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ABSTRACT

Most monthly return distributions of alternativesats are in general not normally distributed.
Further, some have biases (e.g. survivor ship Iieeg)distort the risk-return profile. For that
reason every portfolio optimization in the meaniaace framework which includes
alternative assets with not normally distributetume distributions and/or biases will most
likely be sub-optimal since the risk-return is molvered adequately. As a result the biases
and higher moments have to be taken into accouort.tifat reason the return series are
corrected for biases in a first step. In the ndgp she empirical return distributions are
replaced with two normal distributions to approxiena best-fit distribution to cover the
impact of the higher moments. This procedure isknas the mixture of normal method and
is widely used in financial applications. In order build a strategic asset allocation for a
mixed asset portfolio traditional investments (k®@nd bonds) and the vast majority of
alternative investments (asset backed securitiedgér funds, venture capital, private equity
(buy out), commodities, and REITS) are consideFedthermore real investor's preferences
are considered in optimization procedure. In otdetest the results for stability robustness
tests which allow for the time-varying correlatistnuctures of the strategies are applied.
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1 Introduction

Alternative investments gain more and more impagann the context of portfolio
compositions of institutional investors, like endoents, family offices, pension funds as well as
high net worth individuals and reached a volum& tifllion US$ at the end of 2006 [Loeys and
Panigirtzoglou (2006)]. These investors have theestment capital to raise the required
minimum investment capital for alternative invesihtselike private equity or hedge funds, have
long investment horizons to hold illiquid investmhenhe share of alternative investments in the
portfolios of high net worth individuals for exareplose from 10% in 2002 to 20% in 2005 [for
more details see World Wealth Report 2006 of Capgieand Merrill Lynch], whereas the
average share of alternative investments in anvememt portfolio went up from 3% in 1996 to
12% in 2005. However, endowments greater thenlibiiUS$ even have an allocation of about
36% [for more details see 2006 NABUCO Endowmentgtulherefore the question arises why
we observe this rush in alternative investmentafjue that there are two main reasons for this
observation. Firstly, investors try to diversifyethportfolios to avoid substantial losses in large
downturns in the equity and bond markets (e.g. Mgiasis 1997, Russian crisis 1998, new
economy bubble in 2000 and the attack of the Worédle Centre in 2001). During those phases
alternative investments can help diversifying tloetfplio, because their return drivers differ
from the drivers that affect the equity and bondkets [Schneeweis, Kazemi and Martin (2001)].
Secondly, their positive diversification properttes not reduce the expected portfolio returns and
enhance the risk adjusted performance. For exathgldéop US university endowments (e.g.
Harvard, Princeton and Yale) reported media-effectealized annual returns in the range of 10-
25% in the last three years which highlights thet fhat alternative investments can enhance the
expected portfolio returns too. Lerner, Schoar rahg (2007) attribute parts of this success to

the willingness to rely on alternative investments.
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Admittedly, if the investor wants to build up aneshative investment exposure she or he has
to decide which alternative investments to inclu@ieereafter, the investor is left with the
problem of the strategic asset allocation, meattiegdetermination of the long term allocations
to the considered asset classes. This selectitreisnost important decision in the investment
process and explains most of the portfolio retuariability and therefore is the major
determinant of investment performance [Hoernemdonkans and Zarate (208p)Precisely,
the investor has to analyze the investment oppibign(traditional and alternative) and decide
which alternative investments to include and in igtr@portions. In order to do so she or he has
to take into account in the first step the riskiratcharacteristics as well as other factors unique
to alternative investments adequately. This stecessary because of the fact that the obtained
risk-return characteristics are the influencingafales for the strategic asset allocation modals. |
the next step the models have to be flexible endaghcorporate the risk-return characteristics.
When the risk-return characteristics of alternativeestments are not captured appropriately or
the strategic asset allocation model lacks in figity, then the obtained optimal portfolio after
the portfolio optimization in general includes ordifernative investments [Terhaar, Staub and
Singer (2003)].

In the literature the majority of empirical studiesncentrate on analyzing the effects of
including one alternative investment in a mixedeagsortfolio only. When more then one
alternative investment is considered than the mésien profiles are captured inadequately or the
chosen model is not flexible enough [e.g. Schnegw&ravas and Georgiev (2002) and Conner
(2003)]. In the case that the risk-return profiées captured adequately and the chosen model is

flexible enough then the considered alternativestments do not represent the vast majority of

! They present an alternative study to the ofteedcitudies of Brinson, Hood and Beebower (1986)Bxirtson,
Hood and Beebower (1991), which uses a slightligediht framework and covers a longer time horizamtthe
earlier work, includes alternative assets, andzeslsynthetic portfolios.

2



the alternative investments. In the paper of Huang Zhong (2006) commodities, REITs and
TIPs are considered only whereas Hoecht, Ng, Wudf Zagst (2006) integrate in their model
Asian hedge funds and Asian REITs solely. Therefitwese papers do not answer the question of
a strategic asset allocation for broad sampletefrative investments.

This paper is the first attempt, best to authorswkadge, that 1) incorporates a variety of
alternative investments (asset backed securitezgdnfunds, venture capital, private equity (buy
out), commodities, and REITs) as well as traditioneestments (stocks and government bonds),
2) adjusts risk-return profiles for biases, 3) usesodel for the strategic asset allocation which i
flexible enough to capture the risk-return proéidequately, and 4) and incorporates real investor
preferences. Before the optimization the returretgaries of some alternative investments (hedge
funds, venture capital, buy out) are correctedbiases like appraisal smoothing, stale pricing
and/or survivor ship bias. The thereupon used opéiton model for the strategic asset
allocation is flexible to incorporate risk whichises from the higher moments (skewness and
kurtosis) which is not covered by the standard alemn. This is due to the fact, that the empirical
return distributions of some alternative investrseaute in general not normally distributed. For
that reason every portfolio optimization in the meariance will most likely be sub-optimal
since many alternative investments have returmibligions for which the risk measure variance
does not cover all risks adequately and therefoustnbe sub-optimal. As a result higher
moments have to be taken into account. Consequéhdymixture of normal method is used to
replace the empirical return distributions whicheaf exhibit skewness and positive excess-
kurtosis with two normal distributions to approximaa best fit distribution. These best fit
distributions are used in the optimization procediar the strategic asset allocation. In order to

obtain the strategic asset allocation a goal foncts applied where real investor's preferences



for different levels of risk aversion can be exa@anAs a robustness check the obtained results
are tested for time-varying correlations.

The rest of the paper proceeds as follows. In @ectl is evaluated which alternative
investments should be included in mixed asset @a#. Further, the current literature is
reviewed where a single alternative investmenintegrated in mixed asset portfolios. In the
subsequent paragraph (section lll) the considerexlygndices for the traditional and alternative
investments and the adjustment for several biasespeesented. Section IV presents the
methodology of the research design. Then, sectigordwides discusses the obtained results. The

paper concludes with a summary, discussion andcatpns for further research (section VI).

2. Evaluation of Alternative Investments in Mixed Asset Portfolios

We have known since Markowitz’'s (1952) seminal papas portfolio theory that
diversification can increase portfolio expectedumes while reducing volatility. However,
investors should not blindly add another assetsclas their portfolios without careful
consideration of its properties in the context loé fportfolio. Otherwise, the naively chosen
allocations to the newly added asset class majmpbve the risk-return profile of the portfolio,
and may even worsen it. This raises the questiowloéther alternative investments really
improve the (risk adjusted) performance of a (miesdet) portfolio and therefore should be
included in the strategic asset allocation.

In this section the asset classes: commoditiesgenéahds, private equity (buy out, venture
capital) and REITs are analyzed in the manner df (R&07) to their ability enhance the risk-

return profile of an existing portfolio of traditial investments (stocks and bon@$urther,

2 Asset backed securities are not discussed inlde¢giause a few studies only have analyzed tiséireturn
characteristics. However, the studies of Funkeadoimg and Gaston (2005) and Benk and Johannir@gjZihd
asset backed securities a valuable completiomgiitutional investors’ portfolios.
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potential biases in the return time series whictecafthe risk-return profile are discussed.

Thereafter, a proxy index which represents theasttaristics of each asset class best is selected.

2.1 Commodities

In order to study the risk-return characteristitc@mmodities one has to determine which
exposure to commodities is appropriate. In gendhare are several ways to participate in
commodity markets via a number of different kindigimancial instruments. The most important
are: 1) direct investment in the physical goodn@jrect investment in stocks of natural resource
companies, 3) commodity funds, or 4) an investmmenbmmodity futures indices.

The direct physical investment in commodities isgeneral not practicable, since most
commodities are perishable and or cannot be sforddng periods in time. According to Geman
(2005), precious metals like gold, silver, or platn are an exception, as they do not have high
current costs and do not difficult to store. Howewe portfolio consisting solely of precious
metals would not be a sufficiently diversified golib for investors to hold and Till and Eagleeye
(2005) find that commodities which are more diffidio store have higher expected returns then
commodities which are not difficult to store.

An indirect investment in commaodities via commoditgcks is only an insufficient substitute
for a direct investment. By investing in such s®&dkvestors do not receive direct exposure to
commodities because listed commodity stocks allehtneir own characteristics and inherent
risks. Fabozzi, Fuess and Kaiser (2007) point bet major sources of varying movements
between commodity stocks and the underlying comty@ie: operational risk caused by human
or technical failure, internal regulations, or ertd events, the strategic position of the company,
management quality, capital structure (the debtfegatio), the expectations and ratings of
company and profit growth, risk sensitivity, thekriof a total loss if prices decrease below total

production costs, as well as information transpayemformation credibility and temporary miss

5



pricing due to market disequilibriums. FurthermoBeorgiev (2006) shows that these sector-
specific stocks are only slightly correlated witimamodity prices.

An investment in a portfolio consisting of commg@astocks via a commodity fund can either
be active or passive. In the case of a passive geandund the same above mentioned
discrepancies in the risk-return characteristichefunderlying commodity and the commodity
stock still apply. When in investing in an activeamaged commodity fund (e.g. Commodity
Trading Advisor (CTA)) the fund managers’ skill dimhally distorts the risk-return profile
[Gregoriou and Rouah (2004), Akey (2006) and Idz¢2906)].

Concluding, none of the mentioned forms of obtaremposure to commodities measures the
risk-return characteristics of commodities adedyatdost studies on the risk-return profiles use
commodity-futures-indices as appropriate benchméoskghe development of the commodity
markets. The most widely used commodity-futureseesl are the CRB/Reuters Commodity
Index, S&P GSCI Commodity Index, and Dow Jones-Al@nmmodity Index. Before adding a
commodity-futures index to the strategic assetalion, the potential for diversification benefits
and the existence of a risk premium has to be tigedsd.

In order to answer the question if investors in owrdities earn a risk premium is still an
ongoing discussion. Early studies of Bodie and Rsksa (1980), Kaplan and Lummer (1998),
Greer (2000) and a recent study by Gorton and Roharst (2005) find historical returns of un-
leveraged commodity-futures-indices equal to theckstmarket. In contrast, Erb and Harvey

(2006) find a decreasing returns over time anddegtence of a significant return persistence for

% The S&P GSCI Commodity Index, for example, hasitupled in size since 2002 to march 2007 to USHition.
It is estimated that in march 2007 about US$ 9bhilwas invested in commodity-futures-indices, astnseven
times the amount invested in 2002 [Doyle, Hill akadk (2007)]. At the beginning of 2007, StandarBdor’s
acquired the GSCI Commodity Index, which was subsatly renamed the S&P GSCI Commaodity Index.
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the commodity sectorsKat and Oomen (2006) also found no evidence obmsistent risk
premium, except for energy commoditfefo summarize these arguments, the existenceiska r
premium for commodities is still a contentious BssiNevertheless, structuring a commodity
portfolio will gain in importance for investors, rf@a simple reason: Even if there is no risk
premium for single commodities, a well diversifigortfolio of commodities still offers a reliable
source of returns, which Erb and Harvey (2006) &olderer and He (2008) call a diversification
return.

In contrast to the controversial discussion onekistence of the risk premium a consensus is
found in the literature that investable commodityufes-indices have positive properties in
diversifying mixed asset portfolios [see, for imsta, Bodie and Rosansky (1980), Kaplan and
Lummer (1998), Anson (1999), Jensen, Johnson anatdvi¢2000), Gorton and Rouwenhorst
(2005), Georgiev (2006), Gordon (2006), IdzorekO@0Q Fabozzi, Fuess and Kaiser (2008),
Scherer and He (2008) among others].

Recapitulatory, the most appropriate way to buricegposure to commaodities which displays
the risk-return characteristics of the commodityketiare commodity-futures-indices. Whereas
it is not clear that the underlying commoditiestiod commodity-futures-index generate a risk
premium, there is strong evidence that an index e&am a diversification return and have
positive properties in diversifying mixed asset tfmios. Therefore, the commodity-futures-
index with the highest invested capital, namely$8& GSCI Commodity Total Return Indfeis

included in the investigation.

* They argue that a commodity futures index is remtessarily a good measure of the aggregate comymoditket
performance because part of the excess returneitoda rebalancing effect. The resulting rebatanbionus (also
called volatility pumping) is described by Fernhatmd Shay (1982).

® Energy is considered a subgroup of commoditiesclwhormally include only natural gas, crude ailsleaded
gasoline, and heating oil.

® Fabozzi, Fuess and Kaiser (2008) discuss in démitlifferent calculation methods spot, excesstatad return of
the S&P GSCI Commodity Index.
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2.2 Hedge Funds

Fung and Hsieh (2000), Amenc, Curtis and Martel{2003) as well as Fuess, Kaiser and
Adams (2007) summarize the most important reasonsnivesting in hedge funds. The first
reason addresses the hedge fund managers’ fléxibilie to their less regulated investment
vehicles to exert their skills and expertise in #teempt to generate positive “alpha returns”.
While the second reason concentrates on the lowelatibns of hedge fund returns with
traditional asset classes, because the risk presnafrhedge fund strategies are in general low
correlated with equity or fixed income risk premiifiTherefore, investors try to diversify away
their traditional long-only portfolio which is calll a diversification motive.

Empirical investigations regarding the performarpesistence of hedge fund managers
reached great attention in academic literature simmlved mixed results. While, Agarwal and
Naik (2000a), Agarwal and Naik (2000b), and Jagtrarg Malakhov and Novikov (2006) find
evidence for performance persistence the studyoivB, Goetzmann and Ibbotson (1999) show
a contrary picture. The differences in the condostan be addressed to different databases,
investigation periods, performance measures, aiistital methodologie$.

Even if hedge fund managers are not able to genargersistent alpha return they still have
the opportunities to create returns that are lowetated with those of traditional asset classes.
Before staring to assess the diversification paaenf hedge fund investing the higher moments
of the return distribution of hedge fund returne akamined. Researchers like Fung and Hsieh
(1997), Fung and Hsieh (2000), Amin and Kat (200Bapoks and Kat (2002), among many
other have pointed that the return distributiont@dge funds and hedge fund indices returns are

not normal distributed and exhibit skewness andss«kurtosis. Further, the return distributions

" Hedge fund managers are not constrained by shbirigsand are allowed to invest in other non-ttiadial asset
classes like credit derivatives, mortgaged backedrities, etc. in a way that is not allowed to malifunds.
8 See the study of Eling (2007) for a survey.
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show positive first order autocorrelation. Thiscuarrelation causes estimates of the standard
deviation of hedge fund returns to exhibit a systéerdownward bias [Kat (2003].

For that reason the mean-variance framework doese®m to cover the characteristics of
hedge fund returns appropriate [see, for instaRoeg and Hsieh (1997) and Fung and Hsieh
(1999)]. However, if the man-variance frameworlkapplied, the integration of hedge funds in
mixed asset portfolios improves the mean-varian@pgrties, but leads to significant lower
skewness and higher kurtosis in the portfolios lon efficient frontier [Amin and Kat (2002),
Amin and Kat (2003b), and Lhabitant and Learnedd®D Therefore they suggest that these
risks occurrence with the integration of hedge &nd mixed asset portfolios have to be
considered. For that reason Kat (2005) emphasisigsbeeof multi-moment optimizations which
accounts for skewness and kurtosis. Kooli, Amvellel Gueyie (2005), Favre and Galeano
(2002), Favre and Signer (2002), as well as Lam@®32 try to incorporate this issue in their
optimizations and replace the risk measure varidocexample with Cornish Fisher Value at
Risk® mean-target semi- deviation and other risk measiina incorporate the downside risk of
hedge funds. In contrast Agarwal and Naik (200¢dtas the risk measure Conditional Value at
Risk, which has several advantages over the Vdliisk and is a coherent risk measure in the
sense of Artzner, Delbaen, Eber and Heath (1999).

Other researches did not change the risk measurénaastigated hedge fund allocations in
different frameworks. Papers that reached attensin the works of Amenc and Martellini

(2003) who investigate several models allowing stoes to get a quantitative estimate of the

° The major reason for the positive autocorrelaisooriginated by illiquid trading strategies [LocaRlcKinlay
(1990)].

9 The Cornish Fisher Value at Risk developed by @brand Fisher (1937) is an extension to the ValuRisk
concept to adjust for higher moments in the retistribution (e.g. skewness and kurtosis). The ¥Wadt Risk
concept is criticised by Kaplanski and Kroll (200@®) be an inadequate measure within the expectiity ut
framework. Further drawbacks are if the returnsrextenormally distributed, the estimation of meaa\é at Risk-
efficient portfolios may be very difficult, espeltjaif the return distribution is discrete. In thimse, the frontier
estimated by the Value at Risk dependent on théghiorweights is non-convex, non-smooth, and hatdtiple local
extrema [Gaivoronski and Pflug (2005) and Rockafedind Uryasev (2002)].
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optimal portfolio weight for hedge funds. Jurczenktaille and Merlin (2005) employ a shortage
function as well as Davies, Kat and Lu (2006) wise uhe Polynomial Goal Programming
technique. All models include the moments of thieirre distribution until the fourth moment.
Popova, Morton, Popova and Yau (2007) apply a tafigection and incorporate the higher
moments of the hedge fund return distribution vtlle mixture of two normal distributions.
Summarizing, the more the inherent characteristitshedge fund return distributions are
considered in the models the lower are in genbralésulting weights. But the weights in mixed
asset portfolios are still substantial and the-redkirn profile of the resulting portfolios are
enhanced’

Recapitulatory, hedge fund return distributionsenftexhibit positive autocorrelation and
contain additional sources of risk not considerdth whe normal distribution (e.g. negative
skewness and positive excess-kurtosis). When théseent characteristics are considered in the
models and/or in the risk measure the consequemtidiolio weights in mixed asset portfolios
are in general lower compared with neglecting thdowever, the resulting weights in the mixed
asset portfolio for hedge funds can still help difging the portfolio despite of the mixed
evidence on the performance persistence. For ¢éagbn, the Credit Suisse/Tremont Hedge Fund

Index is considered the further investigation.

2.3 Private Equity

In the literature studies which attempt to quantifig risk-return characteristics of private
equity are rare. The rationale behind this is tive transparency of private equity markets and the
resulting insufficient available data which hinderscomparison to other asset classes on an

aggregate level [Schmidt (2004)]. Further, thegaigpmpanies of the private equity funds are in

1 Gueyie and Amvella (2006) and Kooli (2007) alsowlihat the investment in funds of hedge fundsciiaire the
typical start investments in this asset class,hedp improving the risk-return profile of a portfmand Belvedere
(2001) as well as Favre and Galeano (2001) sudgfggshedge fund investing is favourable for pengioms.
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general not traded in a permanent market place witbted prices. Therefore, most of the
investments exhibit a low liquidity and are notidile. Moreover, the investments in the target
companies are accompanied with high transactiots cogh less public available information
[Kaserer and Diller (2004)]. For that reason, emplrresearch in private equity is generally
based on the reported cash flows and the appraiseds of unrealized investmetftin order to
calculate returns.

Gompers and Lerner (1997), Moskowitz and Vissinggdmasen (2002), Quigley and
Woodward (2002), Ljunggvist and Richardson (200&plan and Schoar (2005), Gottschalg,
Phalippou and Zollo (2005) who update the studyaplan and Schoar (2005) with superior
information, Cochrane (2005), and Phalippou andsgbalg (2007) have attempted to quantify
the risk-return characteristics of private equity @ fund level or on an individual portfolio
company level. These studies have the shortcorhaighiey that they rely predominantly on data
given by data vendors, which is self-reported dng tpotentially subject to selection biases; and
they are based on unrealized as well as realizedsiments which introduces noise and
potentially biases due to subjective accountingtinent. An exception are the studies of
Gompers and Lerner (1997) and Ljungqvist and Rod@am (2003) who have exact timing
information of the investments and distribution aafsh flows to investors, and the types of
companies contained in each fund’s portfolio, bawveha small sample size of 1 and 73 funds
only. Weidig, Kemmerer and Born (2005) analyze tis& return profiles of fund of private

equity funds.

2 The resulting estimated return series by VentuseKjsom Venture Economics and Cambridge Associasesily
show a positive autocorrelation. This can be exgldiby the composition of the reported return magh in net
asset value (NAV) for unrealized investments andriral Rates of Return (IRRs) for realized investteeThe
positive autocorrelation of the appraised valuesimgeneral due to the illiquidity of private etyuinvestments and
the managed pricing of the general partners opthate equity funds [Anson (2002)].
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All the previous mentioned studies have concerdrdibeir efforts on determining the risk-
return profiles, but do not pay attention to polesibositive diversification attributes of private
equity investments in mixed asset portfolios. Tingt Study that considers private equity in the
strategic asset allocation is one of Lamm and Ghblgrter (2001). They show that an investor
should invest between 19% and 51% in private equitytheir study this recommendation is
appropriate under a variety of alternative condgiand conservative assumptions regarding
future performance. A later study by Chen, Baiert &Kaplan (2002) point out the a low
correlation coefficient of 0.04 between ventureitz@nd public stocks. Because of its relatively
low correlation with stocks, an allocation to vametuapital of 2% (for the minimum variance
portfolio) to 9% (in the maximum Sharpe ratio polit) is warranted for mixed asset portfolios.
Schmidt (2004) recommends a wide range of optiroetf@io weightings to be between 3% and
65% for minimizing mixed-asset portfolio varianaensaximizing performance ratios. The latest
study conducted by Ennis and Sebastian (2005) cauels differentiating portfolio allocations for
different types of investors. They conclude thattfmughtful investors the right decision is to
exclude private equity from their portfolio. Forhets, private equity holdings of a few
percentage points may be appropriate. Only modsrage equity-oriented funds with
exceptional private equity investment skill, strobgard-level support, and adequate staff
resources should consider allocations of 10% oremddmittedly, they use the Venture
Economics Post-Venture Capital Index as the praxypfivate equity which does not grasp the
risk-return profile of private equity for the pugmof the term “private” adequately.

Recapitulatory, all above mentioned studies hidttlithe relevance of private equity of in
diversifying mixed asset portfolios and recommengifive allocations in private equity in the
strategic asset allocation. For that reason ventawgital and buy outs as the traditional

components of private equity are incorporated m ftirther investigation [Ennis and Sebastian
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(2005)]2 In the further investigation the return time seri€epreX US Venture Capital and
CepreX US Buyout) from the CEPRES®latabase are used. This database is based oal(part
audited reports and precise cash flow informatioomf the private equity investment funds,
enabling accurate financial calculations and tleeeefdoes not have the shortcoming of non
audited reported filings of investment firms basedunrealized as well as realized investments
which introduces noise and potentially biases dusubjective accounting treatment like the
databases from Venture Economics and Cambridgeckdss. A further advantage is that the
indices are transaction based and are availab&e monthly frequency. Admittedly, the return
time series can not be reported contemporaneadiséyto a sufficient number of transactions per
month to report a reliable return. Therefore, thst reported return was in general at least 12

month before.

2.4 Real Estate Investment Trusts (REITS)

Before REITs are added to a mixed asset portfalia eepresentative for the real estate market
the following questions have to be positively an®dle Are REITs as a proxy for the real estate
market co-integrated with direct real estate m&l&nhce REITs are publicly traded they might
have similar movements to the stock market ankisfis the case do REITs have a different risk-
return profile to the general stock to be a nonsnethnt asset class? When both questions are
positively answered then REITs should offer diviezation benefits to mixed asset portfolios.

Several researches investigated the question whieted's are integrated with the direct real
estate market or not. This is due to the factithtiie REITs and the direct real estate market are

co-integrated, then there exist common factors #ffetct both returns series and so the return

13 One might argue that that the returns of ventagstal and buyouts are generated by the same draret
therefore one representative for private equityukhoncluded only. In unreported results both irdiare tested for
co-integration, but a co-integration relation conttt be found. For that reason venture capitaltanydouts are
considered.

The papers of Cumming, Schmidt and Walz (2004), @ing and Walz (2004), Schmidt (2004) and Schmidt,
Steffen and Szabo (2007) give detailed insightsiathee index construction and its composition.
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series’ will eventually adjust to equilibrium. Gyt and Keim (1992) find a relation between
real estate stock portfolio returns and returnarofappraisal-based direct real estate index after
controlling for persistence in the appraisal retsenies. Therefore, they conclude that the stock
market reflects information about direct real estatarkets that is later imbedded in infrequent
property appraisals. Myer and Webb (1993) find REIT index returns “Granger” cause direct
real estate returns for most of the real estateesdand Barkham and Geltner (1995) show
evidence for a lagged price information transmisdiom the REIT markets to the direct real
estate markets. Clayton and MacKinnon (2000) shawatlthe relationship between REITs and
direct real estate increased in the 1990s, whiehvigluable insight, because the considered time
series in this paper start in the 1990s. They cmiecfurther that, when considering REITs and
direct real estate market in the short-run, botly hreave a place in optimal portfolios, but in the
long-run, one is a substitute for the other andrdg one may have a place in optimal portfolios.

To answer the question whether REITs behave ligeksarkets Li and Wang (1995) and
Ling and Naranjo (1999) use an integration appraauth Oppenheimer and Grissom (1998) a
spectral analysis and find that REITs are integratgh the stock market and that stock markets
have dominant influence on REIT returns. InterggyinClayton and MacKinnon (2000) come to
similar conclusion, but find that the sensitivity REIT returns to stock market has declined
significantly during the 1990s which they attribtlbe growth and maturity of the REIT market.
Since much evidence is found that both markets séiavilar characteristics in the next step it
has to shown that REITs have their own risk-repofile and therefore are non-redundant.

Liang and Mcintosh (1998) shed light on this topic using the classical style analysis of
Sharpe and find that REITs are a “unique” asseiscl@hiang and Lee (2002) extend the work of
Liang and Mcintosh (1998) and find that the prieddviour of REITs is unique and cannot be

satisfactorily replicated by combining stocks, tix@come securities, and direct real estate.
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Stevenson (2001a) finds similar result in the UKi8ters (1997) highlights the fact that weights
of the indices which help explaining the REIT retuare not stable over time and Clayton and
MacKinnon (2000) point out that the correlationREIT returns to stock markets are not stable
over time. This provides additional evidence sutiggghat REITs should be seen as a “unique”
asset class.

Before REITs are considered in mixed asset poogailhe ability of diversifying mixed asset
portfolios is reviewed. The evidence about the beia adding of REITs into mixed asset
portfolios is mixed. In the former work of Kuhle987) no significant performance benefits of
REITs in a stock portfolio are found. Whereas MerlIPauley and Morrell (1994) find,
dependent on the time period, a valuable additioREITs in multi asset portfolios. Mull and
Soenen (1997) show similar findings regarding tineetdependence. More recent studies of
NAREIT (2002), Hudson-Wilson, Fabozzi, Gordon antb@rto (2004), and Lee and Stevenson
(2005) find that REITs offer considerable benefitgshe portfolio performance when REITs are
added to mixed asset portfolios. Whereas Lee amee8son (2005) highlight the fact that REITs
play a significant role for diversification overffdirent time horizons and holding periods. In the
studies of Chen, Ho, Lu and Wu (2005) and Chiang) limg-Long (2007) spanning tests are
applied to test whether the additional inclusiofR&iTs to an already existing portfolio enhances
the efficient-frontier. Both studies draw the carstbn that REITS can enhance the efficient
frontier and therefore have a rightful place in ixed asset portfolio. The mixed results in the
early studies might be interpreted in the sens€lafton and MacKinnon (2000) that REIT
markets have grown and matured over time to art aess of its own.

Recapitulatory, strong evidence is found that REd#fe an appropriate proxy for the real
estate and offers risk-return characteristics wishnot sufficiently be replicated by other asset

classes. These risk-return characteristics werestigated if they can be assembled to enhance
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the efficient frontier of multi asset portfoliosh@& resulting positive effects are well documented
in the literature. For that reason the FTSE/NARHEGuity REITS - Total Return Index is

considered in the investigation.

3. Data Set Description

In the previous section the characteristics of dbesidered asset classes were discussed in
detail and potential biases were highlighted. Is gaper two traditional asset classes, the proxy
indices are in parentheses, US equity (S&P 500 @ity - Total Return Index) and US
government bonds (JPM United States Govt. BondtalTReturn Index) and five alternative
asset classes, namely asset backed securities §BTbH. ABS - Total Return Index), buy out
(CepreX US Buyout), commodities (S&P GSCI Commodittal Return Index), hedge funds
(Credit Suisse/Tremont Hedge Fund Index), Real t&shavestment Trusts (FTSE/NAREIT
Equity REITS - Total Return Index), and venture itap(CepreX US Venture Capital) are
applied!® All time series in the further investigation am @ monthly basis and with an inception
date in January 1998, because from this date oimdittes reported data. The end date for the
time series is the July 2006, due to the fact thatindices for buy out and venture capital are
transaction based indices. Table 2 reports theripéise statistics for the raw time series which
are partially biased. In order to obtain an un-ibdata set the time series are corrected in three
steps:

1) In the literature the survivor ship bias of hedgnd indices was investigated by many

researchers. Their research studies differ depgrahrthe investigation period, calculation

15 One might argue that REITs and direct real estateild be included in the investigation. This igpof view is
supported by the studies of Mueller and Muellel0@0and Feldman (2004) who find positive effectaddiing
REITs to a portfolio mixed asset portfolio whichesdy consists of direct real estate. Contrarwesteon (2001b)
does not show consistent results in his studytf@reason of this mixed evidence and the factRiEdTs and direct
real state markets are integrated one proxy fdrastate is used only.

16 Detailed descriptions for the proxy indices arevided in Table 1.
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method, and the used data base. The resultingvsurghip bias ranges from 0.16%
[Ackermann, McEnally and Ravenscraft (1999)] to28@2[Liang (2002)]. Admittedly, most
researchers number the survivor ship bias betweemartd 3%-" For that reason the mean
return for the hedge funds is reduced by 2.5% p.a.

2) The time series of the S&P 500 generated a cmatipa low mean return of 0.5% per
month in the considered time period which is corapkr to the mean return of the US
government bonds (see Table 2). It seems unrealsotizdt stocks generate bond like
returns in the long run with a standard deviatidmol is more than three times higher.
Further, the mean return of the S&P 500 is the omdan return in this investigation which
is more then 100% below the long term mean refline. means of all other time series are
in the range of 30% around their long term meaurretTherefore, the mean return of the
S&P 500 is raised about 5% p.a. that stocks aremminsidered systematically.

3) As mentioned in the previous section hedge fiime series often display positive auto-
correlation e.g. due to illiquid portfolio positisnin contrast transaction based indices e.g.
the index for buy out and venture capital haveaneagal a negative autocorrelation. To test
for first order autocorrelation the portmanteau-@sLjung and Box (1978) is applied.
Table 4 reports significant first order autocortiela for the buy out, CS/T hedge fund
index, and venture capital return time series.rtfeoto adjust for the autocorrelation which
distorts the standard deviation the method of @el(h991) is applied’

After adjusting for the above mentioned biasesrd®ilting descriptive statistics are shown in
Table 3. As can be seen from the table, buy oubb#s the highest mean return return (2.81%)

and highest standard deviation (8.79%) followedségture capital with a mean return of 2.01%

7 See, for instance, Anson (2006), Brown, Goetznaanthlbbotson (1999), and Fung and Hsieh (2000).

8 This method as adapted from the real estate fshirerature, where due to smoothing in appraisatsinfrequent
valuations of properties, the returns of directgemy investment indices display positive autodatien. See
Geltner, MacGregor and Schwann (2003) for an oeenaf this topic.
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and a standard deviation of 6.49% among the eiggetaclasses considered here. Commodities
have a similar standard deviation (6.38%) to ventapital but a lower mean return of 1.01%.
US equity and REITs have similar standard deviatioh4.5% and 4.12%, but show differences
in the mean return with 0.86% and 1.1%. Asset kdckecurities, hedge funds and US
government bonds have similar return levels (0.56%5%, and 0.45%), but the corresponding
risk for this three asset classes, measured bgtémelard deviation, is somewhat unexpected. The
assets backed securities have the highest mean estd the lowest standard deviation of 1.35%
followed by US government bonds with 1.42% andhéége funds with 2.5%.

The higher moments (skewness and kurtosis) ardiaaai potential sources of risk, which
are discussed in the following. The lowest skewrnés®.6505 is found for the REITSs, followed
by US government bonds (-0.5176) and US equit{&6). A skewness of around zero is found
for the hedge funds (-0.0452), asset backed s&xs1(l2.0346), and the commodities (0.0545). A
positive, high skewness is found for the privataigglike asset classes venture capital (0.2269)
and buy out (1.8119). The excess-kurtosis for nagset classes is close to zero. Commodities
have a negative excess-kurtosis of -0.4204, whassst backed securities, US equity, venture
capital, and US government bonds have a slightlsitpe excess-kurtosis (0.3737, 0.4796,
0.5350, and 0.6741). The excess-kurtosis of 1.068REITs is considerable, but not as high as
for hedge funds and buy out (6.2968 and 7.9188rhvimdicates that a substantial probability
mass lies on the tails of the return distributiompared to the normal distribution.

The analysis of the higher moments of the retustribution for the asset classes’ shows
evidence that most considered return distributidosnot follow a normal distribution. The
Jarque-Bera test denotes that the null hypothésisnormal distributed return distribution can be
rejected for hedge funds, REITs, buy out on a 19élJdor US government bonds on a 5% level

and for US equity on a 10% level. Only for assetkied securities, commaodities, and venture
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capital the null hypothesis can not be rejected. that reason, relying on a mean-variance
framework and ignoring the higher moments of theetglasses return distributions will not
cover the risk-return profile adequately and thenefmust be sub-optimal. As a result higher
moments have to be taken into account in the model.
_To achieve first insights of the diversificationtgatial of the asset classes the correlation matrix
" Table 6 is discussed. Venture capital has a higlkersification potential, because the
correlation to all other asset classes is negakeept asset backed securities. Buy out has a
similar high diversification potential and has agatve correlation to all other asset classes
except US equity and commodities. US equity haegative correlation to the fixed income
related asset classes US government bonds andoasget securities as well as to buy out. The
remaining correlations are positive. REITs shovinalar behaviour to US equity, admittedly the
correlation to US government bonds is higher, hetdorrelation to private equity related asset
classes is lower and even for buy out negative.gdddnds have a negative correlation to the
fixed income related asset classes US governmemdsband asset backed securities as well to
private related asset classes buy out and venapiat Positive correlations are found with
commodities, US equity and REITs. Commodities hel@w correlation to all asset classes and a
negative correlation to asset backed securitieguve capital. The fixed income related asset US
government bonds and asset backed securities gingy lorrelated, but do only have the same
sign for the correlation coefficient for hedge ferehd US equity. For all other asset classes the
correlation coefficients have the opposite sign.

Concluding, after reviewing the descriptive statsstof the return distributions for all asset
classes which characterize the risk-return praditel their diversification properties it can not
determined a priori that one asset class is a isutesfor another. Therefore all asset classes

should be considered in the portfolio constructittowever, the model for the portfolio
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construction has to consider the characteristith@presented asset classes adequately to deliver
optimal portfolios implications for the investor$he framework for the optimal portfolio

construction is presented in the next section.

4. Methodology

The next to last section discussed the charadtarighique to the different alternative asset
classes and potential biases whereas the prewatiors concentrated on correcting these biases
from the return series and discussing their stedilsproperties. Summarizing, the resulting return
distributions, after correction for biases, areegafly not normally distributed, and they exhibit
skewness and excess kurtosis. Before using advanoceels for the strategic asset allocation
Scott and Horvath (1980) argue that three conditibave to checked before using the mean-
variance framework introduced by Markowitz (195Zjficeently. If one of the following
conditions 1) the return distributions are asymiogR) the investor’s utility function is of higher
order then quadratic, or 3) the mean and the vesialo not completely determine the
distribution holds then the mean-variance framewasitkfail to deliver efficient results. That is
using the mean-variance approach we implicitly assthat either the investor’s utility function
is quadratic or the return distribution of consetbassets is multivariate normal. As can be seen
from Table 3 the return distributions of most cdesed asset classes do follow a normal
distribution. Consequently using mean-variancenojatition and ignoring higher moments, the
obtained portfolios in general over allocate aléive investments.

In order to capture the higher moments of the rewistribution a number of alternative
distributions to the normal distribution are praaadin the literature. The multivariate Student t-
distribution is good for fat-tailed data, but doest allow for asymmetry. The non-central

multivariate t-distribution also has fat tails arsd skewed. However, the skewness is linked
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directly to the location parameter, making it sorhatinflexible. The log-normal distribution has
been used to model asset returns, but its skewsesfunction of the mean and variance, not a
separate skewness parameter.

To capture higher moments adequately, a distributimat is flexible enough to fit the
skewness and the kurtosis is needed. Thereforegnaination of two different geometric
Brownian motions to generate a mixture of normé&budions is used in the further analysis. The
normal mixture distribution is an extension of ti@mal distribution, and has been successfully
applied recently in many fields of finance liten&uFor example, Alaxander and Scourse (2003)
and Venkatramanan (2005) have used this distributiomodel asset returns and study option
pricing problems in this setting. Venkataraman {)9pplied this concept to risk management.
And Buckley, Saunders and Seco (2004), Morton, Papend Popova (2006), and Popova,
Morton, Popova and Yau (2007) and Kaiser, Schwesrel Wu (2008) also used the normal
mixture distribution in asset allocation problems.

The normal mixture distribution is primarily choséor its flexibility and its tractability. In

particular, letf,(x, 4,,0,) denote the probability density function of thestinormal distribution,
with meany; and standard deviatiosr;, and let f,(x, 4,,0, )denote the probability density

function of the second normal distribution. The @rogl distribution of non normally distributed
return distributions can then approximated by a wd&stribution with the following probability

density function:

f(X,1,0,,15,0 5) = 0.20F, (Xp 6 )+0.8LF ,(xp ,0 )

_ 2 _ 2
=02 ! eEp(X “21) J + ! e{xé;x uj) j @
\/ 2no? NI 2no’ G2

The economic justification is as follows. Considerregime-switching model with two

economic states: the usual and the unusual. Thal gtie exists 80% of the time, when a return
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is achieve with the distribution given by the setmormal density; the unusual state exists 20%
of the time, when the return is given by the oth@mmal distribution.

Note it is not specified whether the unusual retigrbetter than the usual return in terms of
having higher mean and/or lower volatility. Indeditg unusual return could be better, worse, or
even the same. The latter case harks back to thssicl assumption that returns are
unconditionally normal. In general, this settingoais for conditionally normal returns, but
unconditional returns need not be normal.

This specification offers many advantages. Firstre are four free parameteus, o1, 12, and
02, SO the first through fourth moments of the enggiridistribution can be matched exactly. The
skewness and excess kurtosis can also be cap&gednd, with the normal density function, the
new approximating distribution is still tractablénd third, as noted before, this specification
treats the traditional normal approximation asecsp case.

Figure 1

gives a visualization of this method.

Due to the fact that the approximating paramejerso,, uz, and o, cannot be solved
analytically, they are solved numerically. The gmato approximate the empirical distribution,
so the considered parameters are of the form x%revix is an integer. In particular, the
numerical solving searches for integer-valued meenasstandard deviations for the two normal
distributions that can approximate the first fousments of the empirical distribution as closely
as possible. In general, mean, variance, skewaasskurtosis have different dimensions, so the
chosen objective function has the flexibility tacttee to minimize the weighted relative deviation
rather than the absolute deviation. Let w =,{w,ws,W,) be a vector of strictly positive constants,

which serve as weights for the four moments we w@amatch. The objective function is then:
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theoretical variancpigcal variancé
empirical variance |

min w ><|theoretica| mean-empirical me|a+nW ><|
Y empirical mean |

(@)

><|theoretica| skewness-empirical skewdg_s\/& ><| theoreticabkisgrempirical kmosi#-

+W3 .. 4 .. .
| empirical skewness | | empirical kurtosis |

The objective function takes the value O if all fomoments can be matched exactly.
Otherwise, it takes positive values. In this inigegion, all entries in the w-vector equal 1. The
approximating parameters for the return distrilngiof the asset classes are in Table 7.

Table 8 shows the first four moments of the emalreturn distributions, and compares them
with the moments obtained from the mixture of ndrmmthod. Obviously, the moments are
close and therefore the fit is very good.

The next step is to construct a mixed asset pattmnsisting of traditional and alternative
asset classes. Since the mean-variance approasmdowork, an appropriate objective function
has to be determined. By taking a closer look al-werld institutional investors who want to
include alternative asset classes in their podfplias mentioned in the introduction, are
endowments, family offices, high net worth indivads, and pension funds. These investors
generally seek to obtain higher expected returas th a money market, but are risk-averse and
therefore pay special attention to downside risk.

Thus an objective function of these investors canspecified as follows: Latdenote the
random return of the portfolio, ang andr, denote some benchmark returns. Note that the
benchmark returns could be constants or randomablas. The investors’ objective is to
maximize the following functior?

max Pr(r> 1 )-ALPr(r<r,) ©))

9 This objective function is presented and discussédorton, Popova and Popova (2006).
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In other words, the investor wants to maximize frebability of outperforming some
benchmark return, while minimizing the probabildf underperforming another benchmark. So
the first benchmark could be some constant, e@% p.a., or a random return of some other
indices such as the S&P 500 as the market retima s€cond benchmark is usually chosen as 0%,
or the risk-free rate, or a government bond yi€lak. the analysis, the first benchmark is defined
as a constant 8% p.a., and the second as 0%.

The termA is a positive constant and represents the traideebiveen these two objectives. It

is obvious thal. depends on investor risk aversion. The highehe less aggressive the investor,
since he or she weights the second objective mghdyhand is more concerned about losses than
gains. Similar to the relative risk aversion caméfnt in canonical utility functions, plausible
values of lie between 1 and 10. The time horizon for aclmguhe goal is one year. Therefore,
the monthly return distributions of the asset @daskave to be rescaled to annual return
distributions>°

For the numerical optimization procedure two caasts are considered: 1) short-selling is
not allowed and 2) the maximum portfolio weight &ach asset class is restricted to 30%. Using
these constraints and the objective function statemle, the optimal portfolio weights for the

mixed asset portfolios are numerically calculatddifferent parameters far

5. Results

After having examined the methodology in the prasisection the results for differexis in
the imposed model are discussed now. The resydondplio weights for the optimal mixed asset

portfolios forA’s ranging from 1 to 6 with a step size of 0.5 mresented in

20 Descriptive statistics of the annual return disttion are shown in Table 5. The rescaling techmigudescribed in
Appendix A.
21 For computational details see Morton, Popova abia (2006).
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Figure2. From this figure three regimes of risk aversian be identified. The first regime of
low risk aversion ranges from 1 to 2.5, the sec@giime of medium risk aversion ranges from 3
to 4, and the third regime of high risk aversiongas from 3.5 to 6.

In the first regime the asset classes venture aafitly out, and REITs have the dominant

portfolio fraction. Venture capital and buy out aestricted by 30% when the valuejofs 1, but

with in creasing risk aversion in this regime thareights are reduced to 27% and 25%
respectively. REITs have a constant portfolio weigh 27% in this regime. Asset backed
securities, hedge funds, and commaodities have npiadfolio weights between 0% and 4% only.
US equity and US government bonds have minor dartieeights of 5% and 4% when the value

of A is 1 too, but when the risk aversion is increabedoortfolio weights increase to 8%.

In the second regime four asset classes have andatnportfolio position. Besides venture
capital, buy out, REITs the asset class US govenhimends increases importance. All four asset
classes have portfolio weights of around 20% irs ttegime. US equity and asset backed
securities have the portfolio weights in this regiof 8% and between 2% and 8%. Commaodities
have a constant portfolio weight of 3% whereas keldgds are not considered in the optimal
portfolios.

Comparable to the regime of a medium risk avergiothe regime of high risk aversion the
same four asset classes have a dominant portf@ightvin the optimal portfolios. However, the
portfolio weight of US government bond increaséhi® restriction of 30%. The portfolio weights
for venture capital, buy out and REITs decreagghtlli when risk aversion increases. When the

risk aversion parameter reaches the highest degree of risk aversion thdopo weights for

venture capital, buy out and REITs are 20%, 17% 2i%. The asset classes US equity, hedge

funds, and commodities have minor constant podfoliveights regarding the degree of risk
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aversion in this regime of 7%, 2% and 3%. Assekbdcsecurities are not considered in the
optimal portfolios.

General findings of the optimization are that tkeed classes US government bonds, venture
capital, buy out and REITs have the largest padfaleights in the optimal portfolios. Whereas

the importance of private equity related assetselasand REITs decreases with increasing risk

aversion. The weights of venture capital and buydaelines from 30% wheh is equal to 1 to
20% and 17% when the value bfequals 6. The portfolio weights of REITs are mstable.
When the risk aversion is low£1) the portfolio weight for REITs equals 26% aretikases to

21% when the risk aversion is high=@). In contrast to the private equity related astEsses

and REITs the US government bonds increase impmetavhen risk aversion increases. US
equity and commaodities have relative constant pbotfweights regardless the degree of risk
aversion of 5%-8% and 3%-4%. Hedge funds are cersildin the regimes of high and low risk
aversion with a portfolio weight of 1%-2% only. dontrast asset backed securities represented in

the portfolios of medium risk aversion with portéoiveights between 1% and 8%.

6. Conclusion

Return distributions of alternative as well as itiadal asset classes often exhibit non-normal
properties. Further, some return time series eféttive investments suffer from several biases.
For that reason the return time series have toobeaed for the biases in a first step to grasp
their risk-return profile adequately. In the secosigp the higher moments of the return
distributions have to be considered in the modelthe strategic asset allocation, since the
variance does not cover all sources of risk. I's aper a model was applied that is flexible
enough to integrate the higher moments as welleakinvestors’ preferences. Thereafter, the

resulting portfolio weights for three different neges of risk aversion — low, medium, and high —
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are presented. From this follows that alternativeestments play an outstanding role in the
efficient portfolios, regardless the risk aversimgime. In particular the alternative investment
asset classes buy out, REITs, and venture capstabtd substantial portfolio weights in all
regimes of risk aversion. In contrast US governmtgomds are underrepresented in efficient
portfolios in regimes with low degrees of risk aien, but when the risk aversion increases the
portfolio weight increases until the maximum weigt30%. This means that US government
bonds are most valuable when the focus lies on dml@rrisk protection instead of enhancing
expected returns. In contrast US equity is repiteseim all efficient portfolios with a portfolio
weight about 7% regardless the degree of risk arer€ommodities show a similar behaviour to
US equity, but the portfolio weight about 3% is EmwHedge funds and asset backed securities
are not represented in all regimes of risk aversidmereas hedge funds are represented in
regimes of low and high degrees of risk aversiothwiinor portfolio weights about 2%, asset
backed securities are represented in regimes oédium risk aversion. Within this regime the
portfolio weights are about 4%.

Concluding, alternative investments are importaot the strategic asset allocation of
institutional investors like endowments, familyiofs, pension funds as well as high net worth
individuals who have the time horizons and the stweent capital. However, not all alternative
investment classes are of equal importance. Furthlégrnative investment classes are not
substitutes for traditional asset classes they temmgnt the traditional asset classes to better

achieving the desired risk-return profiles.
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Table 1

Data descriptions
This table reports the proxy indices for the useskaclasses. The frequency, inception dates, aed ahd sources for additional information areestéor the proxy
time series.

Asset Class Proxy Index Frequentyception Date End Date Additional Information

U.S. Equity S&P 500 Composite - Total Return kde Monthly Jan 98 Jul 06 http://www?2.standardandpoors.com
U.S. Government Bonds JPM United States Govt. Bormtal Return Index Monthly Jan 98 Jul 06 http://www.datastream.com

Asset Backed Securities IBOXX Coll. ABS - TotaltR®a Index Monthly Jan 98 Jul Oéhttp://www.datastream.com

Buy Out CepreX US Buyout Monthly Jan 98 Jul Q&tp://www.cepres.de

Commodities S&P GSCI Commaodity Total Return Index Monthly Jan 98 Jul 06 http://www.datastream.com

Hedge Funds Credit Suisse/Tremont Hedge Fund Index Monthly Jan 98 Jul 06 http://www.hedgeindex.com

Real Estate Investment Trusts FTSE/NAREIT Equii'FS - Total Return Index Monthly Jan 98 Jul 06 http://www.nareit.com

Venture Capital CepreX US Venture Capital Monthly Jan 98 Jul 06 http://www.cepres.de
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Table 2
Descriptive statistics of the (partially biased) mothly return distributions
This table reports the arithmetic mean, median,imam, minimum, standard deviation, skewness, antbkis of

the monthly return distributions from January 12@8il July 2006. The reported descriptive statsstice calculated
on the raw return time series obtained from the dehdors.

CSsIT CepreX CepreX
JPM Gov.  S&P | jge  IBOXX NAREIT S&P 500 LE)S us vpentun
Bonds GSCI i

Fund Index Buyout  Capital

Mean 0.0045 0.0101 0.0072 0.0057 0.0110 0.0050 282.0 0.0197
Median 0.0050 0.0075 0.0075 0.0064 0.0156 0.0084 .01a7 0.0104
Maximum 0.0356 0.1579 0.0853 0.0498 0.0949 0.0978).5694 0.2236
Minimum -0.0449 -0.1392 -0.0755 -0.0310 -0.1458 .14@6 -0.2116 -0.2487
Std. Dev. 0.0142 0.0638 0.0202 0.0135 0.0412 ©@.0450.1261 0.0888
Skewness -0.5176 0.0545 0.0189 0.0346 -0.6505 786.4 1.6333 0.1233
Kurtosis 3.6741 2.5796 7.7529 3.3737 4.0580 3.47968.2413 3.7849

Table 3

Descriptive statistics of the (un-biased) monthlyeturn distributions

This table reports the arithmetic mean, median,imam, minimum, standard deviation, skewness, antbkis of
the monthly return distributions from January 19@8| July 2006. The return time series is of tf& THedge Fund
Index is corrected for the survivor ship bias. Efiere, every monthly return is reduced by 2.5% darannual
survivor ship bias. The return time series of tB# %00 is raised by 5% p.a. Furthermore, the retime series of
the CS/T Hedge Fund Index, CepreX US Buyout, angr&¢ US Venture Capital are adjusted for first orde

autocorrelation with the method of Geltner (1990he Jarque-Bera test [Jarque and Bera (1980)fed testest for
the assumption of normally distributed monthly ratu

CSIT CepreX CepreX
JPM Gov.  S&P Hedge IBOXX NAREIT S&P 500 LE)S us Vpentun
Bonds GSCI ;
Fund Index Buyout  Capital
Mean 0.0045 0.0101 0.0055 0.0057 0.0110 0.0086 280.0 0.0201
Median 0.0050 0.0075 0.0039 0.0064 0.0156 0.0084 .01 0.0111
Maximum 0.0356 0.1579 0.0916 0.0498 0.0949 0.0978).4213 0.1823
Minimum -0.0449 -0.1392 -0.0985 -0.0310 -0.1458 .1446 -0.1530 -0.1528
Std. Dev. 0.0142 0.0638 0.0250 0.0135 0.0412 ©.045 0.0879 0.0649
Skewness -0.5176 0.0545 -0.0452 0.0346 -0.6505 4786. 1.8119 0.2269
Kurtosis 3.6741 2.5796 7.2968 3.3737 4.0580 3.47968.9188 3.5350
Jarque-Bera 6.49** 0.80 78.50*** 0.61 11.95%**  4.87* 204.70***  2.09

*x % and * indicate statistical significance dhe 1%, 5%, and 10% levels, respectively, baseahamthly

returns.
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Table 4

First order autocorrelation of the asset classes
This table reports the coefficient of the first ercautocorrelation (AR(1)) for monthly returns. Tlheng-Box test
[Ljung and Box (1978)] is applied to test for sificance.

Asset Class AR(1)
S&P 500 0.008
ABS -0.056
CSI/T Hedge Fund Index 0.207**
JPM Gov. Bonds 0.068
CepreX US Venture Capita| -0.330***
CepreX US Buyout -0.411%**
S&P GSCI 0.0335
NAREIT -0.064

*x *x and * indicate statistical significance dhe 1%, 5%,
and 10% levels, respectively, based on monthlyrmetu

Table 5

Descriptive statistics of the rescaled annual retur distribution
This table reports the arithmetic mean, median,imam, minimum, standard deviation, skewness, amtbkis of
the annual return distribution from January 1998l dnly 2006. The median, maximum, and minimum @b&ined
from rolling annual returns. The first four centmloments are rescaled from monthly data to anrhedause
otherwise the model calibration would be basedight@bservations.

CSIT CepreX CepreX
JPM Gov.  S&P Hedge IBOXX NAREIT S&P 500 LE)S us Vpenture
Bonds GSClI .
Fund Index Buyout Capital
Mean 0.055 0.122 0.066 0.068 0.132 -0.103 0.336  2410.
Median 0.049 0.195 0.062 0.080 0.174 0.087 0.301 .089D
Maximum -0.034 -0.357 -0.090 -0.022 -0.211 -0.266 -0.205 -0.343
Minimum 0.154 0.722 0.319 0.136 0.526 0.398 1.499 1.876
Std. Dev. 0.049 0.221 0.087 0.047 0.143 0.156 .30 0.225
Skewness -0.149 0.016 -0.013 0.010 -0.188 -0.138 .5230 0.065
Kurtosis 3.056 2.965 3.358 3.031 3.088 3.040 3.493 3.045

*x % and * indicate statistical significance dhe 1%, 5%, and 10% levels, respectively, baseah@mhly returns.
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Table 6
Correlation matrix

This table reports the correlation between thetadasses based on monthly returns.

CSIT CepreX CepreX
JPM Gov.  S&P Hedge ABS NAREIT S&P 500 UpS us Vpentun
Bonds GSCI ;
Fund Index Buyout  Capital
JPM Gov. Bonds 1.000 0.027 -0.131 0.628 -0.032 269D. -0.097 -0.152
S&P GSCI 0.027 1.000 0.025 -0.008 0.145 0.014 0.142 -0.095
CS/T Hedge Fund -0.131 0.025 1.000 -0.054 0.201 0.106 -0.116 -0.026
ABS 0.628 -0.008 -0.054 1.000 0.028 -0.126 -0.054 0.039
NAREIT -0.032 0.145 0.201 0.028 1.000 0.106 -0.052 -0.142
S&P 500 -0.269 0.014 0.106 -0.126 0.106 1.000 0.223 -0.003
Buyout -0.097 0.142 -0.116 -0.054 -0.052 0.223 1.000 .00
Venture Capital -0.152 -0.095 -0.026 0.039 -0.142 -0.003 -0.002 1.000
Table 7

Moments of the normally distributed auxiliary distributions
This table shows the mean and standard deviatidheofwo auxiliary distributions, as well as theigiging factor
for all asset classes. The values in the w-veawah equal to 1.

Auxiliary Distributions

Distribution 1 Distributio2

Weighting Factor

0.2 0.8

Mean Standard Deviation Mean Standard Deviation

S&P 500 2% 16% 13% 15%

ABS 8% 4% 6% 4%

CS/T Hedge Fund Index 7% 8% 6% 9%

JPM Gov. Bonds 1% 4% 6% 4%

CepreX US Venture Capital 34% 24% 21% 22%
CepreX US Buyout 48% 39% 30% 27%

S&P GSCI 26% 19% 9% 20%
NAREIT 20% 9% 11% 15%
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Table 8

Comparison of the moments of empirical and approxirated distributions
This table shows the first four moments of the eiogi and approximated distribution. The numbettwnleft is the
theoretical moment in the approximated distributitie number in parentheses is the empirical moment

Mean Standard Deviation Skewness Kurtosis
JPM Gov. Bonds 0.050 (0.055) 0.045 (0.049) 0.6201.49) 3.010 (3.056)
S&P GSCI 0.124 (0.122) 0.209 (0.221) 0.017 (0.016) 2.973 (2.965)
CS/T Hedge Fund Index 0.062 (0.066) 0.088 (0.087) -0.012 (-0.013) 3.021 (3.358)
ABS 0.064 (0.068) 0.041 (0.047) 0.011 (0.010) 6.(0031)
NAREIT 0.128 (0.132) 0.145 (0.143) -0.183 (-0.188) 3.075 (3.088)
S&P 500 0.108 (-0.103) 0.158 (0.156) -0.073 (-0.138)  3.043 (3.040)
CepreX US Buyout 0.336 (0.336) 0.306 (0.305) 0.@8523) 3.510 (3.493)
CepreX US Venture Capital 0.236 (0.241) 0.23028)2 0.064 (0.065) 3.047 (3.045)
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Figure 1

Return Histograms and Fitted Return Distributions for the Asset Classes
The figure shows the monthly return histogram of #ight asset classes and the corresponding fitedn
distribution for asset classes. The fitted retustridhution is composed of two auxiliary distribanis — distribution 1
and distribution 2 — that are weighted with fact@2 and 0.8, respectively. The y-axis quotedrbguency in case
of the histogram and the probability density inecaéthe continuous distributions.
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Figure 1—Continued

IBOXX -Total Return Index
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Figure 1—Continued

CepreX US Buyout
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Figure 1—Continued

NAREIT
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Figure 2
Optimal Portfolio Weights
This figure displays the relationship between tis& aversion factoi. and the corresponding optimal portfolio
weights for the asset classes.
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Appendix A

The moments of a monthly return distribution carrdscaled to an annual return distribution

as follows. Letr, denote the monthly retuinand R denote the annual return.

It is obvious that

Assumer;'s are iid. LetE[r] =7, Var(r)=0?, E[R] = R, Var(R) = 3. It is well known that

Al
]

|—\
N

o, =v120..
The skewness of the annual return is defined as

ske g ECRTR

R

_E(ZEr-a]

12/12°
E[Zie-n]
C 121r°
_ E:Z.liz,lilzklil(rn —r_)(rj —r_) (P —r_):
B 12/12°
XX B[ (=) (1) )
12J125° '
Now since
e v 1o JE[(1-T) |=Skew( p)a?, if i = =k;
el =)l )6 )] 0 if i, j,k are not the sar
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The equation above can be written as

Tflske\,( ir) 0-?

Skew F):(Z 12J125° )
_12Skew 1o’

- 12/1p°

_ Skew )

===

The kurtosis of the annual return is defined as

E(R-R)'

Tr

E(Xlr-r)
1440°
e[ X5 (r-n)]
1440*
D3 3 e v (s | g [ Mg IR
1440°

22 2 2B (1) )6 )6 )

1440°

Kurt(R) =

Now since

j k
E[(ri —F)4}=Kurt (r)o?, ifi=j =k =I;
E[(ri -r)°(r, —r_)z} =0 if respective two ofj k ] , atlee same

0, otherwise.
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The above equation can be rewritten as

(lefl Kurt (r, )04) + 125“[«!%304

Kurt(R) = T

_12Kurt(r,) o} + 3965
- 1440°
_ Kurt(r,) L

12 4
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