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The paper presents alternate stochastic variance models and develops closed-form
solutions to the fair price of VIX futures. The derivation for theoretical futures prices
is based upon the conditional moments of VIX squared on affine stochastic volatility
models with simultaneous jumps both in the asset price and variance processes. An
integrated analysis of spot and option prices, or equivalently integrated volatility and
VIX time series, is proposed to estimate monthly-updated model parameters and the
market prices of risks. Existing literature, however, has not provided the moment
conditions of the total quadratic variation (except for the stochastic-volatility model),
which are given in this study. The daily VIX futures prices in the subsequent month,
since 19 May 2004, are adopted to test the futures price formulas. Our results show
that state-dependent jumps in volatilities and prices simultaneously fare better in
fitting short-dated VIX futures prices whereas stochastic volatility and random jumps
in returns outperforms for medium- and long-lived futures. In addition, while both
price and volatility jump-risk premia appear to be positive, the diffusive volatility-risk
premium is found to be negative that is consistent with the negative correlation
between volatility and index returns. Gauging by the magnitude of risk premia, the
volatility jump-risk premium is found to be far more important than the one for price
jumps in terms of the VIX futures valuation.

Key Words: VIX futures, affine stochastic volatility models, volatility jumps,
integrated volatility, volatility and jump risk premia

“The work of Lin was supported by a grant from the National Science Council in Taiwan (grant number:
NSC 95-2416-H-005-010). The author thanks Yu Jun and Christopher Ting as well as seminar
participants at the 2006 research summer camp in Singapore Management University.

1



I. INTRODUCTION

In contrast to the implied volatility extracted from an option pricing model, the VIX
(Volatility Index) uses a model-free formula to derive expected volatility directly
from the prices of a weighted strip of S&P 500 index (SPX) options over a wide range
of strike prices which incorporates information from the volatility skew. Thus, the
VIX provides a more precise and robust measure of the market’s expectation of
near-term stock market volatility. This VIX calculation supplies a script for
replicating the VIX with a static portfolio of S&P 500 options. This critical fact lays
the foundation for tradable products based on the VIX, facilitating hedging and
arbitrage of VIX derivatives. Chicago Board Options Exchange (CBOE) has launched
VIX futures on 26 March 2004 and VIX options on 24 February 2006. These will be
the first of an entire family of volatility products traded in exchanges. Since the
underlying VIX, or equivalently the model-free implied volatility of SPX options, is
not tradable, it is impossible to use the no-arbitrage relationship to derive the fair
value of the VIX futures. This paper is aimed to conquer the pricing difficulty and
provides closed-form solutions to the value of the VIX futures contract. In particular,
the underlying of the VIX, i.e. the SPX, incorporates both diffusive stochastic
volatility and simultaneous jumps in returns and volatility, which are more capable of
fully capturing the empirical features of equity index returns or option prices (see,
Andersen et al., 2001; Alizadeh et al., 2002; Duffie et al., 2000; Eraker et al., 2003;
Eraker, 2004). For model parameter estimation, a joint model is specified, not only for
the physical probability distribution that governs the random shocks observed in the
spot index market, but also for the risk-neutral probability distribution that allows to
compute VIX futures prices as expectations of discounted payoffs. Since these two

distributions have to be equivalent, there exists a link between the two through an



integral martingale representation that includes the innovations associated with the
specific asset price processes and the risk premia associated with these sources of
uncertainty. The main contributions of this paper are thus to propose closed-form
solutions to the fair value of the VIX futures and to propose a methodology for an
integrated analysis of spot and option prices, or equivalently integrated volatility and
VIX. The market prices of risks are also estimated. Three specifications for the
dynamics of the SPX prices are considered in the paper: affine diffusion with
diffusive stochastic volatility model (SV) of Heston (1993); affine jump-diffusion
with stochastic volatility and jumps in the asset price (SVJ) of Bates (1996); and the
affine jump-diffusion with correlated jumps both in the asset price and stochastic
volatility process (SVCJ) described by Duffie et al. (2000). The SVCJ class of models
generalizes the models in Merton (1976), Heston (1993) and Bates (1996). Bates
(2000) and Pan (2002) examine combined jump diffusion models with parameter
estimation based upon joint options and returns, while Eraker et al. (2003) use returns
data to investigate the performance of models with jumps in volatility and prices.
Their results point toward models that include jumps to volatility. In response to these
findings, Eraker (2004) uses joint options and returns data (an idea pursued in
Chernov and Ghysels, 2000; and Pan, 2002) to investigate the performance of models
with jumps in volatility and stock prices using the class of jump-in-volatility models
proposed by Duffie et al. (2000) and an extension to allow for state-dependent jump
frequency. A primary advantage of using joint options and returns is that risk
premiums relating to volatility and jumps can be estimated. Eraker (2004) finds that
while complex jump specifications (i.e. the stochastic volatility with state-dependent

and correlated jumps; SVSCJ)* add little explanatory power in fitting options data,

1 Allowing for volatility jumps, the stochastic volatility with state-dependent and correlated jumps
(SVSCJ) specification generalizes the correlated jump model to allow the jump frequency to depend
on volatility vy, i.e. Ag+A1vi, considered by Bates (1996), Pan (2002), Eraker et al. (2003) and Eraker
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these models fare better in fitting options and returns data simultaneously. Garcia et al.
(2006) use joint moments of integrated volatilities, constructed from high-frequency
underlying returns, and the implied volatilities of Hull and White (1987) and Heston
(1993) option pricing formulas, respectively, to estimate the volatility risk premium
for the exchange rate futures options. They find that there are, in general, several large
differences between the estimates based on futures returns only and those based on
futures and option prices. It also seems that there is a large variation in the parameters
across different time periods. Bollerslev et al. (2005) estimate the stochastic volatility
risk premium by implementing the procedure of a generalized method of moments
(GMM) with VIX and high-frequency five-minute-based integrated volatilities. They
find that the extracted volatility risk premium helps predict future stock market
returns. The VIX is known as an index based on model-free implied volatilities
calculated from SPX option prices. Thus, Jiang and Tian (2005) extend Britten-Jones
and Neuberger’s (2000) model-free implied volatility under the diffusion assumption
to asset price processes that include price jumps and implement it using observed
option prices. Their results from the SPX options support that the model-free implied
volatility is a more efficient forecast for future realized volatility than its predecessor
(Black and Scholes’ implied volatility).? Zhang and Zhu (2006) use historical VIX
data to estimate parameters of a stochastic variance model and find that the model

with parameters estimated from the whole period from 1990 to 2005 overprices the

(2004).

% |n 1993, the CBOE introduces the VIX that quickly becomes the benchmark for stock market
volatility. The original VIX uses hypothetical 30-calendary-day at-the-money S&P 100 index (OEX)
options data to compute an average of Black and Scholes’ (1973) implied volatility with strike prices
close to the current spot index level and maturities interpolated at about one month. In order to provide
a more precise and robust measure of expected market volatility and to create a viable underlying index
for tradable volatility products, the CBOE has changed the definition of VIX in September 2003. The
CBOE has created an identical historical record for the new VIX dating back to 1990. The new VIX
still measures the market’s expectation of 30-calendary-day volatility, but it is based on the SPX option
prices. VIX is based on real-time prices of options listed on the CBOE, and is designed to reflect
investors’ consensus view of future (30-day) expected stock market volatility. It is often referred to as
the “investor fear gauge”. Besides using options on the SPX rather than on the OEX, the new VIX
changes its method of calculation to be model-free.
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VIX futures by 16—44%. By using the parameters estimated from the recent one-year
period, however, the discrepancy is dramatically reduced to 2-12%. Following the
suggestions by the literature, this paper derives closed-form solutions to the fair price
of the VIX futures by adopting the SVSCJ in Eraker (2004) for the SPX price
dynamics. For the comparison purpose, its nested pricing models under the SV, SVJ
and SVCJ specifications are also provided. In addition, model parameters are
estimated based upon the joint data of the most recent one-month VIX data and the
integrated volatilities calculated from high-frequency index returns. Existing literature,
however, has not provided the moment conditions of the total quadratic variation, or
equivalently total integrated volatility, for the SVJ, SVCJ and SVSCJ models, which
are given in this study. The resulting parameter estimates are then adopted to
investigate whether the subsequent month’s futures price changes can be explained by
our models in an efficient way. Our empirical findings are summarized as follows.
The SVSCJ provides the best out-of-sample pricing fits for short-dated VIX futures,
while the SVJ outperforms for medium- and long-dated futures. The diffusive
price-risk premiums are found to be positive, while the premiums associated with the
diffusive volatility shocks are negative for all models. The price jump-risk premium is
found to be positive and the SVJ achieves the greatest value, followed by the SVCJ
and SVSCJ. The volatility jump-risk premium is also found to be positive, however,
the SVSCJ has a greater value than the SVCJ.

The rest of the paper is organized as follows: next two presents the general
approach for pricing VIX futures; section three addresses the construction of
integrated volatilities using high-frequency returns and their moment condition
derivation; section four discusses alternate models for the index price dynamics upon
which closed-form solutions for the fair value of the VIX futures are derived. Section

five presents the data and econometric designs for model parameter estimation.
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Section six examines in- and out-of-sample pricing fits to the VIX futures on our
models; summary statistics for the market prices of risks are also included. Finally,
section seven summarizes our empirical findings and points out the theoretical

contributions on the literature to the valuation of the VIX futures.

1. VIXFUTURES VALUATION

A. Fair Price of VIX Futures

Since the VIX cannot be replicated by a portfolio of the SPX options and it is not a
traded asset, one cannot use the no-arbitrage principle to obtain a simple relationship
between VIX futures and the VIX as that of stock futures and stock price. Pricing VIX
futures becomes an issue. Carr and Wu (2006) present that the price of the VIX
futures has a lower bound and an upper bound. The lower bound is the forward
volatility swap rate and the upper bound is the forward-starting variance swap rate.
Zhang and Zhu (2006) choose a Heston-type stochastic-variance model (1993) and
developed a numerical expression for VIX futures. Free parameters are estimated
from market data over 1990-2005. This study instead demonstrates the VIX squared
in terms of expected variance and derives closed-form solutions for the VIX futures,
after the convexity adjustment. VIX futures are a futures contract on VIX and cash
settlement equal to VIX. It is a pure play on implied volatility at settlement. When
VIX compared to the SPX, VIX tends to rise as the SPX falls, while VIX tends to
decline or remain constant as the SPX rises. When VIX compared to VIX futures,
VIX futures move much more stable than spot VIX. The current futures price is the
market’s estimate of what the VIX index will be at settlement. In other words, VIX

futures prices are based purely on expectation and thus there is no traditional



futures-to-cash relationship, namely no cost-of-carry relationship. By Martingale
pricing theory, the current VIX futures prices expiring at t can be computed under a

risk-neutral probability measure Q as,

R =E7{VIX | . L)

Consider the VIX definition (converted to our notation) as specified in the CBOE

white paper (CBOE 2003).

. _ 25 AX, [rm LT
VIXt_rZ‘xf Q.(X,)) T{ X } 2)

where 7=T—t is the annualized 30-day period, Q; is the price of the out-of-the money

option with strike X; and Xg is the highest strike below the forward price F,(T). This

formula can be recognized as a simple discretization of the fair value of the variance
driven by the price-diffusion component, adjusted for the price-jump components ¢,

and ¢, if any, over [t,T].
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where v, ; = J't var,(dInS,) is the total quadratic variation of asset log-price InS,

consisting of the integrated volatility governing asset price diffusion, v/; =jt v, du

with instantaneous variance v, and the one attributed to the asset price jumps,

v :_[tTdeu, if any. Though variance in return jumps o], does not enter the



construction of VIX squared explicitly, the information of jumps in returns has an
influence on the VIX squared through the price-jump component adjustment ¢, and
¢,. Appendix A presents details for the VIX squared in terms of fair value of

expected diffusive integrated variance.

B. Convexity Adjustment

As a theoretical expression of how the VIX futures is associated with expected
variance, settlement is on the Wednesday before the third Friday based on the opening
prices of options expiring in the following month. The VIX futures (strictly speaking
VXB futures where the VXB is defined to be 10 times the VIX) settle bases on the
square root of the value of the replicating strip (i.e. on volatility rather than variance)

so there must be convexity adjustment for the difference between square root of

expected variance and expected volatility, i.e. F™™(t) = ES(\/VIXE)S \/ES(VIXE).

From the approximation of Brockhaus and Long (2000) and Bates (2006), who use
the second order Taylor expansion for the square root of latent affine stochastic

processes X, i.e.+/X , the current VIX futures is worth theoretically

vary (VIX?)

8x[Eg (VIX{)]? @

FYX(t) = ES(\/VIX;" )z JES(VIX?) -

where var? (VIX?) {8x[ES(VIX?)]¥?} is the convexity adjustment relevant to the

VXB futures contract as of the valuation date 0. t is the settlement date of the VIX

futures and T=t+r is the expiration date of options in the strip. Thus, to calculate VIX

futures we need both EJ(VIX?) and vary (VIX?).



I11. UNDERLYING MODELS AND CLOSED-FORM SOLUTIONS

TO THE FAIR VALUE OF THE VIX FUTURES

Since VIX? is represented as the one-month expected average variance driven by

diffusive and jump components over [t,t+30 days], different dynamics for the index

price S, will result in various expected average variance formulas and thus different

theoretical VIX futures values.

A. SVSCJ Model

While a number of prior studies (see Bates, 1996; Bakshi et al., 1997; Andersen et al.,
2002; Chernov et al., 2003) point out the importance of stochastic volatility and jumps
in returns to equity price models, Andersen et al. (2001), Alizadeh et al. (2002), and
Eraker et al. (2003) find the presence of an additional, rapidly moving factor driving
conditional volatility, which, unlike jumps in returns, has a persistent component.
Jumps in volatility provide such a factor. Together, this suggests a strong evidence for
volatility driven by diffusive and jump components. Jump models, however, typically
specify jumps to arrive with constant intensity. This assumption poses problem in
explaining the tendency of large movements to cluster over time. Bates (2000), Pan
(2002) and Eraker (2004) use the linear specification A,+ Ay, for some
non-negative constants A, and A, of jump-arrival intensity to allow jumps to arrive
more frequently in high-volatility regimes. As a result, a state-dependent jump
frequency allows for the possibility that when the market is more volatile, the
jump-risk premia implicit option prices become higher. The stochastic volatility with

state-dependent and correlated jumps (SVSCJ) is the most general model considered

in this paper. The data-generating processes of (InS,,v,) for the SVSCJ model are



of the form,
dins, :{ r—6—y +A4v,) K +nv, —%vt + (Ao + Av)(u] + pi 1)
U+ Aty +py00,) G + 2 ) + o)) |l ©)
+ Vi daog, +[25dN, = (Ag + 4 )y, + p;u2,)dt]
dv, =x,(0, —v,) dt+o,\v,de,, +2,dN,

=&, (0) —v,) dt+n,vdt+ p (Ao + v )dt+[u, (Ao + 4v) = w1, (A + v )l dt
+ O-v \/V_tdwv,t + [Zdet - /uv (2’0 + j’lvt) dt]

(6)

The instantaneous variance v, of asset log-prices is modeled as a combination of
jumps in volatility and a one-factor square-root diffusive process that was originally

proposed for finance by Cox et al. (1985). @, and ,, are standard Brownian

motions correlated by pdt=corr(deg,,dw,,), which are independent of the

compounded Poisson processes z dN, and z,dN,, respectively. N, is a univariate
Poisson (counting) process with state-dependent intensity A, + A,v, . Jumps in

3

volatility have an exponential distribution, z, ~exp(x,),” and jumps in asset

log-prices are normally distributed conditional on the realization of z,, formally

Zg

ZV~N(yj+ijV,GJ-2). Thus, z; has mean E(zg)=u;+p;u, , variance

var(zg)=o’ + piu? , and correlated with z, by pu, /ot +piu’ .t The

instantaneous  covariance  of  dInS, and dv, IS given by

avpvtdt+(/10+/11vt)(yjyv+2pj,uf)dt, comprising the familiar leverage effect

® The probability density function of z, following an exponential distribution has the form,
f(z,)=@Q/p,)exp(-z,/u,) with z, >0 and g, >0. The mean and variance for the exponential
distribution are given by x, and .

*corr(zy,2,)=cov(z,2,) /0, 0, =(Ez,2, ~E2.E2,)/ o} + pjpl p, = pul 1o +piulp, =
ol +pipl
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(Black, 1976).> The risk-neutral price jump-size mean for dS/S is defined as
k" =exp[(u; +ppu,)+0;121/(1- p,p,)—1, satisfying the no-arbitrage condition.

K

v

6, and o, are the speed of adjustment, long-run mean and variance of v,.

While the presence of state-dependent jump frequency decreases the mean-reversion
rate of the volatility dynamics from «, to x, — A u,, the long-run mean increases
from 6, to (x,6, +A,u,)/(x, —A,u,). The dynamics of (InS,,v,) under the

risk-neutral probability measure Q are of the form,

£, = . ., o owy 1
dinS, :{r_é“"ﬂ*o(;uj +piu, =k )+ + pju, —x )_E]Vt}dt

F vy dool, + (250N — (] + )y + Zov,) ]

()

dv, =« (6; —v,) dt+ o, v, dw,, +2,dN;

N Ay .
= (x; —Auv)(y—zié‘”—vtjdtwvﬂ daoy +[2)ANS = 4 (2, + 2v,)dl]

\4 \4

(8)
where the parameters with asterisk (*) denotes corresponding risk-neutral paramseters.

Comparing the specification of the risk-neutral dynamics of (InS,,v,) with that of

the data-generating process, the market prices of different risk factors are obtained.

Whereas 7, represents the market price of unit price risk, the SVSCJ model

incorporates a premium for price jump-size uncertainty by (u; + p,u,) — (1 + p;14,)
and a premium for jump-timing risk by (4, + A4,v,) (4, + A,v,) . With this assumption,
all price jump-risk premia will be absorbed by (4, + Av)(; + p,u,) — (A + A4v,) X

(u + piu,) . Similarly, the volatility jump-risk premium is given by

5 cov(dInS,,dv,) = cov(yfv,d,, +2,dN,, 0, v, dw,, +2,dN,) = 0o, pv,dt+ (4, + A,v,) cov(z,, 2,)
=0, pv,dt+ (4, + v ) p, +2p,u7) dt.
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(A + v, — (A + v, . Under the assumed framework, the total quadratic
variation of the asset log-price v, consists of the price-diffusion variance o/; and

the price-jump variance v, shown as follows,
+ = [ var,(@Ins,) = [ var, (v, de;,) + [ var, (z;dN;)
:IT v,du +JT v,du =o' + 0,
t t ! !
where v, = (4, + v {(u; + p;u,)" +lof + pi (1,)?1}. By applying 1td’s lemma
to exp[(x, — A u,)t]v,, we have
d[e™ 'y, 1= (k6] + Ay )™ ) dt + o, e [y deo
T+ el A2 AN = g1l (A + A, )dt]
Now, we can compute v, for Txt,

oo T . x x
_ * (%, =Au,)T (x, =4, ) U *
T = ysvses X Vi + Brisvse) T O J; € VVu da’v,u

A )
+e—(Kv—ﬂ1/4v)TIt e(’(v—/h#")u[Zdeu —H, (ﬂ'o +ﬂ,1Vu)dU]

. A (T . (&6 + Ao, Ay (T )
Where ant,SVSCJ =€ " /‘Ll# and ﬂT*l,SVSCJ _( - - [1 e K j‘lﬂ ]
K, =1,

The mean and variance of the instantaneous variance v in the SVSCJ model are thus

E? (vp)= a':—t,SVSCJ XV + ﬂ':—t,SVSCJ (10)
var? (v;) =EQ[v; —E2(v;)]? =C- xv, +D; (11)
t T t T t T T-t,SVSCJ t T-t,SVSCJ
" + 2/1 .
where C2_ e, = o, " (1,)° [0 AT _ =200 )(T-0
Kv j’lluv
D ol +22,(1,)*1( 5,0, + Ayu, 1 _ gk~ (70
T-t,SVSCJ — * *x * [ € ]
Z(Kv _ﬂ’lluv) v ﬂ’lluv

" O(IUV) [1- e—2(;< Ay (T I)]
K, = A1,

Therefore, the second moment of the instantaneous v is computed as
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EtQ (VT2 ) = vartQ (VT )+ [E? (vs )]2
= (aT—t,SVSCJ) XV + (CT—t,SVSCJ +207 4 svscs X Pr_isvscs )XV, (12)

* 2 *
+ [(ﬁT—t,SVSCJ) + DT—t,SVSCJ]

The expected quadratic variation of the log-price over [t,T] is given by
E? (V7)) = E? (UtC,T )+ E? (UtJ,T)
= { 1+ /1;[(/1; + pj/u:)z + sz + pjz (/U:)Z] }X a‘;—t,SVSCJ XV
H{ 1+ 20 + o) + 02+ pE(0)?] PXb] s
+ Aol + pya,)* + 0 + 7 () 1T —1)

(13)

where
o J.T . 1 g (—Am) (T
= a. =
T_t,SVSCl u-t,SVSCJ e *
' o K, =t
Vv Vv
* T o k.0, + Ay, 1— e o Am) (T
bT—t,SVSCJ =J.t ﬁu—t,SVSCJ =(% (r _t)_ o
K, =AM, K, —MH,

E? (UtC,T ): a;—t,SVSCJ XV + b':—t,SVSCJ
E?(UtJ,T ): AI[(,U: + Pj,u:)z + O'j? + sz(.u:)z] X a;—t,SVSCJ XVy
(i + i) + 05+ o5 (1) WA (T 1) + 44br_ guscy]
From appendix (A.3), the VIX squared is expressed in terms of the expected variance

attributed to the price-diffusion component by,

* * * * 1 * * * * Cc
VIXE = 24057 = () + py )1+ {1+ 2416 — (i + oy )] fx R[]

1+ 22[x" = (uj + py)]

* *
x (aT—t,SVSCJ XV + bT—t,SVSCJ)

= 22[K" = (uj + pju)] +

(14)
where 7=T —t= 30/365. The VIX squared is a linear function of the instantaneous

variance. From equation (14), mean and variance of VIX? conditional on VIX; are

computed as
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i e o LR 24[K = () + )]
E5 (VIX?) =24 [« —(u; +pju,)]+ - J J

(15)

* * * * b*
X (aT—t,SVSCJ X A syscs X Vo + 81 rsvscs X Brsvses + T—t,SVSCJ)

* * * * 2
l+2ﬂ.l[l(' _('u+p/'lv)] . . X
Varo (VIX )= { . : J X (aT—t,SVSCJ)Z x (CI,SVSCJ XVy + Dt,SVSCJ)
(16)
where o qsc) = o~ (K —Am)t
* K 0 +ﬂ, ILIV K
:Bt,SVSCJ = [—OJ [1-e (e )t]
~ A,
. 2 o e
Ct,SVSCJ _ 0' + ﬂ‘l(ﬂv) [e-(x AUt _e—z(,cv-wv)t]
K, = Aty
LSVSC) —[O- +2ﬂ'1('u'/) ][K(? * Aatly J[l g (kv m ok +M[l—e*2(x}ﬂiu$)t]
20k, — ) \ K, —Ap, X

Vo = *1 - *T* _ ><V|X(2)
A svse \1+24 [« _(,Uj"'Pj/Uv)]

1 225" = (] + pju )]z
- — P = = |+ brsvscs
Ar_; svsc 1+24 [« _(ﬂj+pj/uv)]

By substituting E2(VIX?) and var2(VIX?) in equation (4) with the ones above,

the fair price of the VIX futures expiring at t under the SVSCJ model is obtained.

R (v, 7.t &, ,6,,0,, P11, Aoy Aqs 14, Oy 1y s Ao A 1 2 P F)

var? (VIX?)
< JES(VIXE) - (X,

8x[EQ(VIXH)]*?

(17)

B. SVCJ Model

In Duffie et al. (2000) and Eraker et al. (2003), the type of jumps in the SVCJ model

are defined as simultaneous correlated jumps in InS and v, with constant arrival
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intensity. Rockinger and Semenova (2005) propose empirical characteristic functions
for the estimation on S&P 500 data for the affine stochastic volatility models with
uncorrelated jumps both in the asset price and variance processes (SVJJ). Eraker et al.
(2003), while using return data, argue that the SVCJ specification is a realistic model
of equity indices (S&P 500 and Nasdaq) returns. These papers suggest that besides a

stochastic volatility, jumps both in the mean and the volatility equation are relevant.

With same symbolic definitions above, the SVCJ is the result of setting A, = 4,,
A=A, and A4, =4 =0 in the SVSCJ, i.e. replacing A, + 4,v, (A, +A4v,) with
A, (4,). The data-generating dynamics of (InS,,v,) in the SVCJ model are thus
assumed to be

dInS, :{r —5-K +1gv, —%vt + A (15 + pi,)

e[ Gty + pyae) = 2y 4 30) ] 0t daog, + 240N, = 2, (s, + 0, )k

(18)

dv, =«,(6, —v,) dt+ o, v, dw,, +z,dN,
=K, (0, —v,) dt+n, v dt+ 4; g dt + (4, 1, = 2 1) dlt (19)
+0, v dw,, +(z,dN, — 4, ,dt)
where N, is a univariate Poisson (counting) process with intensity A,. While the
mean-reversion rate x, is not affected by the jumps, the presence of jumps in the
volatility dynamics changes the long-run mean of the variance process from 6, to

0, + (4, u, I x,) . The corresponding risk-neutral processes are given by,

dInS, =[r—6+4,(u —«") —%vt] dt++/v, deg, +(z5dN, — 75 41 dt) (20)

(K6 + A1,
J
th—KV(—V e .
K

14

—vtjdth\/Zdw;t +(z0dN; = 4, . dt) (21)
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where 7, and A,u, — 4,4, denote the risk premia relating to stochastic volatility
and volatility jumps, respectively, whereas A, (,uj +pjyv)—/f; (,u;+p;,u:) is the
price-jump risk premium. " =exp(u; + p;u, + 0 12)/(A-p; ) -1 is the

risk-neutral jump compensator of percentage price changes. Under the assumed

framework, the total quadratic variation of the asset log-price v, ; still consists of
price-diffusion variance o, and price-jump variance v;;. By applying Itd’s lemma
to exp(x t)v,, we can compute v, for T >t and its first and second moments:

E? (VT ) =a; tsverVe T ﬂT*—t,SVCJ (22)

Ec (vi)=(ar isver)” * Vi +(Crisver + 20 rsvscs X Brorsver) X Vi

- 2, o (23)
+[(Brisver)” + Dresvos]
where a; g =€
* K‘:H: + /1* /u: ko (T—
Prisver = (—*Jj [1-e™ T t)] -
KV
02 * *
Cilisva = —[e™ 0 g2 (Tit)]
2 *n* *oox *o*N2
. 0 +1 - A -
D‘rftysvc\] — O-v* (Kv v _ Jﬂv][l_e—l(v (T—t)]2 + J (ILiv) [1—e_2KV(T_t)] .
ZKV KV 14
The expected total quadratic variation of the log-price is thus given by
EQv,; )= EL (L) +EQ (0]
2 )= E2 (05 + ER () o0

=87 sver X Ve T sver + 4 [(IUT + pj,u:)z + O-j2 + sz('u:)z](T 1)

where a; g0 =[1-e " ]/k,

\ K0+ A5 1—e (™
br_ sves = [TJJ {(T -t)- Q

14 14
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Q C _ * *
=h (Ut,T )_ Ar_tsvey XV t bT—t,SVCJ

EQ(v )= 451k + pypa)2 + 02 + p2(ul)?1(T —t)

From appendix (A.4), the VIX squared is expressed in terms of the expected variance
attributed to the price-diffusion component by,
PR « « 1, . .
let2 =2,[x - (,Uj + oM, )]+ ;(aT—t,SVCJVt +0r 4 sves) (25)
where 7=T-t=30/365. The VIX squared is still a linear function of the

instantaneous variance. From equation (25), mean and variance of VIX? conditional

on VIX; are computed as

ES (VIX?) = 243 [ — (4] + py 1))

1/ . . \ \ . (26)
+ ;(aT—t,SVCJ A sves X Vo a1 sverBrsves 07 sves )
. 2
a
2 T—t,SVCJ . .
VaroQ (VIXY) :[ . } (Cisves XVo + Dy sver) (27)

where g, =€

* K:G: +/1* ﬂ: -,
Pr_sves :(TJJ [1-e™']

2
* G

Ct,SVCJ = _‘:[e_K:t _e_ZK:t]

14

2 * A% * * N *\2
* ol (k0 +1 . 2 .
Disves = ZI(V*( s J'UVJ[l—e "vt]2 +L’fv)[1_e 2x,,t]
v 14
2:8 I = (i + 0. u))l b
T —]
Vo == x VIXE — ]! *(’ul Pit)] _ Ttsval
ar_t sves ar ¢ sve ar_y sves

By substituting EZ(VIX?) and var2(VIX?) in equation (4) with the ones above,

the fair price of the VIX futures expiring at t under the SVCJ model is obtained.
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Fo ™ (1 Vo, 7,615, K, 0,0, 10, Ay 15,0 1y, 2 115, 10, 933)

~ JES(VIX?) varg (VIX?) (28)

- 8x[EQ(VIX2)]P

C. SVJ Model

Given that the stochastic volatility model cannot explain the tail-fatness of the stock
return distribution (Andersen et al., 1997), nor can it explain the smirkiness exhibited
in the cross-sectional options data (Bates, 1996; Bakshi et al., 1997), the extension to
include price jumps is well motivated. The stochastic volatility model with jumps in
price only is a special case of the SVCJ obtained by letting 4, >0 and g, =0. It
should be emphasized, however, that our main motivation is to study how such
underlying processes are applied to the valuation of the VIX futures and, in particular,
their role in reconciling the spot and option dynamics. The data-generating processes

of (InS,,v,) are expressed by,

* * 1 * * * *
diInS, ={r—5—ﬂjx + 15V, " + A1+ (A, —ﬂjyj)}dt

(29)
+\/;da)8,t +(zsdN, =2, 47)
dv, =x,(6, —v,) dt+ 0, v, dw,, (30)

=k, (0, -v,)dt+n,v,dt+ 0o, \/V_tda)m

where the price-jumps arrive at the exponential rate of A,dt with the jump size, zg,
determined by the normal distribution N(,uj,O'jz). The corresponding risk-neutral

processes then take the form,

dIns, :(r—é—ﬂj/c*—%thdH\/Zdw;t+z;de (31)
dv, =&, (0, —v,) dt+ o, v, do], (32)

Given the arrival of a jump event at time t, the risk-neutral stock price jumps from
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S. to S_exp(zg) and thus the mean relative jump size is x~ = E[exp(zg) 1] =

exp(u; + o 12)—1. Thus, the term of 4,4, — 4,4 in equation (29) denotes the
price jump-risk premium. The diffusion variance v, is modeled by Heston’s (1993)

mean-reverting square-root process as specified, respectively, in equation (30) by a
physical measure or in equation (32) under a risk-neutral measure. Under the assumed
framework, the total quadratic variation in index returns can still be decomposed into
the variance attributed to price diffusion and the one driven by price jumps. The first

and second moments of the instantaneous variance v in the SVJ model are

E? (vi)= a"lf—t,SVJ XV + ﬂ':—t,SVJ (33)

Q2N _ . * 2 2 * * *
Ef(vr) = (aT—t,SVJ) XV, + (CT—t,SVJ + ZaT—t,SVJﬁT—t,SVJ) XV,

. . (34)
+[(Br_csvs )% + Dr_svs]

where a5 g, =

ﬂT*—t,SVJ = 9:[1_ e (Tit)]

2

* o —K(T-1) —260(T-t)

CT—t,SVJ =— [e —€ ]
KV

2
D _ O, oM —K (T-1) 72
T-t,SVJ __2/{* ,[1-e I

14

The risk-neutral expected total quadratic variation of the log-price is computed as
E? (V7)) = E? (UtC,T )+ E? (UtJ,T)

. . ve) o (39)
=ar_rsvy X Ve Hbr v T A [(1)" + 0 1(T =1)

. [1_e_K:(T_t)]
where a; g, =————,
K

v

. . 1-g™0
bT—t,SVJ = 9\/ {(T _t) - [—* J] )
KV

E? (UtC,T )= a:—t,SVJVt + b:—t,SVJ
Ed(ul) = A4l(u;) +o71(T 1) .
From appendix (A.5), the VIX squared is expressed in terms of the expected variance

attributed to the price-diffusion component by,
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., e 1, & N
let2 =22,(x — H ) +;(aT—t,SVJVt + bT—t,SVJ) (36)

where 7 =T —t =30/365and same symbols are defined as before. The VIX squared

is again a linear function of the instantaneous variance. Mean and variance of the VIX

squared conditional on current instantaneous variance v, are computed as

* * * 1 * * * * *
EOQ (let2 ) =24, (x - Hj )+ ; (a‘T—t,SVJ Aygyy XVo T bT—t,SVJ + aT—t,SVJﬂI,SVJ) (37)

*

2
a * *
VaroQ (letz) = (%J (Ct,SVJ XVo + Dt,sw) (38)

*
-k, t

where o, =€

ﬂ:sw = 0: (1-e™ t)

2
* 0

Cisw = K_:(eﬂ(:t —e )
62 *

Dt,SVJ = Z_KV*QV d- eﬂm)z

Vo = ———VIX; —————[2¢4, (v - /Uj) - bT—t,SVJ] :

a'T —t,SVJ aT —-t,SVJ

The fair price of the VIX futures expiring at t under the SVVJ model is thus given by

F(;/Ix(t|VQ,T;t;{nS1KV10ViO-V’p177v’2’J’ﬂj’o-j’/’i'f]’lll’;})

2 39
~ JES(VIX?) varg (VIX?) (39)

- Bx[EZ(VIX)]?

D. SV Model

The volatility specification of the SV model, introduced by Heston (1993), captures
an important stylized feature of the stock return dynamics, i.e. stochastic volatility,
and also allows the Brownian shocks to price S and variance v to be correlated with
constant coefficient p, denoting the familiar leverage effect (Black, 1976). The SV

model obtains as a special case of the general model in this paper with jumps
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restricted to zero (zgdN, =z, dN, =0). It assumes the following data-generating
process for log-prices,

dInS, = (r—8+n.v, —%vt)dtﬂ/ZdwsJ (40)

dv, =x,(6, —-v,) dt+ o, v, do,, )

=x,(0, -v,)dt+7,vdt+ o, \/v_tda)wt
where 7y and 7, , respectively, refer to the price risk premium parameter and the
volatility risk premium parameter of interest. The instantaneous variance v, of
log-prices is modeled as a one-factor square-root process that was originally proposed

for finance by Cox et al. (1985). Under the risk-neutral probability measure Q, the

logarithmic index price and its instantaneous variance are assumed to follow the

diffusions,
dIns, =(r—5—%vt)o|t+\/Zo|a)j;t (42)
dv, =, (6, —v,) dt+ o, v dw,, (43)

Cox, Ingersoll and Ross (1985) show that the distribution of v, conditional on v,

is a non-central chi-square, i.e. 7%(2c'v,,2q" +2,2¢;) with ¢ =cve™

¢ =2k l[o2(1-e )], q" =2x6, /o2 -1, and the second and third arguments
being the degrees of freedom and non-centrality parameters, respectively.® The first
two conditional moments of the instantaneous variance v; are the same as the ones
in the SVJ model given by equations (33) and (34) above. The expected total

quadratic variation of the log-price is presented as

E? (Ut,T ): E? (UtC,T ): a‘:—t,SVV’( + b‘l’f—t,SV (44)

® Its corresponding physical non-central chi-square distribution of v, conditional on v, is simply
given by replacing the risk-neutral parameters «, and & with x, and 6, .
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where Ar_tsv = 87 _tsw and bT—t,SV = bT—t,SVJ'

From appendix (A.6), the VIX squared is expressed in terms of the expected diffusive

variance by,

1

c 1, . .
letz = ;EtQ(Ut,T) = ;(aT—t,SVVt + bT—t,SV) (45)

where 7 =T —t =30/365and same symbols are defined as before. The VIX squared

is again a linear function of the instantaneous variance. Mean and variance of the VIX

squared conditional on current instantaneous variance v, are computed as

1 * * * * *
Q 2y _

Es (VIX}) = ;(aT—t,Svat,SV xVo +ar_ysvBrsv +Prsv) (46)

. 2

a *
2 T_tSV *
VaroQ (VIXY) =( . J (Ct,sv XVyt+ Dt,sv) (47)
where a, o, = Asvyr Bisv = Biswas Cisv =Cisvir Disv =Disv and
T by
vy =——VIXZ - "
Ar_sv Ar_tsv

By substituting E2(VIX?) and var?(VIX?) in equation (4) with the ones in

equations (46) and (47), the fair price of the VIX futures expiring at t under the SV

model is obtained.

F(;/Ix(t|VO’T’t;{nS’Kv’ev’o-v’p177v})

N m_ varg (VIX?) (48)

8 [E3 (VIX)]"

IV. THEORETICAL RELATIONSHIP BETWEEN INTEGRATED
VOLATILITY AND VIX
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In order to obtain more informative parameter estimates and the risk premia relating
to volatility and jumps, our empirical results presented are based on estimates
obtained from joint spot and option prices, or equivalently integrated volatility and
VIX in this paper.” The theoretical relationship between integrated volatility and V1X
is discussed in this section. By the theory of quadratic variation (see, e.g., Andersen et

al., 2002),

N
INim;[ln St+i/2N(T—t) ~In St+(i—1)/2”(T—t)] 2 (49)
—22 s [Tvarf (dInS, @) du = [ v, (@) du+ [ v, (@) du= i +0); =,

where v, () is the point-in-time price-diffusion variance that is latent and its

consistent estimation through filtering is complicated by a host of market

microstructure complications. v/; = fvu (®)du presents the integrated variance
from time t to T, consisting of the variance driven by price-diffusion and
volatility-jump components (if any). v, denotes the realized variance from time t to

T computed by summing the squared high-frequency returns over the [t,T]

time-interval. It is important to recognize that, in the presence of price jumps, the

quadratic variation v,; comprises two components, o, and v’ with v,()

being the point-in-time price-jump variance and v.; =f v, (®)du 8 @ represents

the model parameters governing the index log-price dynamics under the physical

probability measure P that are restricted to lie within some compact set containing the

" The usage of joint data of underlying returns and option prices for the model parameter estimation
and the extraction of related risk premia was an idea pursued in Chernov and Ghysels (2000) and Pan
(2002).

8 Hence, in implementing the moment conditions involving v

c
LT

the following substitutions are also
required:

E.(v;;) =E (v,;)-E.(v;)

E () =E (v,)" +E (v))" - 2E (v;)E, (v);) -

E (v, InS,)=E (v, InS;)-E (v} InS,)
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true parameters of the process, say ®,. In other words, by summing increasingly
finer sampled squared high-frequency returns, it is possible to obtain increasingly
more accurate estimates of the realized volatility of the process. Following Ait-Sahalia
et al. (2003), the daily realized volatility of the spot index is measured by the sum of
squared 5-minute intraday returns and the squared close-to-open return. To correct for
the bias in estimated realized volatility due to autocorrelation intraday returns, this
study adopts a correction method suggested, in various forms, by French et al. (1987),
Zhou (1996), and Hansen and Lunde (2006). In this correction method, the annualized

realized variance over the period [t, t+t] is calculated as:

Oy, :%ng éi‘ (n—ThJ r:szi R, (50)
where R, is the index return during the i-th interval, n is the total number of
intervals in the period, and m is the number of correction terms included. Similar to
the findings of Jiang and Tian (2005),° this study uses equation (50) with one
correction term (i.e., m=1) to calculate the daily volatility using five-minute SPX
returns. This is because 5-minute returns in our sample, 17 March 2004-18 April
2006, ° have a first-order autocorrelation of 0.0344 while higher-order
autocorrelations are much smaller. Conditional moments for the integrated volatility
for the stochastic volatility (SV) model have previously been derived by Bollerslev

and Zhou (2002), Meddahi (2002), Andersen et al. (2004), Bollerslev et al. (2005),

and Garcia et al. (2006). Meanwhile, the derivation of the operational moment

conditions of v;; implied by the stochastic volatility with price jumps (SVJ) model

structure is provided by Bollerslev and Zhou (2002). Existing literature, however, has

® Jiang and Tian (2005) adopt equation (6) with one correction term (i.e., m=1) to calculate the daily
volatility using five-minute SPX returns due to a first-order autocorrelation of 0.31 in their sample
period, June 1988—December 1994,

19" Since our parameter estimation task involves the usage of lag 30-day integrated volatility, the data
period mentioned here is one-month earlier than the period for model parameter estimation starting on
21 April 2004.
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not provided the moment conditions of the total quadratic variation v, for the SVJ,

SVCJ and SVSCJ models, which are required for our parameter estimation purpose
and are given in the appendix B.

Using option prices, it is also possible to construct a model-free measure of the
risk-neutral expectation of the integrated volatility. In particular, VIX at time t denotes
the time-t implied volatility measure computed as a weighted average, or integral, of a
continuum of 30-day maturity options. As formally shown by Britten-Jones and
Neuberger (2000) for the stochastic-volatility model, the model-free implied volatility,
or equivalently the VIX in this study, equals the risk-neutral expectation of the

integrated volatility, adjusted for the price-jump components ¢, and ¢, as shown
in equation (3), i.e. VIX? =¢ E2(v;)/7+¢, with 7=T-t=30/365. Appendix A
provides details of the derivation for the values of ¢, and ¢, under alternate index

log-price stochastic processes. Substituting for E?(uth) in equation (3) by

a, v, +b;, , it follows v, =¢VIX?/(a; ¢, )-b;  la;, -7, (@ &,)

Combining these results, it now becomes to directly and analytically link the
expectation of the realized volatility under the risk-neutral dynamics with the

expectation of the realized volatility under the physical probability measure.
EF (0r) = Up VIXZ +V, (51)
EF (0%) = X, VIX! + Y, VIX? +Z, (52)
where for the SVSCJ model, as an example,

ar_ T
U _svscs :{1+/11[(,Uj +leuv)2 +0'12 +P12/U5]}X I LOVES

*
T-t,SVSCJ é’l,SVSCJ
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Viesvser = Aol +pj.uv)2 +O-j2 +PJ'2,UVZ](T -1)

aT—t,SVSCJ *
bT -tsvscl ~ bT ~t,SVSCJ
T-t,5VSCJ

+{L+ 4l + pju,)’ + 05 + pipl13x

*
Ar_¢ svscy 14 2,5VSCI

* *
aT —-t,SVSCJ é/l,SVSCJ

2
7Ta;
X1 _tsvscs :{1"‘11[(,“] +,0j,LlV)2 +0j2 +pj2uvz]}2 x{ _ToLevse) J

*
T-t,SVSCJ é/l,SVSCJ

Y isvser =1+ /11[(/1] + plelv)Z + O-jz + pjzﬂf ]}2

T

x (AT—t,SVSCJ +2ar_ syse) b, —~t,5VSCJ )X — =
T_t.svSCI % 1SVSCI

+ 22 [(u; + piu,)* + 0 + piul1(T —1)

T r_; svscy

QU+ [, + pyu,) + 0+ pipl IIx—

*
T-t,SVSCJ ;1,SVSCJ

2ra’
2 2 2 202 T—t,8VSCJ
_{1+ﬂ‘1[(/uj +pj/uv) +0; +pj1uv]} X—

*
T-tsvsciS1svses
* *
b, t,5VSCJ ¢, 2,5VSCl
X +

* *

*
aT -t,SVSCJ a'T -t,SVSCJ gl,SVSCJ

Z: isvsc) =f1+ /11[(#] + pjﬂv)z + O'j2 + pjzluf ¥

* * * 2
| B a 2 bT -t,SVSCJ gl,SVSCJ + 7’-GIZ,SVSCJ
T-t,SVSCJ + T-t,SVSCJ * *
a'T -t,SVSCJ gl,SVSCJ

{+ 4L, + oy,)? + 05 + ol 1Y
% (Ar_isvss + 237-1svseiDr-1svscs) ) [b Sisvses *+ Tasvsos J
+22o[(1t; + piu,)’ + 05 + piuZ1(T —1) ;
)L+ [y + py,)? + 05 + 05 1) 1% 8r s suscy
+{ﬂo[(u,- o) 0+ pPuf] (T —1) }
+{+ Ll + o) + 05+ il IIxbrsuscy

*
aT -t,SVSsCJ é/l,SVSCJ

where 7 =T -t=30/365. These equations, in conjunction with the moment
restrictions of integrated volatility under the physical measure, provide the necessary
identification of the risk premium parameters. While Bollerslev and Zhou (2004) and
Bollerslev et al. (2005) have provided expressions for equation (51) under the SV

specification, the rest function forms of equations (51) and (52) for the SVSCJ, for the
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SVCJ by restricting 4, =4, ,4, =4,and 4, =4 =0, and for the SVJ by further

imposing u, = 1, =0, are given here.

Further, the time to expiration, T, in the VIX calculation is measured in minutes

rather than in days, shown as follows,

T _ MCurrentday + M + M

Minutes in a year

Settlement day

Other days (53)

where

Mecurrent day = # Of minutes remaining until midnight of the current day

Msettiement day = # Of minutes from midnight until 8:30 a.m. on SPX settlement day
Motner days = Total # of minutes in the days between current day and settlement day

Therefore, using daily closing VIX data is equivalent to using daily closing time as

the time of the calculation. The beginning and ending time of the 30-day realized

volatility calculation, vy ,s4y IS thus assumed to be the closing time at t (Chicago

time) and the closing time at t+30 calendar days, respectively.

V. DATA AND MODEL ESTIMATION

A. Historical VIX Time Series and VIX Futures Contracts

Parameters of our VIX futures pricing models are estimated from joint options, or
equivalently the VIX, and stock markets data, or equivalently integrated volatility
calculated from five-minute intraday index returns over 30-day horizon. Price data on
VIX futures and contemporaneous VIX levels came from the transaction records
provided by the Chicago Futures Exchange (CFE), whereas the intraday SPX returns
are from Chicago Merchant Exchange (CME). Model parameters are updated to

remain the same within one-month window, i.e. the period between settlement dates
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of each month. The settlement date for VIX futures is the Wednesday that is thirty
days prior to the third Friday of the calendar month immediately following the month
in which the contract expires. Since the first date available from CFE for the
settlement value of VIX futures is 19 May 2004, the common sample period for
parameter estimation is chosen from 21 April 2004 to 18 April 2006, in total 502
trading dates. Daily settlement VIX futures prices from 19 May 2004 to 16 May 2006,
resulting in 1956 observations and spanning 27 expirations, are adopted to test the
validity of our pricing models. Table 1 summarizes the descriptive statistics for
integrated volatility, VIX time series and daily VIX futures settlement prices. There is
a tendency for integrated volatility to be lower than VIX and for VIX to be lower than
its futures price. The integrated volatility is measured under the physical probability
measure, whereas the prices of VIX and VIX futures are the resulting integration of
investors’ subjective probabilities across states and the adjustment for investors’ risk
aversion. Given the stylized characteristics of SPX options and VIX futures being
derivatives and thus useful for the hedge purposes, the derivatives price-implied
volatility would contain the negative volatility risk premium. In other words, the more
exposure to volatility risk the investors face, the more expensive the volatility
derivatives or higher value of implied volatility. Thus, it is not surprising for
integrated volatility to be lower than either VIX or VIX futures prices. The second
phenomenon indicates that the more vega risk exposure is, the higher price of the VIX
futures will be. For investors with portfolios, for example, having great risk exposure
to SPX option’s implied volatility, e.g. a vega-position option writer, they would like
to pay more to purchase the VIX futures as hedge. Compared to the SPX index, VIX
tends to rise as the SPX falls and tends to decline or remain constant as the SPX rises.
Given the existed evidence of a negative correlation between VIX and SPX index, the

value of his portfolio reduces dramatically at the state of high VIX or equivalently at
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the state of low SPX. Thus, investors will put more weights on the risk-aversion
adjustment factor at high VIX or low SPX. The resulting risk-neutral distribution
across SPX levels, or equivalently the product of subjective probabilities towards
future VIX and risk-aversion adjustment factors, implicit in VIX futures prices is
more negatively skewed than the one given by VIX time series, or equivalently the
SPX option traders. In other words, the component of expected SPX returns attributed
to volatility risk given by VIX futures traders is positive and stronger than the one
given by SPX option traders. The phenomenon reveals that most of the VIX futures
traders during our sample period are volatility hedgers. This explanation justifies the

tendency of higher VIX futures prices relative to its underlying VIX.

Table 1 Descriptive statistics of 30-day realized volatility, VIX and daily
settlement prices of VIX futures across maturities

The 30-day realized volatility, v**(t,t+30) , presents the total quadratic variation over [t,t+30 days],
measured by the sum of autocorrelation-adjusted squared 5-minute intraday index returns and the
squared close-to-open return. VIX and VIX daily settlement prices are divided by 100 and 1000,
respectively, to denote the volatility level. The Sample period for estimating monthly-updated model
parameters jointly using integrated volatility and VIX time series is 21 April 2004—-18 April 2006, in
total 502 trading days, while the data period for testing our VIX futures formulas is 19 May 2004-16
May 2006, resulting in 1956 observations and spanning 27 expirations.

oY% (t,t+30) VIX, Daily VIX Futures Settlement Price
All <60 days 60-180 >180 days

Obs. 502 502 1956 793 127 436

Mean 0.0954 0.1348 0.1533 0.1425 0.1580 0.1650
Median 0.0915 0.1316 0.1513 0.1386 0.1523 0.1603
Std. Dev. 0.0137 0.0194 0.0218 0.0206 0.0202 0.0170
Minimum 0.0769 0.1023 0.1017 0.1017 0.1253 0.1352
Maximum 0.1429 0.1996 0.2195 0.2066 0.2149 0.2195
Skewness 1.2477 0.7911 0.7390 0.9640 1.2408 1.5248
Kurtosis 4.1257 3.2665 3.4544 3.3636 3.7012 5.1418
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B. Estimation Procedure and Conditional Moment Restrictions

It has been especially difficult to estimate the continuous-time stochastic volatility
models that are best suited for pricing derivatives. Our jump-related models create
additional latent state variable of asset prices jump and time-varying jump intensity.
Previous estimation approaches include analytically tractable specifications such as
Gaussian and Regime-switching specifications, GMM approaches based on analytic
moment conditions, Bates’ (2006) AML (approximate maximum likelihood), and
simulation-based approaches such as Gallant and Tauchen’s (2002) EMM (Efficient
Method of Moments), or Jacquier et al.’s (1994) MCMC (Monte Carlo Markov Chain)
approach. Bates (2006) provides an overview of parameter estimation of
continuous-time models. Since the latent stochastic volatility can be inferred from
observed VIX data, we focus primarily on parameter estimation and thus
moment-based approaches provide an adequate framework. In addition, the analytical
solutions for the conditional moments in alternate models under physical and
risk-neutral probability measures set the stage for the construction of a GMM-type
estimator. The efficiency of the resulting estimator defined from these conditions
depends upon the particular choice of instruments (Hansen, 1985; Hansen et al., 1988;
and Gallant and Tauchen, 1996). This paper simply arguments the first and second
moments with lag-one and lag-one squared counterparts as well as the cross moment,
resulting in the following moments f,(®). By construction E [f, (D)]=0 using
numerical minimization'* and joint data of VIX time series and integrated volatilities,

the estimates of model parameters are obtained.

" Although the GMM procedure is the standard procedure to operationally implement E [f, (®)]=0

in the literature, this paper instead adopts numerical minimization that is common in derivatives
studies.
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ft ((D) =

Utiaton — Etp (Vtiariza)
Upiatroaliat = EtP (Ut+A,t+2AUt—A,t)
Ut+A,t+2AUt2—A,t - EtP (UHA,HZAUtZ—A,t)
Ut2+A,t+2A - EtP[Ut2+A,t+2A]

2 Pr,.2
Uiinte2aliae — Et [Ut+A,t+2AUt—A,t]
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where 7 =T —t =30/365. Structure parameters of alternate models are given by,

(DSV ={77$’KV79V’O-V7P777V}

(DSVJ :{nSIKvlevvo-vvplnvvﬂ"]1/1]'10-]12:‘]l/fl]‘}
Dy :{US’KV’HV’O-V’p’UV’/lJ’ﬂj’o-j'll'lv’/lz’/’l;’ﬂ:'pj}

Dyscy 2{773,Kv,ev,o'v,p,ﬁv,/lo,ﬂl,/lj1O'j,/lv,/1;,ﬂ;,ﬂj,/1:,pj}.

The closed-form solutions to the operational moments in equation (54) are given by,
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=N, svscs XVtria + Oy svscs X Vrria T Pasvses X InS, + Qasvses

where the values of H, g sc;s lysvsey @and J,quse; C€an be found in (B.12), while
N,svscs: Oasvscir Pasvscsr and Q,qvsc; are derived in (B.14). Similarly, these
solutions are obtained for the SVCJ by restricting 4, =1,,4, =4, and 4, =4, =0,
for the SVJ by further imposing u, = 1, =0, and for the SV by additionally setting

A, =75 =0.

[

VI. EMPIRICAL RESULTS

Summary statistics for parameter estimation results and out-of-sample pricing fits for
VIX futures are shown in Tables 2 and 3, respectively. The market prices of diffusive

and jump risks are reported in Table 4.
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A. In-Sample Pricing Fit

Physical and risk-neutral parameter estimates from alternate models implicit in the
joint VIX and integrated volatilities along with in-sample mean absolute errors are
shown in Table 2. The in-sample mean absolute pricing error (MAE) was considerably
and consistently smaller under the SVSCJ (MAE=4.3785) than the ones under the
SVCJ (MAE=4.6388), the SVJ (MAE=4.7589) and the SV (MAE=5.5574). There are
several interesting features of the parameter estimates in Table 2. The long-term mean
of the volatility process after taking into account volatility jumps, if any,
(x,0, + A, ) (xc, — A ) is 0.0371, 0.0279, 0.0714 and 0.0700 for the SV, SV,
SVCJ and SVSCJ, while the long-run mean under the risk-neutral measure are 0.0389,
0.0310, 0.0573 and 0.0314, respectively. The difference between these parameters
across the two measures is the market prices associated with total volatility change
risk. Eraker (2004) uses the MCMC approach along with the joint SPX option and
return data over January 1, 1987—December 31, 1990 to estimate model parameters.
In contrast, Eraker et al. (2003) use only daily SPX returns over January 2,
1980—December 31, 1999 to perform their estimation. While the comparable total
long-run variance means, (x,6, + A,u,)/(x, —A,,), in Eraker (2004) are 0.0487,
0.0416, 0.0377 and —0.0003 across models, Eraker et al. (2003) find 0.0228, 0.0205,

0.0230 and 0.0240 instead.

The speed of mean reversion, x, — A, 4, , when taken into volatility jumps, is 6.8977,
9.4814, 8.5660 and 9.1504 for the SV, SVJ, SVCJ and SVSCJ, while their risk-neutral
counterparts are 6.6516, 8.8939, 7.9864 and 9.0062. The speed of mean reversion can

be compared with the risk-neutral values of 1.49 and 2.45 or 1.15 and 2.03 for the SV

33



and SVJ found by Bates (2000) for S&P 500 futures options for the period 1988 to
1993 and Bakshi et al. (1997) for S&P 500 index options over the period 1988 to 1991.
Based on daily SPX returns over 1953-1996, Andersen et al.’s (2002) EMM-based
estimates are 3.93 and 3.7 for the SV and SVJ, while Bates’ (2006) AML-based
estimates are 5.94 and 4.38. In addition, the value of 3.29 for the SV is found by
Nandi (1998) for S&P 500 index options over the period 1991 to 1992. The diffusive

volatility risk premia, 7, v,, are estimated to be negative across all models. The
consistently negative estimates of 7, are —0.2460, —0.5875, —0.5797 and —0.3133

for the SV, SVJ, SVCJ and SVSCJ, indicating a substantial negative premium for
diffusive volatility risk, consistent with the negative correlation between volatility and
index returns, i.e. p being —0.46, —0.72, —0.52 and —0.27 across models. The figures
of p for the SV and SVJ can be compared to (-0.57, —0.55) and (—0.58, —0.61) in
Bates (2000) and Bates (2006), —0.64 and —0.57 in Bakshi et al. (1997), —0.60 and

—0.62 in Andersen et al. (2002), and —0.79 for the SV in Nandi (1998). The joint

values of (n,,p) suggest that investors are averse to changes in diffusive volatility.

Next, the instantaneous covariance of Brownian increments in index returns and
volatilities, i.e. o, pv, + (4, + A, )(u;u, + 2pj,uf), is on average —0.0012, —0.0030,
—0.1570 and 0.0329 for the SV, SVJ, SVCJ and SVSCJ, when taken into account
price and volatility jumps if any. Their risk-neutral counterparts for the SVCJ and
SVSCJ are downward to the values of —0.3251 and 0.0005, respectively. This positive

instantaneous covariance for the SVSCJ is caused by a relatively greater portion

attributed to the jump shocks than the one due to diffusive shocks.

The wvariation coefficient under the respective probability measures, i.e.
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J2uP o v+ 02 +2u22, and \2(u))? A v, + 0% +2(u)? 4, , determines how

fat-tailed the (risk-neutral) distribution is and thereby the relative values of deep OTM
options versus near-the-money options. The values of {0.3169, 0.4215, 10.2839,

11.3183} under P and {0.3169, 0.4215, 4.9006, 1.1691} under Q for the SV, SVJ,

SVCJ and SVSCJ are found in this study compares with o, values of 0.742 or 0.315
for the SV and 0.378 or 0.244 for the SVJ in Bates (2000) or Bates (2006), 0.39 for
the SV and 0.38 for the SVJ in Bakshi et al. (1997), 0.197 for the SV and 0.184 for

the SVJ in Andersen et al. (2002), and 0.26 for the SV in Nandi (1998).

The jumps under the SVJ occur frequently, with A, =2.4223 and A, =3.1575,
compared to the one under the SVCJ with 1,=0.7852 and 4, =0.7912 or the one
under the SVSCJ with (4,,4,)=(0.5951,0.5369) and (4;,4;) = (2.0047,0.2262).

The estimates of the mean jump sizes, x; and ,uJ are negative for all models and

the SVJ achieves the greatest values in absolute magnitudes. The SVCJ and SVSCJ

models have simultaneous correlated jumps in spot prices and volatility. The

correlation, p;, is found to be positive for both models and has greater value for the
SVSCJ. The volatility jump-size is estimated to be (u,, 4, )= (0.7335,0.4659) for

the SVSCJ and (,,u,)=(0.5785,0.4128) for the SVCJ. The t values for the

parameter estimates of the price and volatility processes are significantly different

from zero at the 5% significant level.
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Table 2 Parameter Estimates and In-Sample Pricing Fits

This table shows the parameter estimates of SV, SVJ, SVCJ and SVSCJ models and their in-sample
mean absolute pricing errors (MAE). The figures reported here are the averages over 24
non-overlapping estimation months from 21 April 2004 to 18 April 2006. The t-statistics calculated
from the Newey-West (1987) heteroscedasticity and autocorrelation consistent standard errors are
given in parentheses. ** and * denote statistical significance at 1% and 5% levels, respectively.

Parameters SV SVJ SVClJ SVSCJ
Sample size 24 24 24 24
MAE 5.5574 4.7589 4.6452 4.3785
0.5523" 0.5302" 0.5293" 0.5413"
s (6.7867) (2.8422) (3.6870) (3.0529)
. 6.8977" 9.4814™ 8.4928" 9.3676"
" (4.7651) (2.6767) (7.1222) (6.5577)
p 0.0514™ 0.0292™ 0.0290™ 0.0197"
" (9.3658) (5.5443) (2.5209) (2.9084)
0.3183" 0.4084™ 0.3759™ 0.1125™
v (2.6982) (3.40287) (5.9960) (6.1823)
-0.4641" -0.7212" -0.4708™ -0.2712"
» (-8.6914) (-3.6819) (~7.9043) (-5.3926)
-0.2460" -0.5875" -0.6385" -0.3133"
v (-5.6678) (—2.6116) (-5.3140) (-3.1039)
2.4223" 0.8008™ 0.5951""
A, or A,
(2.4223) (7.8518) (8.4847)
0.5369™
A
(9.0157)
-0.5912" -0.0725™ -0.1543"
# (-5.9118) (~6.9754) (~5.9298)
0.3704™ 0.0028" 0.0811"
7 (3.7039) (2.2570) (2.2128)
0.5669" 0.7335™
H (5.7850) (6.5548)
-0.1591" 0.3251"
P (2.3959) (2.4224)
. . 3.1575" 0.7328" 2.0047"
A, or A,
(3.1575) (7.9124) (4.0386)
. 0.2262"
ﬂ’l
(5.4496)
. -0.4991™ -0.0704" -0.1983"
# (~4.9913) (~2.0516) (~4.7909)
. 0.3181" 0.4659"
Hy (4.1276) (3.7838)
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B. Out-of-Sample Pricing Fit

While a more complicated model will generally lead to a better in-sample fit, it will
not necessarily perform better in out-of-sample pricing because any overfitting will be
penalized. To test whether the additional parameters of the volatility models are
economically informative for VIX futures pricing, this section provides a comparison
of out-of-sample pricing. Three measures of goodness of fit were then employed to
assess the out-of-sample pricing performance of the VIX futures pricing models on
the SV, SVJ, SVCJ and SVSCJ specifications. These were the root mean squared
pricing error (RMSE), the mean percentage pricing error (PE), and the mean absolute
pricing error (MAE). Table 3 reports RMSE, PE, and MAE values for several
categories according to time to expiration. Out of maturity combinations reported in
Table 3, RMSE and MAE were lower for the SVSCJ (SVJ) model for the short-term
(medium- and long-term) futures contracts. Thus, improvement was generated for
short-dated VIX futures under the SVSCJ. From the panel of PE values, in contrast to
the SV’s results, the SVJ and SVCJ models substantially overpriced the short-term
and medium-term VIX futures and underpriced the long-dated VIX futures. The PE
values showed that the SVSCJ pricing errors across maturities were less than zero,

indicating an overpricing fit for VIX futures.

Table 3 Out-of-Sample Root Mean Squared Pricing Errors (RMSE), Percentage
Pricing Errors (PE), and Mean Absolute Pricing Errors (MAE)

Days to Expiration

Pricing errors <60 60-180 >180
SV 4.6125 5.0469 20.5714
RMSE SVJ 4.2026 4.3946 5.5327
SVClJ 4.9342 5.3136 6.2425
SVSCJ 4.0424 4.6157 5.9926
sV 0.0036 0.0071 —0.0879
PE SVJ —-0.0133 -0.0302 0.0022
SVvCJ —-0.0224 —-0.0367 0.0092
SVSCJ —0.0055 —0.0324 —0.0003
SV 3.5545 41741 14.5512
MAE SVJ 3.5064 4.1358 4.0024
SVClJ 3.9794 5.0210 4.2364
SVSCJ 3.4141 4.4326 4.5087
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C. Market Prices of Price and Volatility Risks

This section focuses on the risk premiums that price four important sources of risks:
diffusive price shocks, price jumps, diffusive volatility shocks and volatility jumps.
Premia for the “conventional” return risks (Brownian price shocks) are parameterized
by n.v, fora constant coefficient 7. This is similar to the risk-return trade-off in a
CAPM framework. Premia for “volatility” risks, on the other hand, are not as
transparent, since volatility is not directly traded as an asset. Because volatility is,
itself, volatile, options may reflect an additional volatility risk premium. Volatility risk

Is priced via the extra term 7,v, in the risk-neutral dynamics of v,. For a negative
coefficient 7, , the time-t instantaneous mean growth rate of the volatility process v,
is, therefore, 7,v, higher under the risk-neutral measure Q than under the

data-generating measure P. Since option prices respond positively to the volatility of

the underlying price in this model, option prices are increasing in -7, .

The market prices of risks are implicit in the dynamics of (InS, v) under the joint
distribution associated with the risk-neutral measure Q and the data-generating
measure P. Comparing the specification of the risk-neutral dynamics of (InS, v) with
that of the data-generating process, one can obtain an intuitive understanding of how

different risk factors are priced. Consequently, the instantaneous risk-neutral expected
rate of index returns is r—&— (4, + A4v, )& —v, 12+ (A + 2v) (i + p;1t,) , While
K, (0, —v,)+u, (A, + 4v,) for the volatility process in the SVSCJ model. Focusing

first on the time-t instantaneous risk premium associated with the diffusive price

shock is 7gv,, while that associated with the volatility shock is 7, v,. Similarly, the
time-t expected excess index return compensating for the jump risk whenever the
underlying price jumps is (4, + 4v ), + o1, ) — (A + Av)(uj + pju,) . while
the form of volatility jump-risk premia is (4, + AV )u, — (A +A4v,)u, if the

volatility jumps. The diffusive and jump risk premiums associated with price and

volatility risks for the SV, SVJ and SVCJ models are obtained by restricting
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/10:/1?):/11:/2;:/0] =H, = Hj :,u;=0, /10:/%’/1*(;:/137/11:};1(:/0]' =u, =0
and A, =4,,4, =4,,4 =4, =0, respectively. Table 4 reports related results. We

find the diffusive price-risk premia are remarkably similar across models, ranging
from 0.0036 for the SVCJ to 0.0043 for the SV. The diffusive volatility-risk premia
are on average negative and the SVCJ and SVJ have strong negative diffusive
volatility-risk premium of —0.0044 and —0.0042, respectively, compared to the SV of
—0.0026 and the SVSCJ of —0.0021. The results are consistent with the relative

magnitudes of parameter estimates 7y and 7, across models in Table 2. Associated

with the market prices of jump risks, the SVJ achieves the greatest price jump-risk
premia of 0.1794, followed by the SVCJ with the value of 0.0507 and the SVSCJ with
the value of 0.0011. In contrast, the SVSCJ has the greater volatility jump-risk
premium of 0.2510 than the SVCJ with the value 0.1410. In summary, the diffusive
and jump risk premia vary across models. In terms of volatility shocks, the SVSCJ has
the greatest volatility jump risk premium, while the SVCJ has the strongest negative
diffusive volatility-risk premium. Thus, the existence of volatility jumps is related to
the estimation of volatility risk premia. For the price shocks, the SVJ has the greatest
price jump-risk premium and the SV achieves the greatest diffusive price-risk

premium.
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Table 4 Market Prices of Diffusive and Jump Risks Implicit in the Joint VIX and

Integrated Volatility
The diffusive price-risk premium is #7.v,, while that associated with the volatility shock is 7, v,.
Similarly, the price jump-risk premium that prices the logarithmic price changes dInS is
(Ao + AV )ty + pya,) = (A + v, )y + pyp;) for the SVSCI, A, (u; + pyu,) =24, (1] + p,u1,) for
the SVCJ, and A, i, — A, u; for the SVJ. The form of volatility jump-risk premia associated with the
volatility change dv is (4, + A,v,)u, — (4, + A,v,)u, forthe SVSCJ, and A, u, — A, u, for the SVCI.
The instantaneous variance v, is computed as v, =(c/a, ¢, )VIX: -7, la, ¢ —b,  la
where ¢ =1+22[x" —(u, +p, )] and &, =24 [« —(u; + p;p,)] forthe SVSCJ, ¢, =1 and
¢, =22,[k" —(u; +p,u,)] for the SVCJ, ¢, =1 and ¢, =22,(x —u;) for the SVJ, and
¢, =1 and ¢, =0 for the SV. For the SVSCJ, a,, =fl—exp[—(«x, — A, u. )T -1} (x, — A, 1.)
and b, =(x.0, + A, u)[(T -t)—a;_ 1/(x, — A u,) . The values of a;_and b;_ for the SVCJ are
obtained by setting A, =1, and 2, =0, while further restricting x, =0 we have a; and b, for
both SVJ and SV. The sample covers the period of 21 April 2004-18 April 2006, in total 502 trading
days.

Risk premiums and models dInS dv

Diffusive risk premium SV 0.0043 —0.0026
SVJ 0.0039 —0.0042
SVvClJ 0.0036 —0.0044
SVSCJ 0.0041 —-0.0021

Jump risk premium SV — —
SVJ 0.1794 —
SVClJ 0.0507 0.1410
SVSCJ 0.0011 0.2510

VIlI.  CONCLUSION

The contributions of this paper to existing literature are (i) to propose closed-form
solutions to the fair value of the VIX futures under alternate affine diffusion-jump
stochastic volatility processes; (ii) to propose a methodology for an integrated analysis
of spot and option prices, or equivalently integrated volatility and VIX; (iii)
closed-form moment conditions for the total quadratic variations of index returns, i.e.
our integrated volatilities, are derived for model estimation; and (iv) the market prices
of risks are estimated. Four models are specified in this paper including the ones with
jumps in returns and in volatility simultaneously. For the VIX futures valuation, our
empirical results indicate that both of these jump components are important. The
model with only diffusive stochastic volatility and jumps in returns, i.e. SVJ,
outperforms for medium- and long-dated futures contracts, while additionally
including a state-dependent component driving the conditional volatility of returns,

which is rapidly moving, i.e. the SVSCJ, can further reduce out-of-sample pricing
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errors for short-dated futures. Parameters and risk premia also have important impacts
on VIX futures prices. To obtain accurate estimates, this study follows the work of
Chernov and Ghysels (2000), Eraker (2004), and Pan (2002) to use joint spot and
option prices, or equivalently integrated volatilities and VIX, to perform our empirical
work. The diffusive price-risk premiums are found to be positive, while the premiums
associated with the diffusive volatility shocks are negative for all models. The price
jump-risk premium is found to be positive and the SVJ achieves the greatest value,
followed by the SVCJ and SVSCJ. The volatility jump-risk premium is also found to
be positive, however, the SVSCJ has a greater value than the SVCJ. Overall, our
results, on one hand, support the claim that a model with stochastic volatility and
correlated state-dependent random jumps both in underlying returns and volatility is a
better model for short-dated VIX futures. On the other hand, a model with stochastic
volatility and random jumps a better alternative to other models for medium- and

long-term VIX futures.

APPENDIX

A. VIX Squared in Terms of Fair Value of Price-Diffusion Variance
Breeden and Litzenberger (1978) demonstrate that the risk-neutral probability density

function of the stock price Sy at time T is given by,

C(S, X.LT)  _ &*P(S, X,T)
oxX: | oX?

p*(SwT;St't): ‘
X=S;

where C and P represent undiscounted call and put prices respectively. The value

of a claim with a generalized terminal payoff g(St) is then calculated as,

a°C
ox 2

o°P
oX 2

E°[9(S,)[S]= [ dX p"(X,T:S,0g(X) = [ dX =~ g(X)+ [ dx

g9(Xx)

where F =S.e( 2T denoting the forward price of the stock with a risk-free
interest rate r and a dividend yield ¢, and Q being the risk-neutral probability measure.

Integrating by parts twice and using the put-call parity relation C—-P =F — X give,
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EQ[g(S)|S]——g(><) jdX—g(X) —g(X) jdX—g(X)

=g(F)- j dx — 9'(X)+ jdx g'(X)
= g(F)- P(X)g'(X)\O +[dx B(X)g"(X) (A1)
~C(X)g'(X)|_+ [ dX C(X)g"(X)
F ~ ) ~

= g(F)+ [ dX P(X)g"(X)+ [-dX C(X)g"(X)
By letting t—T in equation (A.1), any European-style twice differentiable payoff may
be replicated using a portfolio of European options with strikes from 0 to o with the
weight of each option equal to the second derivative of the payoff at the strike price of
the option. This portfolio of European options is a static hedge because the weight of
an option with a particular strike depends only on the strike price and the form of the

payoff function and not on time or the level of the stock price. Note that equation (A.1)

is completely model-independent. Now consider a log contract, In(S;/F). Then

g"(X)=—S;°|, _, and it follows from equation (A.1) that

2] 50 e

By the definition of VIX squared, we have

VIX? _2 U —SP(X)+ J‘—C(X)}_—EEE{In(SFTH (A.2)

where 7=T -t=30/365. Thus, VIX squared can be expressed in terms of the

risk-neutral expectation of the log contract. Different dynamics for the index price S,

will result in various expressions for VIX squared. The stochastic volatility with
state-dependent and correlated jumps (SVSCJ) in both index returns and volatility is

the most general process considered in this paper. The dynamics of (InS,,v,) under

the risk-neutral measure Q are of the form,

dIns, =[r—5—(/’t; +2.Ivt)l(*—%vt}dt+\/2da);t +25dN;

dv, = K‘:(@: —vt)dt+0'v\/2da):t +2,dN;
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where the correlated Brownian motions dwg, and dw,, are independent,
respectively, of the compounded Poisson processes z;dN, and z dN,. The jumps
arrive at the exponential rate of (A, + A4,v,)dt with jumps in volatility driven by an
exponential distribution, z, ~exp(y:), and jumps in asset log-prices normally
distributed conditional on the realization of z,, formally zs‘z ~ N(,u]f +pj2:,(7j2).

k" is the price-jump size mean for the percentage price change . The diffusive

component of v, is governed by Heston’s (1993) stochastic volatility process.

Applying Ité’s Lemma to In(S; /F) under the SVSCJ and comparing with equation
(A.2), we have

VIX? = _2, Ef{ln(%ﬂ =2(r - 6) —EE?(In S; —InS,)
T T

= 2Ly du— (2 4 v U (B + v )+ )
== ZE8 [ g vadu— (% + v, du+ (A + Av, )(u + py 0 )du]
cp x « g 1 o « « T
= 240 = + {1 20— (u + p )] }><E?Ut vudu) (A3)
= 250"~ (; + oy 1+ {1+ 2816 — (i + oy X ES (uf)

* * * * 1 * * * *
= 205" =y + i+ {14 281" — (i + py )] P ER 0~ 0)

where v, ; = f var,(dInS,) is the total quadratic variation of InS over the period
[t,T] that reconciles the spirit of integrated variance constructed in the literature. It

. e T .
consists of the price-diffusion part, v’; = It v,du, and the price-jump part,

T * * * * *
UtJ,T :J; v,du  where EtQ(VJ)z(ﬂ’O +/1Jvt)[(:uj +pjﬂv)2 ‘*‘(712 +pj2(1uv)2]dt 1

Thus, the fair value of total quadratic variation of InS after subtracting the
price-jump component and also adjusting for price-jump mean is explicitly given by
the value of an infinite strip of European options in a completely model-independent
way. Note that the correlation between Brownian shocks in index price and volatility,

12 The realized variance of InS over [t,T] is calculated as Var‘(J'Td In Suj =var(InS, -Ins,), which is a

constant and thus different from the random variable-type quadratic variation of InS over [t,T], i.e.
v, = [var,@dIns,).
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i.e. pdt =corr(des,,dw,, ), does not enter the VIX formula explicitly.

As a result of changing the state-dependent jump arrival frequency, A, + 4,v,,

into a constant, A, , i.e. restricting A, =4, and A4, =0 in the SVSCJ, the VIX

squared for the SVCJ model becomes
i e g 1 .
let2 =22,[x _(/uj +pjluv)]+;E’? (Ut,T) (A4)

where vf; =v,; —ov; and v =4 [(/U: + pjﬂ:)z + (0'12 + pjzluf)]r'

Further, the SVJ model with the volatility driven only by diffusive component

leads to the VIX squared shown as follows,
VIX? =27 (" — i) + TES (0F; ) (A5)
T

where vy =v.; v and o)y = A [(4))’ + o’ lr.

Finally, the VIX squared under diffusive dynamics of InS with mean-reverting

square root stochastic volatility (the SV model) is given as the total quadratic

variation of InS, i.e.v,;, which is fully contributed by the smooth part, v; .

1 1
VIX? = =E2(vir) = =EZ () (A.6)

T T

B. Conditional Moments of Total Quadratic Variation of Log-Price
B.1 Conditional Mean

The first and second conditional moments of the point-in-time volatility, under the
physical probability measure P, driven by the price-diffusion component for the
SVSCJ model satisfy,

Etp (vr)= Q1 _svseaVi t Br_isvscs (B.1)

Pr o2y 2 2
Ef(vy)= Q1 _tsvscyVie + (CT—t,SVSCJ + 2014 sysci Pr_tsvses Wi

2
+ Br_tsvses + Drisvsc

(B.2)
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EP(INS;) = InS, +[r =8~ Ak + Ay (at, + P31, )T =)
. o« 1 (B.3)
+[ns - 4k _E"‘ﬂﬁ(ﬂj +/0j:uv)][aT—t,SVSCJVt +bT—t,SVSCJ]

where @ gygc; =€ T

0, + 4
Pr_isvscs = B2 T Lol [1—e v Aam) (0]
’ KV - /llﬂv

D — (0-5 + 2/11/’!5) Kvev + j’Oluv [1_e—(rcv—ﬂ,l,uv)(T—t)]2 + /10#3 [1_e—2(KV—ﬂ1/l‘,)(T—t)]
TS 2k, ) K = A, K, = A,

2 2
(00 F2A15) ¢ e h) (T -2, ) (T-)
CT*LSVSCJ - [e e ]

(x, =4 u,)

1— e*(Kv A, ) (T-t)
K, =AM,

b _(Kvev +loﬂvj (T _t)_(l_e(Kvﬂqﬂv)(Tt)J
T-t,SVSCl —
Kv - lluv Kv _ﬂlllllv

The conditional mean of the total quadratic variation of the log-price for the SVSCJ

Ar_svscy =

model satisfies,

E¢ (o) = E¢ (077)+ E¢ (UtJ,T)
= Aol(uj + pyp,)* + o] + pi 1T 1) (B.4)

+{1+ ﬂq[(ﬂj + pjluv)z + O-jz + pjzll'lf]}x (@ svscaVt +Prrsvscs)
1— - (m—Am)(T-0

where Ar_svscy =
K, = A,

b _(Kvev +loﬂvj (T _t)_(l_e(Kvﬂqﬂv)(Tt)J
T-t,SVSCl — .
Kv - lluv Kv _ﬂlllllv

Focusing on the one-day horizon, i.e. A =1/365, it follows that,
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EIP[EE—A (Viariaa)l = /10[(/1] +pjluv)2 +O-j2 +pj2/15]A
+{1+ﬂq[(ﬂj +,011Uv)2 +(7,'2 +pj21u3]}x[aA,SVSCJEF(VHA)+bA,SVSCJ]
= svscy X EtP(Ut,tJrA) + (1 —a,syses) ¥ /10[(/”] + pj/uv)z + (7]'2 + pjz,uf] A

+{L+ 4 [« +,oj/zv)2 +O',-2 +pj2,uf]}><ﬂA,svsCJ A

By the Law of Iterated Expectations or reduction in information sets (Meddahi and
Renault, 2004),

EtP[EtPJrA (Ut+A,t+2A )] = Etp (Ut+A,t+2A)

= Q) svscy X = (Vpa) + A=y syser) X Aol + pjﬂv)z + O-jz + pjzﬂf]A (B.5)
+{1+/11[(,Uj +pjﬂv)2 +O—j2 +pj2/u3]}xﬂA,SVSCJ A

By setting 4, =4, and A4, =0, we have the conditional mean of total quadratic

variation of log-price for the SVCJ,

P P
Ef (Vation) = Xasves XEf (Ug44)

(B.6)
+ (1 -a, ) x4, [(ﬂj +pjﬂv)2 +(7j2 +pj2,uv2]A+:BA,SVCJ A

K

\4

0, +A
where Aprsvey = e™™* and Basver = (Mj(l_ e ™).

Further additionally restricting z, =0 in (B.6), the conditional mean of integrated

volatility for the SV and SVJ becomes,

P P
E, (Ut+A,t+2A) = Ay svorsvs X Ey (Ut,t+A)

, , (B.7)
+ (1= psvarsvi) X4, (,Uj +0; YA+ Bysvorsvs A

—K,A _ —Kk,A
where Opsvorsvy =€ ** and IBA,SVorSVJ =0,(1-e ) -

Replacing v, in (B.3) with (B.4), we have
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[75 _;t;’(* _;"'21(/1] +pj,uv)]

QL+ 4l + py1,)? + 05 + o5 i1}
T =8 = Ak + A (tty + o, JIA (B.8)

E’(InS,,)=InS, + XE{ (Uy.n)

* * 1
[ns = 24" =+ Aaat; + pip )< Al +po1,)" 05+ piul]A
L+ Ally; +piu,) + 05+ pi i1}

B.2 Conditional Variance of Integrated Volatility

The stochastic differential equation for E{ (v,;) could be generated as a function of

v, by applying 1t0’s lemma to the affine equation in the SVSCJ,

OB ) g, OB )
ot ov
= ~Voll; + p1,)? + 0%+ pPuP 1+t Al + o) + 02+ pPutThxv, ot
L+ 4, + psu,)* + o5+ pi a1}
% far ovsc Oy VA0, +8r ysysey [2, AN, — g1, (A + A )dt]}

dEtP (Ut,T )=

(B.9)

Now fix the upper limit T, and let the lower limit t be time-varying. The It integral
implied by (B.7) then takes the form,

ETP (Ur7)= Ef (Vi) =V

L+ Al(y; +pyu,)* + o+ piug T}
T T
x {JVJ; 8r_ysvscy \/Zda)v,u "'J‘t ar_ysvsea[2, AN, — 1, (4o + &Vu)du]}

where

O = Al +pyp,) + 08+ pi 21T =) + 0+ A[(; + py10,) + 08 + ol 2 1< 0f;

Since Ej (vy;) =0, which implies that

Uir — EtP(Ut,T) :{1"‘21[(,‘11' +pj,uv)2 +O'i? +pj2/15]}
T T
X {‘7V_L 87 _y,svscs \/Zda)v,u +_L ar_ysvscs[2, AN, — 22, (4, +/11Vu)du]}

By standard arguments and the substitution of equation (B.1), we have
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VartP (Ut,T) = EtP[Ut,T - EtP (Ut,T )]2

={l+ /11[(/1] + ,Dj/'lv)2 + O'j2 + pjzluvz]}z X {AT—t,SVSCJ XV + B svses }
where
A, _ (O'VZ + 2#521) 1 _2a (T —t) aTZ—t,SVSCJ
e = A (e =) T (e, = Aatt,)

(T -1) 3 (OfT2 _tsvscs ~ 4 ysvscy F 3):|

B =2u’A
T-t,SVSCJ A, 0|:(K.V _}“1/%)2 Z(KV —ll,ul,)s

(B.10)

2
(aT—I,SVSCJ +4dr_syse) — 5)

+ (0-5 + 21”5/11) (Kvev +/10,le

x| (T =1)Q+ 27 syscy
(k, ~ i)’ \ K, — Ao, j [( Nr 2ot

2(K-v - /Ll_luv)

Focusing on the one-day horizon, (B.10) and (B.4) imply that

EtP (Utz,t+A) = VartP (Ut,t+A) + [EtP (Ut,t+A )]2
={1+ ﬂ’l[(,uj + pj,uv)z + O-jz + pjzluvz]}z x ai,SVSCJ X Vt2
{1+ 31[(/1; + Pjﬂv)z + O'jz + szﬂf]}z X (AA,SVSCJ + 28, syscy bA,SVSCJ)

0+ 200y + i)t + 0+ pLZ]A <v, (B.11)

)Lt [(u; + paa,)’ + 05 + ol Thx 8, yscy
L+ Al + o) + 05+ a1} % By svses
+{/10[(,U,- +p 1) +ol+plul]A }2

L+ A + pyu,)° + 05+ 5l 13xD, svsc:

Leading the arguments by one period and applying the Law of Iterated Expectation

produces,
EtP (Ut2+A,t+2A) = EtP[Eth (Ut2+A,t+2A )]
={1+ Al + pjluv)z + O'j2 + pjzluvz]}z X a4 svss X Ef (V)
L+ ALy, + Pj,uv)z + O-jz + sz,uf]}z X (Aysvscr + 28, svscibasvscs)

+ +2ﬂ'0[(/uj +pj/uv)2 +O-j2 +pj2/u5]A XEtP(VHA)

QL Llu; + pyp,)° + 05+ pf il 1% 8, syscy
L+ Ay + pyu,)? + 05+ Pl ]} % Bysvses
+{/%[(u,— +piu,)’ + 0t + plul]A }2

L+ Al + pyu,)? + 05+ 5l 13xD, qvscy
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Now substituting for E (v,.,) by equation (B.1) and E[(v/,) by equation (B.2),
and reversely substituting out v? by equation (B.11) and v, by equation (B.4), it

follows that

P 2 P 2 P
E. (UHA,HZA) =H, svscs X E¢ (Ut,t+A) + 1, svses X Eq (Ut,t+A) +J s svscs (B.12)
where

_ 2
H\svscs = @ svscs

lysvscy =L+ /11[(/1] + pjﬂv)z + O-jz + pjzﬂf]}
1 y [ai,svsm X (Crsvscs 2@, svsciPasvscs) }

X
2
+ (aA,SVSCJ - aA,SVSCJ) x (AA,SVSCJ + 2aA,SVSCJ bA,SVSCJ)

a‘A ,SVSCJ

+ 210[(#] +,0jﬂv)2 +Jj2 +,0j2:uv2]Ax (@4 svscs _ai,SVSCJ)

J A svscs
_ 2 2 2 2712
=L+ 4 [(u; + pju,)" +oi +pju 1}
~ , ~
3 bA,svst y A, svsc (CA,SVSCJ + ZaA,SVSCJﬂA,SVSCJ)
2
Axsvscr |+ (@psvses — Xasvses ) (Aasvscs 284 svscibasvscs)

2 2
X1+~ Q) svsci )(BA,SVSCJ + bA,SVSC.] )

2 2
+ aA,SVSCJ (ﬂA,SVSCJ + DA,SVSC.] )

|+ Lasvscs (Assvses + 28, svsciba svscs) ]
+{/10[(/uj + pjll’lv)z + O-jz + pjzluf]A}z x(1- aA,SVSCJ)Z
+ [y + piu,) + 08+ Pl ul 1AL+ Al + ps,)’ + 07 + o1}

2bA,SVSCJ (1 - aA,SVSCJ ) + 2a‘A,SVSCJ ﬂA,SVSCJ

2
X 1 % aA,SVSCJ (CA,SVSCJ + 2aA,SVSCJ ﬂA,SVSCJ )

2
a4 svsc) + (aA,SVSCJ — Q) svscy )(AA,SVSCJ + ZaA,SVSCJ bA,SVSCJ)

By setting 4, =4, and A, =0 inequation (B.12), we have the conditional variance
of integrated volatility for the SVCJ model. Additionally restricting «, =0 and
further 2, =0 in the SVCJ model, E{[(vf,,,.,,)?] for the SVJ and SV models,

respectively, are obtained.
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B.3 Cross Moment Condition of Leverage Effect

Apply 1t0’s lemma to InS, xv,, express the product as a stochastic differential

equation, and take the conditional expectation of InS; xv, under the SVSCJ,
E-(InS; xv,;)
=—(k, — 1) [ EF(INS, xv,)du+InS, xv, +(x,0, + Ao, ) % [ E7 (IS, )du

* % T
+[r =8 =2k + 2o (1 + pya1,) + 0, p1x [ E (v,)du

N T TE[ (z4dN, xz,dN,)
s =2k =2+ Ay + ) [ BT () du e [ = du

Interchanging the two integration operators and taking derivatives of both sides with
respect to the upper time limit, then yields the first-order linear ordinary differential

equation,

p
dE, ('”dis V) _ (i, — A, )X EP(INS, xv.) + (k,0, + Aop,) x EP(InS.)

+[r == 2ox" + A (u; + p;u,) + 0, pIxEL (v,)
E; (zsdN, x z,dN,)
ds

« » 1
tlns —Ax" =S+ A a4 o )IXEL (V) +
By applying Ito’s lemma to exp[(x, —A,u,) S]xE; (InS, xv.), we have

('j[e(KFAWV)SEtP (InS, xv )= (x,0, + A1, )% (E(I(VJWV)SEtP (InS,)ds
+[r =8 — Aok + 4 (1 +pjm)+ O-vp]xe(K"_MIV)SEtP (vy)ds

* % 1 K,— S
+[ns — 4k _E'*‘ﬁq(,uj +pj,uv)]><e( CAABET (v7)ds
+e A EP (7 AN, x ,dN )
Now, we can compute E; (InS; xv;) for T >t,
EP(INS; xv;)
= e T (IS, xv) + (K,0, + Ao, Jo T x [ @4 E] (InS, )ds
HIr =8 = Aok™ + 2yt + py,) + 0, ple T [T el ER (v, )ds
FD — 2K = e e [l D (s

T
+e*(Kv*ﬂqﬂv)TJ‘t e(Kwﬂwv)SEtP (zsdN, x z,dN,)

50



Substituting existing solutions for E{(InS;) , E () , E;(v) and
E; (zsdN; x z,dN; ), the solution is given by,
EtP (InS; xvy)= A7 _tsvscy X (InS; xv) +(x,6, + ﬂ’O/uv)a'T—t,SVSCJ xInS, (B.13)
+ K+ svscs lez + Lrisvses X Ve + Mr_isvses
where
Kr isvses =[77s _/q;’(* _l+ﬂq(ﬂ + P u,)] T males
' 2 J (o7 +22,47)
LT—t,SVSCJ =
[r =6 Aok + Ao (et + py1,) + 0, p+ A (pts , + 29140 )]% sy (T = 1)
* * 1
+[ns — 4K —§+/11(ﬂj +pip)]
T (sz + 221/”5) K,0, + 1, CT—t,SVSCJ
A1 syses (T —1) + -
v (Kv _ﬂ‘l/uv) Kv _Alluv (Kv _/11/1‘/)
n K,0, + 1, a _ 2C; ; svscy
K — A, T —t,SVSCJ (05 N 2/11#3)
MT—I,SVSCJ =
[r—&— A" + A (1 + o) +o,p+ A (uu, +2,0j/“5)]
KVHV +l ﬂV
% (ﬁj[ant,svsu — a7 svsey (T —1)]
* * 1
+[ns -4k _E"'ﬂq(,uj +pjluv)]
0 + g\ C
KV 14 ﬂV
(’C_—ﬂlzvj x |:aTt,SVSCJ +% A1t svscy (T _t)}
(o2 +2,u2)( ,0, + A,u,
) + 2k, —/111/% K. /11;/ ar_isvses ~ 207y svses (T _t)]
K,0, + A1, 1
[ K, — ﬂmjlv J (Kv 1/% ECT—t,SVSCJ _ﬂT—t,SVSCJj
A ,Uv o ~t,SVSCJ K,0, + A1,
+ X, _021,Uv X|:aT ~t,5VSCI _( 2 07 u12) + X, _/ll;v br_ svscs

+[r —5—ZEK* + A, (,Uj + pj,uv)] bT—t,SVSCJ
+ Ao (018, + ij,uf)aT—t,SVSCJ

Focusing on the unit time-interval, or T =t+ A, and using the earlier result that
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E{ (0.,) in (B.4), E(V},,) in (B.11) and the Law of Iterated Expectations, the

cross moment condition of (B.13), which is directly implementable, becomes

P Uiiateon — Ao [(/Uj + pj/uv)z + (7]'2 + pjzﬂf ]A bA,SVSCJ
Et In t+A - (B 14)

{1+ 21[(,”; + pjluv)z + O-jz + pjzﬂvz]}x Aprsvscs  Qasvse

B P2 P
=N, svses XEi (0 a) + Oysvser X B¢ (Ug1:a) + Pasvser X INS; + Q4 svsey

where

N _ K asvscs
ASVSC) —
{1+ ﬂq[(ﬂj + pj/lv)z + O'jz + ijILlf]}z X ai,svsm

(aA,SVSCJ xInS, + LA,SVSCJ)
2

O =
ST L ALy + oy, ) + 07+ Pl T By suscy

_ (AA,SVSCJ + 2a‘A,SVSCJ bA,SVSCJ) X KA,SVSCJ
o+ Al(u; + pyu,)* + 07 + ol 11% @3 svscy
B 210[(/1,' + pjluv)z + O-jz + pjz/"vz] AxK, svscy
L+ Al + o) + 07 + pi 1Y X85 guscy

b a
A,svsCIa svscl

Pysvscs = (x,0, + ﬂoﬂv)aA,svsca -

A, svscs

B Aol(x; +,0j,uv)2 +O'j2 +pj2ﬂ3]AxaA,svsc:J
{14‘/11[(/11 +pjluv)2 +o—j2 +PJ'2/1V2]}X A, svscy

2

QA,SVSCJ =M A,SVSCJ
a, svsc

2
by svses X Lasvses K b, svscs Basvscr X Ky svses
— hasvscy -

A,SVSCJ

A, svscy

2
{’10[(#] +pj/uv)2 +O-j2 +,0j2ﬂ3]A} x K svscs
{1+ﬂl[(ﬂj +pj/uv)2 + (7]'2 +pj2ﬂ3]}2 x aﬁ,svsca

(AA,SVSCJ + 2a’A,SVSCJ bA,SVSCJ) x bA,SVSCJ X KA,SVSCJ

3
aA ,SVSCJ

Ao [(,Uj + pj/uv)z + sz + szluf Jax {(AA,SVSCJ + 28, sysciPasvser) X Kasvser — az,svsca L s svscs }

L+ [ + piu,)2 + 05+ Pl 2 1% @l svses

By setting 4, =4, and A4, =0 in equation (B.14), we have the cross moment of
total quadratic variation for the SVCJ model. Additionally restricting «, =0 and
further 4, =0 in the SVCJ model, cross moments for the SVJ and SV models,
respectively, are obtained.
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