant rateg

Authors VTS a PV,[DD{]

Miles-Ezzell (1980) Do RET (1+Ku) Do & Ku-Rg9
Arzac-Glosten (2005) (Ku- g (1+Rg) Ku-g ¥ 1+Rg 5

o DoRgT 9Dg

Modigliani-Miller (1963 —

g (1963) Rr- 9 Re- g

DO aT gDO

Constant book-value leverage —_— —_—

(@-9 a-g

Constant book-value leverage Do KuT gDy

Debt as risky as assets (Ku- g Ku- g

Ku = unlevered cost of equity
T = corporate tax rate

Do = debt vaue today

Rr = risk-freerate

a = required return to the increases of assets



Table3

Example. Valuation of a constant growing company
FCFO = 70; Ag = 1,000; Do = 700;
Rr =4%; Ku =9%; a =7%; T =40%,; g = 2%; Vup=1,020.

Modigliani- Debt proportional to equity book
Miller Miles-Ezzell value (D; = K-Ebvy)
D fixed D:=K-E; a=7% a=9% =Ku
DD=K-CFd, DD=K-DFCF; | DD=DA/(1+1/K) DD=K-FCF;
VTSo 560.00 167.69 392.00 360.00
Equity value (So) 880.00 487.69 712.00 680.00
PVo[DD{ 700.00 -280.77 280.00 200.00
Gu = PVo[TAXu] 946.67 946.67 946.67 870.48
GL = PVJTAX] 386.67 778.97 554.67 510.48
Ke average 9.80% 16.07% 11.63% 12.09%
Kraxy average 8.44% 8.44% 8.44% 9%
Krax. average 14.86% 8.38% 10.97% 11.74%
Debt proportional to equity book
Modigliani-Miller | Miles-Ezzell value (D; = K-Ebvy)
D fixed D; =K-E; a=7% a=9% =Ku
t=1 t=2 t=1 t=1 t=1 t=2 t=1 t=2
Key 9.21% 9.23% | 119.03% | 10.30% | 9.87% | 9.92% 10.30% | 10.35%
Kst 9.84% 9.89% 9% [12.27% | 11.80% | 11.99% | 12.27% | 12.47%
Koot 4% 4% -177.6% | 9% 7% 7% 9% 9%
Kot 4% 4% 9% | 4.09% | 4.06% | 4.11% 4.09% 4.18%
Kyut 9% 9% 9% 9% 9% 9% 9% 9%
Kyrst 4% 4% 9% [5.145% | 4.88% | 4.91% 5.15% 5.18%
Krst 4% 4% 4% 4% 4% 4.06% 4% 4.09%
Kraxut 8.56% 8.55% 8.56% 9% 8.56% | 8.55% 9% 9%
Kraxtt 9.64% 9.69% 9.64% [10.19% | 9.64% | 9.67% 10.19% | 10.24%
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Table4
Value of the tax shields (VTS) according to the different theories as a function of g
(expected growth) and a (required return to the increase of assets).
Do =700; Rr =4%; Ku =9%; T =40%

9
0% 1% 2% 3% 4% 5%
Miles-Ezzell 130.43 146.73 167.69 195.64 234.77| 293.46
Modigliani-Miller 280.00 373.33| 560.00| 1120.00 ¥ ¥

D; = L-Ebv; a=5% 280.00 350.00| 466.67 700.00| 1399.90| 13266.67
D; = L-Ebw; a=7% 280.00 326.67 392.00 490.00 653.33| 980.00
D, = L-Ebwv; a=9% 280.00 315.00 360.00 420.00 504.00| 630.00
D; = L-Ebwv; a=11% 280.00 308.00 342.22 385.00 440.00] 513.33
D; = L-Ebwv; a=15% 280.00 300.00 323.08 350.00 381.82| 420.00
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Table5
Appropriate discount rates for the expected values of the equity cash flows (Ke)
FCFo=70; Do =700; Rg=4%; Ku =9%; T = 40%; g = 2%.
D; = L-Ebv; means that the company maintains a constant book-value leverage ratio. a is the appropriate

discount rate for the increases of assets.

Ke Ket

average t=1 t=2 t=5 t=10 t=20 t=30 t=40
Miles-Ezzell 16.07% | 119.03% 9.00% 9.00% 9.00% 9.00% 9.00% 9.00%
Modigliani- Miller 9.80% 9.21% 9.23% 9.26% 9.33% 9.56% 9.96% 10.73%
D; = L-Ebv;; a=5% 10.72% 9.44% 9.46% 9.55% 9.73% 10.32% 11.50% 14.58%
D; = L-Ebv;; a=7% 11.63% 9.87% 9.92% 10.07% 10.39% 11.44% 13.86% 24.19%
D; = L-Ebv;; a=9% 12.09% 10.30% 10.35% 10.53% 10.89% 12.11% 15.11% 32.07%
D; = L-Ebv;; a=11% 12.36% 10.71% 10.76% 10.91% 11.25% 12.43% 15.44% 33.17%
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Valuetoday of the increases of debt in different periods and the sum of all of

Table6

them

Do =700; Rr = 4%; Ku =9%; T = 40%; g = 2%.

PV (DDy)

=1

t=2 =3 =4 t=5| t=10] t=20| t=30| t=40| t=50 Sum
Miles-Ezzell -18.03| -16.87| -15.79| -14.78| -13.83| -9.92| 511| -2.63| -1.35| -0.70| -280.77
Modigliani-Miller 13.46| 13.20| 12.95] 12.70| 12.46| 11.30] 9.31| 7.67| 6.31| 5.20| 700.00
D; = L-Ebv; a=5% 13.33| 12.95| 1258| 12.22| 11.87| 10.27] 7.69| 5.75| 4.30| 3.22| 466.67
D;=L-Ebv; a=7% 13.08| 12.47| 11.89| 11.33| 10.80| 851| 527| 3.27| 2.02| 1.25] 280.00
D; = L-Ebv; a=9% 12.84| 12.02| 11.25| 1053| 9.85| 7.07| 3.64| 1.87| 0.96]| 0.50| 200.00
D.=L-Ebv; a=11% | 1261| 11.59| 10.65| 9.79| 899| 5.89| 2.53| 1.09] 0.47] 0.20| 155.56
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Table7
Appropriate discount rates for the expected value of the taxes of the levered and
unlevered company.
Comparison of the results under threefinancial policies: Miles-Ezzell (ME), Modigliani-Miller

(MM) and the debt proportional to the book value of equity (D=K -Ebv).
Ku=9%; FCF,=70; Do = 700; Rg=4%; T = 40%; g = 2%.

KTA)(U KTAXL

D=K-Ebv ME MM
4% 6,52%| 8,32%| 6,22% 8,32%
7% 8,44%| 10,97%| 8,38% 14,86%
8% 8,75%| 11,40%| 8,77% 16,53%
a | 9% 9,00%| 11,74%| 9,08% 18,02%
10% 9,20%| 12,01%| 9,32% 19,35%
13% 9,61%| 12,57%| 9,85% 22,62%

KTAXUl KTAXUZ KTAXLl KTAXLZ

D=K-Ebv ME MM | D=K-Ebv ME MM

4%| 7,87%| 7,82%| 8,78%| 8,78%| 8,78%| 8,77%| 7,55%| 8,77%
7%| 8,56%| 8,55%]| 9,64%| 9,64%| 9,64%| 9,67%| 8,44%| 9,69%
8%| 8,78%| 8,78%| 9,92%| 9,92%| 9,92%| 9,96%| 8,73%| 9,98%
a | 9%| 9,00%| 9,00%| 10,19%| 10,19%) 10,19%| 10,24%| 9,00%|10,26%
10%| 9,22%| 9,22%| 10,47%]| 10,47%[10,47%]| 10,51%| 9,27%|10,54%
13%| 9,85%| 9,83%| 11,26%]| 11,26%[11,26%| 11,28%| 10,03%| 11,33%
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Table 8
Ku asafunction of g (growth) and a (required return to theincrease of
assets) if therequired return to the profit after tax of the unlevered company
(KpaTuy) isfixed
Kpatu= 9% ; FCFo =70; Do = 700; Rr = 4%; T = 40%.

0% 1% 2% 3% 4% 5%
% 9.00% 9.40% 9.88%| 10.58%| 11.89%| 17.51%
8% 9.00% 9.16% 9.34% 9.54% 9.80%| 10.17%
a 9% 9.00% 9.00% 9.00% 9.00% 9.00% 9.00%
10% 9.00% 8.88% 8.76% 8.66% 8.58% 8.52%
12% 9.00% 8.70% 8.46% 8.27% 8.15% 8.10%

15% 9.00% 8.54% 8.20% 7.97% 7.85% 7.84%
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Appendix
General set up and derivation of some valuation formulae

To avoid arguments about the appropriate discount rates, we will use pricing
kernels. The price of an asset that pays a random amount X at timet is the sum of the

expectation of the product of x; and M, the pricing kernel for time t cash flows:
¥
P =& E[M;x]
1

We will assume that
FCRu1= FCF( (1 + g)(1 + ew) (A.D)
ew1 1S a random variable with expected value equa to zero (Eifew+1] = 0), but with

avalue today smaller than zero:

d
Et[M t,t+1'et+l] = Ry (A.2)

The risk free rate corresponds to the following equation:

¥
=3 EM;1 A.
1+Rp 611 [ t] (A.3)

First, we deduct the value of the unlevered equity. If M1 is the one period
pricing kernel at timet for cash flows at time t+1,
VU = Eq|My 133 FCFq |+ E¢[M 141 VU g (A.4)
A solution must be Vu = a-FCR; then:
VU = Eq[My g FCRyq| + E[M 11 @FCR 1| = (1+ Q) [M g 141 FCRuy | (A.5)

According to (A.1):

E¢[M 141 -FCFa) = E¢ M 51 FCF (1 +9)] + E¢ [M 111 -FCF (1 + g)erss | (A.6)

Using equation (A.6) and defining Ku = (Re+d) / (1 - d):

_ _FCR(1+g) FCR(1+g)d _FCR(1+g)1- d) _ FCR(1+g)

Et[Mt,t+l FCFt+1]— 1+R; 1+Ry 1+R; = TIrKG (A7)
Vu, =aFCF, = 1+ ond*9) . _(+g (A.8)

1+Ku Ku-g

Then:
g 1

Vu =4 E[Mt-FCFt]:f(u;_gzllrcFt (A.9)

The appropriate discount rate for Vu is also Ku because:

Vug = FCR(1+09) . Vug(1+g) _ Vup(Ku- g) N Vup(l+0) - Vug (A.10)
1+Ku 1+ Ku 1+ Ku 1+Ku
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If Dt = L-S;, the appropriate discount rate for the expected value of the unlevered
equity (Vuw), for the expected value of the debt (Dy), for the expected value of the tax
shields (VTS;), and for the expected value of the equity (S;) is Ku in all periods.

Using (A.10), the appropriate discount rate for DVui (Kpwui) iS:

_ Vug(Ku- g) . Vup(l+g) _ Vup(Ku- g) L VYuo . 9Vug (A.11)

Vu
07 T 1+ Ku 1+Ku 1+Ku  1+Rp 1+Kpy

g+ Ku)(1+RE)

(A.12)
g(1+Rg) - (Ku- RE)

1+ Kpy1 =

AsVu = aFCR; Kpvu= Kprcr. Looking at (54), Kpvu1 = Kpot.
For t=2, as the expected value of DV, is gVuo(1+g), the expected value of the

difference difference between Vw,and Vuy, known in t=1;

QVup(l+g)  _Vup(+g®  Vug(l+g)
(1+Kpy1)d+Kpy2)  @+Ku)?  (@+Ku)(1+Rg)

It is clear that Kpyu2 = Ku = Kpeepz. Using the same argument, it may be shown

that for t>1, Kpyut = Ku = Kprcre

Miles-Ezzell present value of the increases of debt

Equation (19) is the present value of the expected increase of debt in period 1
The present value of the expected increase of debt in period t (as D1 is known in
period t-1) is:

Do(l+g)'!  Dgl+g)!

A.13
1+Ku'  @+Rp)A+KY"! A1

Eo[M o, DD{]=

The sum of all the present values of the expected increases of debt is a geometric

progression with growth rate = (1+g)/(1+Ku). The sumiis:

X D Rg
& Eo[Mg, DD ]=—0 - Ku- Rg 0 (A.14)

g :
2 Ku-9 & 1+Re 5

Miles-Ezzell formulae with continuous adjustment of debt
If debt is adjusted continuously, not only at the end of the period, then the Miles-
Ezzell formula (21) changes to

R - Do?T
VTS =g TrDyel® Mt :kofg (A.15)

wherer = In(1+Rg), g=In(1+g), and k = In(1+Ku).



Perhaps formula (A.15) induces to Cooper and Nyborg (2006) and Ruback (1995
and 2002) to use (A.16) as the expression for the value of tax shields when the company
maintains a constant market value leverageratio (O: = L S):

DoRET

VTS =
= Ku- g

(A.16)

But (A.16) isincorrect for discrete time: (21) is the correct formula.

D: = L-Eis absolutely equivaent to Dy = M-Vu:. In both cases DD = X-DFCF,
bei ng X =D0/ FCFo.

Derivation of formulasif debt is proportional to the book value of equity
The present value of the tax shield of period tis:

Do(1+9)"” *ReT - DoReT | 9DoReT +m+gD0(1+g)t'2R,:T

A.17
(1+RE)(1+K1g)..(1+Kg) @+Rp)' @+Rp) 7 la+a) (1+Rg)(1+a)t? (A1)

Krs is the appropriate discount rate for the tax shields (TS). (A.17) takes into
consideration the fact that the appropriate discount rate for the increases of debt is a.

(A.17) isthe sum of a geometric progression with afactor X = (1+g)(1+ Rg)/(1+ a). The

solution is:
. 1w
PVO[TSt] — RFTDOt ? + g(l+RF)(X - 1).%' (A18)
A+Re)' @ A+a)X-1 g
And the appropriate discount rate for the expected tax shield of period tis:
_PVolTSea] 1y oy = (1+a)(X - D +g(+Re)(X"2- 1)
1+K = 1+g) =X+ A.19
s s T X D e RO T A9
_ PVo[TSe4] - 1+Rg - (1+a)? +g(1+ Rg)X" 2
1+K1g) = 1+9g) = X(1+
1+Krg) AR A+9g)=X( a)l+ Re - (Lra)2 +glLr ROXTE
As Kpt= Krsi+1 using (A.18), we know that:
RETDo(L+g)" RETDg € . g+Re)(X'- Hu
PVolTSi4) = = -
olTSea] 1+ Rp)(1+ K p)-(1+K o) (1+RF)t+lé+ 1+a)(X- 1) ‘g’
(L+Re)' 1+
1+ K pg)..(1+Kpp) = A.20
(1+Kpg)..(1+Kpy) = g+ Re)(X - 1) ( )
@+a)X-1

And the present value of the debt int is:
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Dol+9)'  _ Do §, gl+Re)X'- 1Y (A21)
(L+Kp))(1+Kp)  (1+Re)' s @+a)X-1) '

PVO[Dt] =
We calculate the present value of the value of tax shieldsin t from the equation:

VTSy(+g)t
L+ KyTs1)A+ Ky7sp)--(1+ Ky1g)

VTSg = PVo[TSy] +... + PVo[TSt |+
It is clear that:

t ¥
VTSy(1+9) = PVo[TSte] +... = & PVo[TSt]

PVo[VTS:]=
L+ Kyrs)(1+ Ky7sp)--(1+ KyTg) t+1

¥ 1 € ga+Rp)(X"-nu
PVolvTS,|= ReTD, & &1+ I+ REX )
t=t+1(1+Rg)' @ (1+a)X-1) g

We have three geometric progressions with different growth factors. The result is:

. . .
L&_ 14 REX 9(1+RF)H (A.22)
A+RE)'(X-1 @ (a-g9 @+a) g

PVo[VTS,]=

t
ifa=Re; X=(l+g)and  Pvy[vrs,]=ReMPo _(1*9)
RE- 0 1+Rg)

7+ A+tKyre) = (1+RE)

To calculate the present value of the equity in t, we start with equation (A.23)

O:ECF0(1+9)+___+ ECRy(1+09)" N So(1+9)' (A.23)
(1+Kep) (1+Kep)..(1+Keg) (A+Kg)..1+Kg)
Itisclear that
t t
Pvols]=—0@*d ___ i ECRh(*9 _\rong
(1+Kg)..1+Kg) 11 @+Ke)..(1+Ke)
S+ t_ ¥  ECR(+g)
PVolSt|= d Eols:|=so(a =
oS~ ey kg ™ FolS =009 = & e
From equation (24), we know that:
i i-1 i-1
new EO[St]:_g- FCR+g) , ¥ Dog+9)™" ¥ DoRe(l- T)(1+9) (A.24)

+1 (1+Ku)i't t+1 (1+Bl)i't 1 I+ Kpi)A+Kpjsg)...

11
—

(A.22) is also the sum of the present values of the tax shields from t+1 on, then,

the present value of the last term of equation (A.24) is:

) ) ] ; .
]1 T_ (@ Tt)DO & 10 ReX g(1+R,:)H (A.25)
T  @+Rp)'(X-1eg (a-g9 (1+a) g

PV,[VTS,

Calculating the present value of equation (A.24) (we need to calculate the sum of

the two geometric progressions) and using (A.25), we get:
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£,[DD,] = & Dog(1+9)"" _ Dog(l+9)"
w1 (1+a)! a-g

i t+1
Eofvu]= & FRO+Q) _FCRE+g

LR X gL+ Rg)U

izt+1 (1+Ku)'"™! Ku- g up(l+g)
vl = Yodt9' | Dogllrg) _ (-Tb &
1+ Ku) (a- g)1+a)' (I+Rp)'(X-De

€Dog(l+g)t . U
PVos 09(+9)

e -9 s
(A.26) may be simplified into:

t t ) 4
Pyl ] = Yuol+9) | Dogli+e) (- DDg

Fo

t_pu
LRe(X'- 91U

A.26)7?
@o way &0

(1+Kuw'  (@-g)1+a) (1+Rp)'(a- g
Ifa =Rf, (A.27) is

é

on[st]:VUO(“g)t _ Dy(1+9)" N DoTRE(1+0)"
@+Ku'  @+Rp)' (Re- g)A+RE)"
. DoaT
Ift=0, (A.27)iS. Sy =Vuy- Dy +—2
( ) 0 o Do+ 25

- é t_pu t
PVls ] <0 if (1-TDo & ,Re(X -DU_ Vup(+g)

A.27)?
x-D ¢ (A.27)

(1+Rp)'(@- 9) 8 X- g @K'

The present value of the unlevered equity intis

Vug(1+g)*
PVolvu] = (12-(Ku?t)

(A.27), (A.22), (A.21) and (A.28) satisfy the condition:
PVo[Vu ]+ PVo[VTS ] = PVo[D¢] + PVo[si]

t
+_Dog+9)”

(a- g+a)

(A.28)

To caculate the discount rate of the expected equity cash flow in t, we use

equation (A.23):

ECR(1+g)! )
ke @r ke - Polsial- Pvolsi] (A.29)
Using (A.27) and some algebra permits to find:
1+ Key)...(L+Key) = So(Ke- g) — (A.30)
Vup(Ku-9g) . DoRE(1-T) ERg-a+gl+Re)X""U gD
(1+Ku)*

& a
a+g)tta+Rp)'e 9A+RE)+Re-a g (1+a)t



The appropriate discount rate for the expected value of equity implied by Modigliani-
Miller

Calculating present value of equation (1) int =1:

EolM01VTS1|=Eo[M o1 81|+ Eg[Mo1D1)- Eo[Mo1-Vuy

09 ¢ arg) . (+g |, (1+Q)
(1+Rg) °(@+Kg) C@+Rg) O @+Ku)

SO _ So+(VTSO- Do)KU+ VUORF

(A.31)
(1+Kgp) (1+Rp)(A+Ku)
t-1 t-1
(1+Kg) = (1+ Rp)(1+ KU) (Sg - Vup)(L+Ku) ™"+ Vuy(1+ Rg) (A.32)
(Sp - VUp)@+Ku)' +Vug 1+ Rg)"
P (1+Kg) = So(L+Re)' A +Ku)! (A.33)
1 (Sp - Vug)@+Ku)t +Vugy(1+Rg)"

Present value of the expected increases of the book-value of equity

Using equation (4), the present value of the future increases of equity is equal to
the present value of the future increases of assets minus the present value of the future
increases of debt. Then, the present value of the future increases of equity, according to

the different theoriesis:

¥ oA D & Ku- Rg0
ME: & Ey[Mg,-DEbV, |=—2 - 0 - F A.34
=1 oMo o ]=7 (Ku-9 € 1+Re 5 (A58
¥ D
MM: 3 Eo[M,, DEbY |=_ %o - Po A.35
har olMo: DEbv @9 (Re-0) (A-39)
¥ .
Di=K-Eove & Eo[M,DEbv,]=3A0o" Do) _ Vo (A.36)
t=1 ' (a-9 (a- 9
Appropriate discount rate for capital gains, Keoat
_S(A+9) Sp _ 95
PV, - Sg)int=1| = - =
0[(31 O)lnt—l] 1+KSL 1+RF 1+KCGl
1 . Mo 1 (A37)
1+Keer 9(1+Kg) 9(1+Rg)
According to Miles-Ezzell, as Kg = Ku, (A.37) is:
1 _ 1+g 1 (A.38)

1+Kgog  g(1+Ku) gL+Rg)

Kea = Ku if t>1. In our example, Kca = -177.6%.
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According to Modigliani-Miller, using (45), (A.37) is:

1 __ 1  (Ke-Rp)(1+9)

_ (A.39)
1+Kea  (@+Rp) 9A+RE)L+KY)

In our example, Kcar = -160.8%.

If Debt is proportional to the Equity book value and the increase of assets is
proportional to the free cash flow, using (40), (A.37) is:
1 1 Ke- Rg

= - (A.40)
1+Keer (1+Ku)  gd+Ku)l+Rg)
In our example, Kcar = -137.7%.
The present value of the expected capital gainintis:
__ Sot+g) So  __ gS+gtt
PVol(St - So)int=t) = - =
ollSc- SoJini=] (1+Kg)-(1+Kg) (@+Rp)' (@+Kge)-1+Keg)
! ST ) : (A.41)

(1+Keop)-(1+ Keg) 90+ Kg)-(1+Kg) g+g)" Y1+ Rp)'
It isinteresting to note that Kca (except for t = 1) are equa for Miles-Ezzell and

under the constant book value leverage ratio.

Total expected return for the shareholder
The total expected return for the shareholder is Ke in every period because

Ky =90 +E<S:OF0(1+g) _ 95 +s§£Ke- 9 _ e (A.42)
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