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when broker-dealers are able to use an internalization pool (IP) to provide price im-
provement by a fraction of the tick size; for liquid stocks however, the introduction of
an IP fosters competition and improves both spread and depth. In addition our model
predicts that broker-dealers use IP more intensively for low priced liquid stocks.
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Sub-Penny Trading

Abstract

The minimum price variation, or tick size, is at the center of the current regulatory debate
as it a¤ects competition for liquidity provision in limit order books. A reduction in the
tick size is �rstly shown to have a detrimental e¤ect on the quality of illiquid stocks as it
worsens both spread and depth; but it bene�ts liquid stocks as it reduces inside spread and
increases market depth. Then we build a dual-market model and examine how competition
between two public limit order books (PLB) ends up with liquidity concentration on the
market with a smaller tick size. By introducing di¤erent trader type, we adapt this dual-
market framework into a model with a PLB competing with another book characterized by a
smaller tick size, namely Internalization Pool (IP). In this way we are able to investigate the
issue of sub-penny trading that is discussed in the SEC concept release on Equity Market
Structure (2010). Our �ndings are as follows: for illiquid low priced stocks, the quality of
a PLB is dramatically worsened when broker-dealers are able to use an internalization pool
(IP) to provide price improvement by a fraction of the tick size; for liquid stocks however, the
introduction of an IP fosters competition and improves both spread and depth. In addition
our model predicts that broker-dealers use IP more intensively for low priced liquid stocks.
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1 Introduction

The minimum price variation, or tick size, for stocks traded in �nancial markets is a
timely issue in market design and it has been at the center of the �nancial regulatory debate
over the last decade. When reducing the tick size, regulators have to ponder the trade-
o¤ between the bene�ts of an enhanced price competition for liquidity provision (and the
resulting narrower spread), and the reduced incentive to submit limit orders caused by easier
undercutting.

Nevertheless, over the last ten years stock exchanges around the world have persistently
reduced the minimum price variations into small magnitudes (Table 1). The most recent
change in the U.S. markets occurred between 2001 and 2004, when the minimum price
variation was gradually lowered to one penny. More precisely, today�s quotations in National
Market System (NMS) stocks must be priced in an increment of $:01, unless the quotation
is less than $1:00, in which case the increment is $:0001.

[Insert Table 1 here]

In this paper we model intermarket competition between two limit order books to in-
vestigate how the tick size should be regulated when trading platforms can compete with
each other by reducing the tick size, and when some market participants can take advantage
of internalization pools to undercut aggressively (by fractions of a penny) the orders posted
on top of visible limit order books.

As a vast body of empirical literature1 has shown, when the tick size is reduced, spread
decreases, but depth at the top of the book deteriorates; for this reason to protect displayed
limit orders from the practice of stepping ahead by trivial amounts, the Sub-Penny Rule
(adopted Rule 612 under Regulation NMS) was introduced. It prohibits market participants
from displaying, ranking, or accepting quotations in NMS stocks that are priced at increments
less than the minimum price variation.

During the last �ve years, however, two new elements - the development of dark markets
and of fast trading facilities - have emerged and deeply a¤ected intermarket competition.
They have made Rule 612 ine¤ective at protecting displayed limit orders. In particular,
two features of the rule must be considered. First, the Security and Exchange Commission
(SEC) Rule 612 prohibits market participants from quoting prices in sub-penny, but in the
belief that sub-penny trading would not be as detrimental as sub-penny quoting, it expressly
allows broker-dealers to "provide price improvement to a customer order that resulted in a
sub-penny execution". Second, Rule 612 prohibition of sub-penny quoting does not apply
to dark markets. This means that broker-dealers can exploit dark pools to jump the queue

1See Ahn et al. (1996 and 2007), Bacidore (1997), Bourghelle and Declerck (2004), Cai et al. (2008),
Gri¢ ths et al. (1998), Lau and McInish (1995), Porter and Weaver (1997) and Ronen and Weaver (2001).
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by a fraction of a penny and so preempt the National Best Bid O¤er (NBBO); in addition,
by drawing on fast algorithmic programmes to persistently replicate trading strategies, they
can make pro�t from the considerable amount of volume created by such price priority at
negligible cost.2 It should be remarked, however, that the practice of queue jumping must
not be confused with executions at the spread midpoint that take place in those dark pools
designed to reduce the price impact of block trading (Buti, Rindi and Werner, 2010). Figure
1 shows in fact that over the last 10 years the proportion of queue jumping has dramatically
increased compared to mid-quote trading.

[Insert Figure 1 here]

A potential negative consequence of sub-penny trading is that investors can be discour-
aged from providing liquidity at the top of the book; hence, within the regulatory debate on
the possible solutions to the sub-penny issue, the SEC has recently proposed the Trade-At
Rule3 that would practically ban sub-penny trading by prohibiting "any trading center from
executing a trade at the price of the NBBO unless the trading center was displaying that
price at the time it received the incoming contra-side order." Quite the opposite is instead
the proposed solution to level the playing �eld by reducing the minimum price increment of
publicly displayed market centers to sub-pennies (BATS, 2009).

To disentangle these policy debates, it is important to clarify the e¤ects of sub-penny
trading on market quality and the factors a¤ecting queue jumping by broker-dealers, which
help us to understand how the minimum tick size regulation should interact with sub-penny
trading ban.

Intuitively, on the one hand, sub-penny trading creates room for broker-dealers to make
pro�t but meantime threatens the health of the competitive market as a whole. For a stock,
a relatively small tick size fosters competition for liquidity provision and reduces broker-
dealers�pro�ts from trading against their customer orders (i.e. to internalize the order) and
sub-pennying passive limit orders. Hence, a reduction in the tick size can be viewed as a way
to alleviate the negative e¤ect of sub-penny trading. On the other hand, a smaller tick size
discourages liquidity providers to post limit orders on the top of the book because of being
undercut more easily. Thus tick size reduction could negatively a¤ect market depth while
sub-penny trading in any case cannot improve the depth. Therefore the critical regulatory
issue is to adjust the tick size to a reasonable magnitude which balances the e¤ect on sub-
penny trading and the liquidity discouragement. Note that these two e¤ects are sensitive in
stock price and liquidity characteristics. Very preliminary empirical evidence (Delassus and
Tyc, 2010) suggests that the practice of queue jumping could be negatively related to the
stock price.4

2Jarnecic and Snape (2010) suggest that high frequency trading is negatively related to the tick size.
3SEC concept release on Equity Market Structure No. 34-61358.
4Delassus and Tyc complete sample comprises 1800 NASDAQ stocks; their sample period includes 5

consecutive trading days.
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Our paper provides a theoretical discussion on the regulation of the tick size when
di¤erent platforms compete for liquidity provision and therefore it is also suitable to address
the issue of sub-penny trading. Starting with a one-market model (Section 3 and 4), we
show that the e¤ect of a tick size reduction depends on both the liquidity of the stock
and the asset value. For very illiquid stocks a reduction of the tick size discourages even
further liquidity provision and worsens market quality; for liquid stocks, instead, it makes
undercutting cheaper, and thus increases competition among liquidity suppliers and improves
market quality. Notice however that for very liquid stocks the liquidity pressure at the best
bid-o¤er is so intense that after the tick size reduction inside depth decreases. Clearly when
the value of the tick size becomes relatively large compared to the stock price (i.e. for low
priced stocks), the e¤ects of having a �ner price grid become stronger.

We then extend the framework to a dual-market model (Section 5) and �nd that, due to
intermarket competition, liquidity concentrates on the small-tick limit order book. Traders
take advantage of the �ner price grid to undercut the quotes available on the large-tick
market, thus draining liquidity away from it. This result is intuitively straightforward, and
it explains both the existing empirical evidence on the e¤ects of a tick size reduction and
the current trend that sees stock exchanges competing to reduce the tick size.

Finally, we investigate the sub-penny trading issue (Section 6) by embedding a group of
broker-dealers who can choose between trading in a lit market or in an internalization pool
(IP) where they can execute their customers�orders. Competition from IP reduces liquidity
demand on the public limit order book (PLB), which improves or deteriorates market quality
depending on the stock characteristics. When aggressive orders are intercepted by the IP,
depth on the PLB is preserved, but at the same time limit orders� execution probability
decreases and consequently the incentive to provide liquidity is reduced. The net e¤ect on
market quality of the IP competition will clearly depend on the initial level of the stock
liquidity. We show that for illiquid low priced stocks the availability of an internalization
pool is detrimental; for liquid stocks, in contrast, it enhances price competition so that
spread and depth improve. We also �nd that broker-dealers trade on the IP more intensively
when competition for liquidity provision on the PLB is tough, so for liquid stocks; this e¤ect
becomes stronger as the tick to price ratio increases, i.e. for low priced stocks.

These results allow us to discuss both the sub-penny rule and the recently proposed
Trade-At Rule. We suggest that by setting the minimum price improvement, regulators
should consider both the asset value and the bid-ask spread. An adequate tick size should
reduce the incentive for broker-dealers to implement sub-penny trading in illiquid and low
priced stocks and also prevent the e¤ective bid-ask spread from being held unnaturally wide.
Having adjusted the minimum tick size, regulators should consider a carefully designed
Trade-At Rule that addresses the issue of sub-penny trading without unfairly impacting on
dark venues (BATS, 2009) and commonly used hidden mid-point orders (Buti and Rindi,
2009). One possible waiver that could be introduced is to allow sub-penny trading and
quoting to take place in dark markets at the prevailing inside spread midquote.
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On the European front, our analysis sheds some light on the competition between lit
and dark markets that is at the center of the regulatory debate. In the recent consultation
paper of the "Review of the Market in Financial Instruments Directive", the European
Commission conveys some concern on the unregulated nature of the brokers�crossing systems
and proposes a new sub-regime that would regulate the activity of those internalization pools
that are used by brokers to match their client�s orders (European Commission, 2010). In
response to this public consultation, Brandes and Domowitz (2011) outline that "all dark
pools are assumed to be equal in structure from the regulatory perspective, but some are
clearly less e¢ cient than others", and present some evidence that Broker Pools�performance
is worse than Multilateral Trading Facilities (MTF) pools�; they also show how dark markets�
performance di¤ers depending on the stocks�capitalization. In light of these results, our
paper suggests the need for an empirical assessment of the e¤ects that di¤erent dark markets
can have on the quality of the primary markets as well as of the MTF, and therefore it draws
attention to the relevance of the more transparent post trading reporting regime proposed
in the same consultation paper by the European Commission.

Our model is related to three strands of the existing theoretical literature (Section 2),
respectively on intermarket competition5, the optimal tick size6 and broker-dealers� inter-
nalization of order �ows (Battalio and Holden, 2001), and to the best of our knowledge it
is the �rst one that allows researchers to investigate the tick size rule within the context
of intermarket competition. It also departs from existing theoretical works as it embeds
sub-penny trading through an internalization pool.

2 Literature Review

Financial literature extensively covers the relationship between the reduction of the
tick size and market quality. Empirical �ndings from di¤erent markets concur that after
reducing the tick size, spread and depth decline and that the spread is not equally a¤ected
across stocks.7 These �ndings are also consistent with a recent pilot programme implemented
by the major European platforms aimed at investigating the e¤ect of a reduction of the tick
size.8 Theoretically Seppi (1997) points out that as the tick size decreases, cumulative

5See, for example, Chowdhry and Nanda (1991) and Parlour and Seppi (2003).
6See Anshuman and Kalay (1998), Cordella and Foucault (1999), Foucault et al. (2005), Goettler et al.

(2005), Kadan (2004) and Seppi (1997).
7See footnote 1.
8In December 2008, BATS Europe, in conjuction with Chi-X, Nasdaq OMX Europe and Turquoise,

developed a proposal to standardize the tick size of the pan European trading platforms. Starting June 1,
2009, Chi-X, followed by Turquoise, BATS Europe and �nally the LSE and Nasdaq OMX Europe reduced
the tick size for a number of stocks. This pilot programme, aimed at studying the e¤ect of a change in the
tick size based on actual market data, showed that following the reduction of the tick size, e¤ective spread,
inside spread, inside depth and average trade size decreased (BATS, 2010).
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depth is minimized. Goettler, Parlour and Rajan (2005) show that by reducing the tick size
regulators do not achieve a Pareto improvement but rather an increase of total investors�
surplus. Kadan (2004) demonstrates that the e¤ects of a tick size reduction on dealers and
investors�welfare depends on the number of dealers active in the market, being detrimental
to dealers and bene�cial to investors when the number of dealers is large.

As our paper also investigates how di¤erent markets compete for the provision of liquid-
ity by reducing the tick size, it is also related to the literature on intermarket competition that
documents an improvement in market e¢ ciency brought about by competition.9 Chowdhry
and Nanda (1991) extend Kyle (1985) model to accommodate multi-market trading and
show that markets with the lowest transaction costs attract liquidity. Closer to our frame-
work Degryse et al. (2009) analyze the interaction between a dealer market and a crossing
network and show that overall welfare is not necessarily enhanced by the introduction of a
crossing network. Our framework substantially di¤ers from this as we model competition
between �rst two LOB and then a LOB and an Internalization Pool. Our model also departs
from Buti, Rindi and Werner (2010) who model competition between a LOB and an Dark
Pool, as it focuses on the tick size and on Internalization Pools.

Finally our model is related to the literature on broker-dealers internalization.10 Battalio
and Holden (2001) extends the Glosten and Milgrom (1985) protocol to consider the practice
of payment for order �ows and internalization. They show that brokers make pro�ts by
exploiting their direct relationships with customers. This is consistent with the related
empirical works (Chung et al. (2004a and 2004b), Hansch et al. (1999), He et al. (2006),
Hendershott and Jones (2005) and Porter and Weaver (1997)).

3 Single Market Model

3.1 The Market

A market for a security is run over a trading day divided into T periods: t = 1; :::; T .
At each period t a trader arrives and can submit orders of unitary size. Following Parlour
(1998), traders are rational and have the following linear preferences:

U(C1; C2; �) = C1 + �C2

where C1 is the cash in�ow from selling or buying the security on day 1, while C2 is
the cash in�ow from the asset payment on day 2 and is equal to +v (�v) in case of a
buy (sell) order. Notice that traders are risk neutral and have a personal trade-o¤ between

9See, for example, Barclay et al. (2003), Bessembinder and Kaufman (1997), Fink et al. (2006) and
Goldstein et al. (2008).
10Internalization is either the direction of order �ows by a broker-dealer to an a¢ liated specialist, or the

execution of order �ows by that broker-dealer acting as a market maker.
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consumption in the two days equal to � that is a patience indicator drawn from the uniform
distribution U(�; �) with 0 � � < 1 < �. A patient trader has a � next to 1 while an eager
one has extreme values of �. This is a modelling device which captures the trade-o¤ that
traders�face between waiting costs and execution costs.

Upon arrival at the market in period t, the trader observes the state of the book that
is characterized by the number of shares available at each level of the price grid. The latter
assembles two prices on the ask (A1; A2) and two on the bid side of the market (B1; B2),
symmetrically distributed around the asset value v. The di¤erence between two adjacent
prices, which we name � ; is equal to the minimum price increment and also corresponds to
the minimum inside spread. Thus the available prices are equal to A2 = v+ 3�

2
; A1 = v+

�
2
;

B1 = v� �
2
and B2 = v� 3�

2
; and the state of the book is de�ned as St = [Q

A2
t ; Q

A1
t ; Q

B1
t ; Q

B2
t ].

As in Seppi (1997) and Parlour (1998), we assume that a trading crowd provides liquidity
at the highest levels of the limit order book and prevents traders from bidding or asking
prices that are too far away from the top of the book. Besides, traders are allowed to submit
limit orders queuing in front of the trading crowd. In this parsimonious way, we can extend
Parlour (1998) model to include two price levels where traders can submit orders, and, at
the same time, keep the strategy space as small as possible. In addition we can investigate
the e¤ects of the tick size reduction on depth at di¤erent levels of the book.

Each trader can submit a unitary order that cannot be modi�ed or cancelled thereafter;
his strategy at time t is de�ned by Ht. The market permits two types of orders: limit
orders (LO) represented by +1 and market orders (MO) represented by �1. Traders can
hence submit limit orders to buy (sell) one share at di¤erent levels of the bid (ask) prices, or
market orders which hit the bid (ask) prices and are executed immediately, or they can decide
not to trade. More precisely, a trader�s strategy space is H = f�1i; 0g; where i = A2; A1; B1
and B2. The change in the LOB induced by the trader�s strategy Ht is indicated by ht and
de�ned as:

ht = [h
A2
t ; h

A1
t ; h

B1
t ; h

B2
t ] =

8>>>><>>>>:
[�1; 0; 0; 0] if Ht = �1A2
[0;�1; 0; 0] if Ht = �1A1
[0; 0;�1; 0] if Ht = �1B1
[0; 0; 0;�1] if Ht = �1B2
[0; 0; 0; 0] if Ht = 0

8t = 1::T (1)

The state of the book is hence characterized by the following dynamics:

St = St�1 + ht, 8t = 1::T (2)

The expected state of the book at time t is given by:

E[Stjt�1] = St�1 + E[ht], 8t = 1::T (3)

where E[hit] =
R

�2f�:Ht(�)=�1
ig
Ht(�)d� for i = A2; A1; B1; B2:
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3.2 Order Submission Decision

To optimize his order submission strategy, a trader needs to choose an order type and
a price. Hence traders have to maximize their utility, which in this risk neutral setting is
equivalent to maximize their payo¤, considering all the strategies available to them. Market
orders guarantee immediate execution but higher price opportunity cost, while limit orders
enable traders to get better prices at the cost of uncertain execution. Hence in this market
traders face the standard trade-o¤ between execution cost and price opportunity cost. The
payo¤s of the di¤erent strategies available to traders are listed in Table 2. Market equilibrium
strategies are derived in the following Section.

[Insert Table 2 here]

In Table 2 we denote by A and B with no subscript the best available quotes, so
that for example a market buy order executed at the best available price is indicated by
�1A. Notice that p�t (A

N�k;Nk
k jSt ) (or p�t (B

M�k;Mk

k jSt )) with k = 1; 2 is the equilibrium
execution probability, conditional on the state of the limit order book, for a limit sell (or
buy) order queuing at theNk (Mk) position at the price levelAk (Bk), whereN�k =

X
d<k

Nd

(M�k =
X

d<k
Md) is the number of shares standing at lower price levels.11 The execution

probability depends both on the price level at which the order is posted and the depth
available on the limit order book. An order posted at Ak and queueing at theNk�th position,
is executed against the (N�k+Nk)�th market order only when (N�k+Nk�1) market orders
have already hit all theN�k shares available at lower prices, and theNk�1 shares available at
Ak with time priority. If N�k+Nk is larger than the number of remaining periods, additional
limit orders at that price level will never be executed and pt(A

N�k;Nk
k jSt ) = 0: Notice that the

execution probability also depends on the state of the other side of the LOB: a deep LOB on
the bid side increases the incentive for a seller to post limit orders as he knows that incoming
buyers will be more inclined to post market orders (due to the long queue on the bid side).
To facilitate the proof, when the best ask is Ak we indicate the execution probability of a
limit order queuing at Ak by pt(A

Nk
k jSt ) instead of using pt(A0;Nkk jSt ) and the execution

probability of the order standing �rst by pt(Ak jSt ) instead of using pt(A0;1k jSt ).

3.3 Market Equilibrium

Traders use information from the state of the limit order book to rationally compute
di¤erent orders�execution probabilities, and then compare the expected payo¤s from each
order type to choose the optimal strategy consistent with their own �.12 The model allows
11Equilibrium values are indicated with a star superscript.
12Notice that, di¤erently from Parlour (1998), we do not assume that traders are ex-ante buyers or sellers

but rather endogenously solve for the trader�s decision to buy or to sell the asset.
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us to compute cuto¤ values for � from which we derive the probabilities of the equilibrium
trading strategies; equilibrium is found by backward induction. At time T , the execution
probability for limit orders is zero, hence traders will only submit market orders or decide
not to trade. It can be easily shown that traders�equilibrium strategies are:

H�
T (�; ST�1) =

8<:
�1B if � 2 [�; B

v
)

0 if � 2 [B
v
; A
v
)

�1A if � 2 [A
v
; �]

where the best ask and bid prices are equal to A = A1;2 (B = B1;2) depending on the
state of the LOB. By using these equilibrium strategies together with the distribution of �,
we can calculate the equilibrium execution probabilities at the best quotes for limit orders
submitted at T � 1:

p�T�1(A jST�1 ) =
Z

�2f�:H�
T jST�1=�1Ag

1d� =
�v � A
(� � �)v

(4)

p�T�1(B jST�1 ) =
Z

�2f�:H�
T jST�1=�1Bg

1d� =
B � �v
(� � �)v

(5)

These execution probabilities are the dynamic link between period T and T � 1. Notice
that a trader arriving at T �1 can choose between a market and a limit order, and his choice
is driven by his � value. The following Lemma holds:13

Lemma 1 If at time t 6= T at least one limit order strategy has positive execution probability,
then there will always exist a � value for which a limit order is optimally selected by the
incoming trader.

As an example, if we solve the trader�s maximization problem at T � 1 after sub-
stituting the equilibrium execution probabilities at T given by (4) and (5) for the case
p�T�1(A

N�k;Nk
k jST�1 ) 6= 0 and p�T�1(B

M�k;Mk

k jST�1 ) 6= 0, we obtain the following optimal
strategies:

H�
T�1(�; ST�2) =

8>><>>:
�1B if � 2 [�; �1;T�1)
+1Ak if � 2 [�1;T�1; �3;T�1)
+1Bk if � 2 [�3;T�1; �5;T�1)
�1A if � 2 [�5;T�1; �]

(6)

13All the proofs are presented in the Appendix.
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where �1;T�1 =
B
v
� p�T�1(AkjST�1 )

1�p�T�1(AkjST�1 )
� Ak�B

v
, �3;T�1 =

p�T�1(AkjST�1 )Ak+p�T�1(BkjST�1 )Bk
p�T�1(AkjST�1 )+p�T�1(BkjST�1 )

� 1
v
, and

�5;T�1 =
A
v
+

p�T�1(BkjST�1 )
1�p�T�1(BkjST�1 )

� A�Bk
v
. Notice that p�T�1(A

N�k;Nk
k jST�1 ) 6= 0 only when N�k = 0

and Nk = 1: a limit order posted at T � 1 has a positive execution probability only if it
undercuts all the orders resident on the LOB and gains execution priority, as only one trader
can still arrive at the market at T . Moreover, the larger the limit order execution probability,
p�T�1(Ak jST�1 ), the smaller is the threshold between market sell orders and limit sell orders,
�1, and the more likely it is for traders to submit limit rather than market orders. More
generally, if execution probabilities at time t are such that waiting costs are lower than
execution costs, traders will submit limit orders. If instead execution probabilities are low,
they will choose market orders. Notice also that the optimal price at which a trader will
submit a limit order is the result of a trade-o¤ between price risk and execution risk: a
more competitive price implies a higher execution probability due to both the lower risk of
being undercut by incoming traders and the greater attractiveness of the order for traders
on the opposite side. However this is obtained at the cost of lower revenues once the order
is executed. This trade-o¤ crucially depends on the relative tick size �

v
, as shown in the

following Lemma:

Lemma 2 At each time t 6= T traders�aggressiveness in the provision of liquidity is posi-
tively related to the value of �

v
.

From the equilibrium strategies at T � 1, we can derive the execution probabilities for
limit orders submitted at T �2 and therefore we can compute the corresponding equilibrium
strategies. We can then derive the execution probabilities of limit orders submitted in pre-
vious periods, compare the payo¤s of di¤erent strategies, and �nally compute equilibrium
strategies back to period t = 1: Traders�equilibrium strategies shape the equilibrium books
S1:T . The equilibrium is de�ned as follows:

De�nition 1 Given an initial book S0; a dynamic equilibrium is a set of order submission
decisions {H�

t } and states of the limit order book {St}, for t 2 [1; T ], such that at each
period the trader maximizes his payo¤ U(�) (Table 2) according to his Bayesian belief over
the execution probabilities p�(�), i.e.

fH�
t := argmax U( �jSt�1; p�t�1)g 8t[1; T ]

fSt := St�1 + h�tg 8t[1; T ]
where h�t is de�ned by (1)

4 Tick Size Reduction and Market Quality

To investigate the e¤ects of a change in the tick size on traders�strategies and, as a
result, on market quality, we start from the single market framework and then, in the next
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Section, we add intermarket competition by allowing agents to trade in a parallel LOB with a
di¤erent tick size. This allows us to discuss in Section 6 how the tick size changes undertaken
both in the US and in Europe during the last decade have interacted with the development
of fast and dark trading facilities. We can �nally compare the di¤erent recent proposals
on equity market structure put forward both in US and in Europe by the SEC and the
Committee of European Securities Regulators (CESR).

We start with the market characterized by a large tick size (LM) that we already pre-
sented in Section 3 and then we compare the resulting equilibrium trading strategies with
those obtained when, all else equal, the tick size is reduced from � to 1

3
� . Both price grids

are shown in Table 3: on the LM market the price grid is still PLM = fA2; A1; B1; B2g ;
while on the small tick market (SM) it has 5 levels on both the ask and the bid side, al
and bl, where l = 1; ::; 5. Notice that for the SM the dynamics and expected state of the
book are still characterized by equations (2) and (3) respectively, the main di¤erence being
that both SSMt and hSMt now consist of ten components instead of four. Notice also that the
trader�s strategy space is much richer thanks to the �ner price grid, HSM = f�1j; 0g with
j = fa1:5; b1:5g.

[Insert Table 3 here]

To compare the two markets, we build standard indicators of market quality using
traders�equilibrium strategies. Depth is measured by the number of shares available on the
LOB at di¤erent price levels. More precisely, for the LM we de�ne average depth at price i
as DP i;LMt = E[Qit], where i = fA1:2; B1:2g, and average depth at the best quotes, i.e. the
inside depth, as DPILMt = E[QAt + Q

B
t ]; total depth is measured by the sum of average

depth at all price levels, DPTLMt =
P
i

E[Qit]. Average spread is the expected di¤erence

between the best ask and bid prices, SPLMt = E[A�B]. Volume is measured by the number
of orders executed, while liquidity provision is obtained by considering the number of limit
orders submitted. As at each period only one trader arrives at the market who submits only
one order of unitary size, expected volume, V Lt, and liquidity provision, LPt, are computed
as the probability that this trader will submit a market order or a limit order at all price
levels:

V LLMt = E[
P
i

R
�2f�:HtjSt�1=�1ig

1d�]

LPLMt = E[
P
i

R
�2f�:HtjSt�1=+1ig

1d�]

Indicators of market quality for the SM are computed in a similar way, but using j =
fa1:5; b1:5g. To illustrate the e¤ects of a tick size reduction on di¤erent groups of stocks
(liquid versus illiquid), we use the initial state of the book as a proxy for liquidity and
consider there cases: an empty book for illiquid stocks, a book with either one or two units on
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the �rst (second) level of the LM (SM) price grid for liquid stocks. The following Proposition
summarizes the e¤ects of a tick size change on both traders�strategies and market quality:

Proposition 1 When the tick size is reduced, changes induced on traders�order submission
strategies and market quality depend on the initial state of the book.

� For liquid stocks

� liquidity provision increases and spread and depth improve;

� trading volume decreases;

� for very liquid stocks the e¤ects are the same except for inside depth that worsens.

� For illiquid stocks

� the results are the opposite: liquidity provision decreases and spread, depth and
inside depth deteriorate.

� All the above e¤ects become stronger for low priced stocks.

[Insert Tables 4;5 and 6 here]

Tables 4 and 5 report results at T�2 for orders submission strategies and market quality
for both the large and the small tick size regimes under two di¤erent opening states of the
limit order book: with 1 share on A1(a2) and B1(b2) (ST�3 = [01j10] = [00010j01000]), and
with 2 shares (ST�3 = [02j20] = [00020j02000]). By considering books that di¤er in market
depth, we can o¤er insights on how the e¤ects of a tick size change on market quality can be
in�uenced by liquidity. Consider �rst the regime under which the book opens at T � 2 with
only 1 share on both A1(a2) and B1(b2) and notice that when the tick size is smaller (the
price grid is �ner), undercutting is cheaper and competition for the provision of liquidity
becomes more intense so that in equilibrium traders switch from market to limit orders that
they post to the new best price levels (a1 and b1). The result is that depth increases -both
total and at the inside spread-, spread narrows and trading volume decreases (e.g. for v = 1,
from :8994 to :7666). Notice that these e¤ects become stronger as the stock price decreases:
for example when v is equal to 1 following a reduction in the tick size, spread decreases by
:02, whereas it only narrows by :0004 when v is equal to 50: Clearly, when the value of the
tick size becomes relatively small compared to the stock price, the bene�t of having a �ner
price grid decreases, and the probability that traders switch from market to limit orders
posted at a1 and b1 becomes smaller.

Consider then the regime where the book opens full at A1(a2) and B1(b2) (Table 5) and
notice that, compared to the previous case, the tick size reduction produces e¤ects that are
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more intense and of the same direction except for depth at the inside spread, that decreases
rather than increases. When at T � 2 the book opens full at A1(a2) and B1(b2); in the
large tick size protocol there is no room for limit orders and traders are forced either to use
market orders or to refrain from trading; hence when the tick size is reduced, traders move
even more aggressively than before to the top of the book (the probability of observing a
limit order at a1(b1) increases to :1167) and hence aggregate depth increases; however, depth
at the top of the book decreases due to the fact that before the reduction of the tick size the
liquidity pressure at the best bid and o¤er was very intense.

We can therefore conclude that the reduction of the tick size improves liquidity as it
narrows the inside spread and increases total depth, but its e¤ect on inside depth depends
on the state of the book. If we believe that the regime with a deeper book is a good proxy for
very liquid stocks, we can then suggest that for these stocks a tick size reduction can actually
decrease depth at the inside spread. For illiquid stocks, however, that we proxy by the empty
book, the e¤ect of a tick size reduction is to worsen the inside spread as well. Indeed Table 6
shows that when the book opens empty, the inside spread widens and depth decreases. The
reason being that traders do not have enough incentive to undercut aggressively by posting
limit orders on the new top of the book: the higher execution probability they would obtain
is in fact not large enough to compensate the lower execution price. Notice that, even in this
case, when the stock price increases, the reduction of the tick size tends to produce e¤ects
that gradually drop o¤.

The results obtained so far are consistent with most of the existing empirical evidence
on tick size reduction14 showing that when the tick size is reduced, inside spread decreases
but depth not necessarily improves. The results are also consistent with Bourghelle and
Declerck (2004) who investigate the e¤ects of a reduction of the tick size and show that,
as one moves to less liquid stocks, the percentage spread increases and the quoted depth
decreases.

The results from Proposition 1 also show that the e¤ect of the tick size reduction is
stronger the lower priced securities are. Indeed, a relevant issue put forward by the most
recent regulatory debate concerns the relation between tick size and stock price. It has been
suggested that the tick size value established uniformly for all NMS stocks is not adequate
for low priced stocks. More precisely, it is being observed that the current tick size is
relatively too large for securities priced below $20 (BATS, 2009). Delassus and Tyc (2010)
also suggest that for stocks between $1 and $5 the relatively high value of the minimum
price change is playing a role in keeping the relative spread arti�cially wide. Our model
captures this e¤ect and explains how a wider tick size increases the bid-ask spread and,
even more importantly, how this e¤ect gets stronger as the price of the security decreases.

14See Ahn et al. (1996), Bacidore (1997), Harris(1994), and Porter and Weaver (1997).
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Both Table 4 and Table 5 report equilibrium order submission probabilities and indicators of
market quality for di¤erent stock prices and show that all the e¤ects of a tick size reduction
tend to lessen as the ratio between the tick size and the stock price decreases. In particular
the positive e¤ect that a reduction of the tick size produces on the inside spread steadily
decreases with the increase in the stock price. Hence we can suggest that when the stock
price is too small relative to the tick size, the inside spread is kept unnaturally wide so that,
by curtailing the tick size, regulators can e¤ectively reduce the spread. When instead the
tick size is small relative to the stock price, a reduction of the tick size have marginal positive
e¤ects on market quality. This result bears important policy implications in that it suggests
that what regulators should seek is not an unlimited reduction in the tick size, but rather an
optimal ratio between the security price and the minimum price variation. We have shown
that by increasing this ratio, the e¤ect of a reduction of the tick size produces a smaller and
smaller e¤ect on the inside spread, and that for the most liquid stocks it can also reduce
inside depth. We can then conjecture that the optimal tick to price ratio should be achieved
by reducing the tick size down to the point where a further reduction does not produce any
additional e¤ect on the inside spread.

5 Dual-Market Model: Intermarket Competition

In this Section we extend the previous framework where we compare two markets with
di¤erent tick size, by allowing these same markets to compete with each other: traders
arriving at each period t can now choose not only their order type and aggressiveness, but
also the trading venue where to submit their orders. Thus the strategy space expands into
H = fHSM ; HLMg, where HLM = f�1i; 0g with i = fA1:2; B1:2g, and HSM = f�1j; 0g with
j = fa1:5; b1:5g. We also assume that if the two trading venues o¤er the same payo¤, a trader
will randomize his order submission and post his order to one of the two markets with equal
probability. We indicate the number of shares available at each price level by N1:2 (n1:5)
and M1:2 (m1:5) respectively for the ask and the bid side of the LM (SM). The dual-market
model is solved by backward induction as the single market model, the following Lemma
characterizes the equilibrium:

Lemma 3 When the two markets open with the same depth at the common price levels, they
have the same expected book dynamics at those same price levels.

Intuitively, let�s assume that one book is thinner than the other one at the common price
levels. This implies that incoming traders have an incentive to submit limit orders at those
price levels on the thinner book because of the higher execution probability. As a result,
liquidity builds up in the thinner book up to the point in which limit order execution prob-
abilities are equal in the two trading venues. So in equilibrium the two books should always
have equal depth at the common price levels. Notice that, compared with the equilibrium
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strategies in the single market model, here traders need to consider the potential competi-
tion in liquidity provision coming from the other market. Hence they will take advantage
of the �ner price grid in the SM to undercut aggressively the quotes available on the LM,
submitting orders at the price levels just below the common ones. For example a seller will
submit orders on a4, to avoid the competition from the trading crowd standing on the other
market at A2 or, if more impatient, on a1 as no undercutting by incoming traders is possible
at that price level. This aggressive liquidity supply is observed especially when competition
is �erce, i.e. for liquid and/or low priced stocks. The following Proposition summarizes the
main �ndings in the dual-market model.

Proposition 2 When two trading venues with di¤erent tick size compete, no matter how
liquid the markets and how priced the securities are, liquidity provision concentrates on the
small tick size market as traders undercut orders standing on the large tick market.

Competition for liquidity provision between markets with di¤erent tick size induces
traders to submit limit orders exclusively to the small tick size market with the result that
in the large tick market depth and inside spread deteriorate. Why do traders move to the
new trading platform? Because when the tick size is smaller they have a better chance to
�ne tune the trade-o¤ between execution risk and price risk, and more aggressive liquidity
suppliers can submit their orders to the new inside quotes. Notice that, as in the single
market case, this e¤ect lessens signi�cantly when the asset value increases from v = 1 to
v = 10; and that it is stronger for more liquid stocks, i.e. when the book opens with 1 or
more units posted at A1 (a2) and B1 (b2).15 The intuition here is the same as before: when
the tick to price ratio decreases, any incentive from a tick size reduction becomes smaller and
traders�advantage to undercut existing quotes decreases. However, by comparing the single
market protocol with the dual market one, it can be noticed that market interaction fosters
competition for liquidity provision so that the probability to observe orders posted to the top
of the book is higher in the case with intermarket competition. And this e¤ect -once again-
becomes stronger for liquid stocks. In fact, even if limit orders move to the SM, depth on the
LM still attract liquidity demanders so that the execution probability of limit orders posted
at the same price level on the SM is smaller than in the single market case. Clearly this
is due to the assumption that traders randomize their market orders when expected pro�ts
from the two markets are the same, and it explains -for example- why in the dual market
model traders post their orders to a4 rather than a5 as at a5 the trading crowd is active on
both markets an hence the execution probability of limit orders posted to this price level
is halved compared to the single market case. Noticeably our three-period model does not
capture the whole real dynamic interaction between the two markets, as presumably the LM

15Notice that having 1 or more shares on A1 (a2) and B1 (b2) is indi¤erent as, when traders can choose
between two trading venues, depth at each price level is the result of the sum of the shares posted in the
two markets - traders in fact can submit their market orders to both and obtain the same execution price.
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would shut down as soon as the trading crowd were moved to the SM; however, our model
markedly shows how the adjustment process starts and in which direction the equilibrium
would converge had we assumed an "endogenous" rather than exogenous trading crowd.

These results are consistent with the empirical �ndings by Oppenheimer et al. (2003)
who analyze the impact of US decimalization on the Canadian stocks and �nd that spread
and inside depth decline by a greater amount in the US than in Canada. Similarly, Lin et
al. (2009) look at the e¤ect of US decimalization on stocks cross-listed on Euronext and
NYSE and �nd that the NYSE proportion of trading of French �rms declines markedly in
the post-decimalization period. Our results also provide insights to investigate the e¤ects of
competition between MTFs/ECNs and regulated markets. Consistently with Proposition 2,
Bias et al. (2003) �nd that limit orders posted by traders to Island ECN undercut NASDAQ
quotes. Similarly Hengelbrock and Theissen (2009) �nd that competition fostered by the
entry of Turquoise led to a decrease in the inside spread.

Our model suggests a further interesting extension that can be tested empirically: the
e¤ects of competition among markets with di¤erent tick size regimes can greatly di¤er de-
pending on both the �rm�s price to tick ratio, and on liquidity. As far as liquidity is concerned,
market capitalization is frequently used to sort stocks; more �ddly can instead result the
selection of groups of stocks with a high degree of price variability as market cap is generally
related with �rm price. Our results suggest that by solving this issue empirical researchers
should be able to bolster16 the preliminary results obtained so far (e.g. Gomber and Pierron,
2010) on the e¤ects of fragmentation on market quality.

6 Sub-Penny Trading and Internalization Pool

In this Section, we extend the dual-market model to investigate sub-penny trading. This
practice is carried out by those broker-dealers who can access internalization pools (IP) to
compete on price with the liquidity posted to the top of the book by limit order traders.
IP are a special type of dark pools, that were initially designed to internalize order �ows
for cost-saving purposes (Degryse et al. 2009). Rosenblatt breakdown (Table 8) shows that
volume made on IP has steadily increased over the last three years and that, for example, in
August 2010 it attracted 8:55% of the consolidated US equity volume -the rest being drawn
by public crossing networks, exchange and consortium based pools- scoring an increase of
25% over the previous year. One of the main features that characterizes IP is that they are
controlled by broker-dealers and hence contain proprietary order �ows. In practice broker
dealers can use IP to internalize orders and execute them at sub-penny quotes. How is this
possible? Rule 612 does not allow market participants to quote prices in sub-penny on lit
markets, but it indeed allows broker-dealers to execute customers�orders at quotes that price
improve even by only a fraction of the tick size (which in US markets is equal to 1 penny

16See FESE (2010) comments on this issue.
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for stocks priced above $1). This is precisely what broker-dealers can achieve by posting
sub-penny quotes in their internalization pools. Assume, for example, that the best bid and
ask prices on a public limit order book are equal to $50:62 and $50:70 respectively; then a
broker-dealer can post a limit order to sell at $50:6999 and a limit order to buy at $50:6201
so that when an investor sends a market buy order for -say- 500 shares he/she sells short
$25; 349:95; and when another investor sends a market sell order for a further 500 shares,
he can cover his short position by buying in front of the displayed bid for $25; 310:05: With
this round trip transaction the broker-dealer captures the bid-ask spread and earns a pro�t
of $39:90; whereas the two investors save together $0:1 as their orders are executed at a
$0:01=100 better than the price quoted on the lit market.

Given that the volume intermediated at sub-penny is steadily increasing (Figure 1), and
that the estimated percentage of share volume in NMS stocks intermediated by broker-dealers
accounted up to 17:5% in September 2009 (SEC, 2010), regulators are worried about the
ultimate e¤ects of sub-penny trading on market quality. Does this practice foster competition
for the provision of liquidity and improve market quality, or it only allows highly sophisticated
dealers to generate considerable returns from using internalization pools to step in front of
the NBBO? As the better prices available in the IP intercept market orders sent to the public
limit order book (PLB same as previous LM), liquidity demand decreases. This generates
two opposite e¤ects on the quality of the PLB. On the one hand when fewer market orders hit
the top of the PLB, depth decreases by a lesser amount, thus holding the spread tighter. On
the other hand, however, the reduction of market orders lessens the execution probability of
limit orders and hence the incentive for traders to post depth to the top of the PLB, resulting
in lower market depth and wider spread. The changing pattern of market orders, which move
from the PLB to the IP, is a¤ected by the state of the PLB as well as by the relative tick
size of the stock considered. Indeed agents�choice between market and limit orders hinges
on the trade-o¤ between price risk and execution risk, which are both in�uenced by these
stocks idiosyncratic features. To discuss all these e¤ects, we adapt our previous dual market
model to embed sub-penny trading. The resulting framework allows us to draw conclusions
on competition between PLB and IP.

[Insert Table 8 here]

We assume that at each trading period one individual out of two groups of traders
arrives at the market: with probability � the incoming trader is a broker-dealer and with
the complementary probability he is a regular trader. While a regular trader can only post
his orders to the PLB, the incoming broker-dealer can use both the PLB and the IP with
a smaller tick size where he can undercut orders posted by other traders on the top of the
PLB. So we assume as before that two markets compete with each other, one of which with
a smaller tick size; however, di¤erently from before, we assume that only a fraction � of
the investors�population can trade on the small tick market. Furthermore, we assume that
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consistently with the very nature of real IP, the small tick market does not have a trading
crowd that closes the book at A2 and B2. Finally, while only broker-dealers can post limit
orders to the IP, all traders can take advantage of the liquidity o¤ered by both trading
platforms, which is consistent with the existence of a smart order routing technology17 that
allows all investors to simultaneously access multiple sources of liquidity (Butler, 2010). The
degree of access to IP volume a¤ects the visibility of this trading platform by regular traders.
We will �rst assume perfect inference and then extend the model to include partial inference
and Bayesian learning. The e¤ect of this extension is that the information structure of the
game changes: broker-dealers directly observe both markets as they are allowed to submit
orders in both; yet the other traders observe only the PLB, and have to make inference on
the state of the IP.

The US market provides the National Best Bid O¤er (NBBO) and hence allows traders
to search for the best execution on a consolidated limit order book. Accordingly we assume
that traders can employ smart order routers to search the best quotes on the consolidated
limit order book (PLB&IP): if the resulting inference is perfect, then investors� market
orders will always get the best execution even though they do not necessarily observe the
IP. If instead not all of them have access to sophisticated liquidity aggregators, then their
overall inference will be based on their gradual learning process.

We therefore consider two cases: the benchmark (PLB), where only one trading platform
is available to all traders, and the PLB&IP framework, where an IP competes with the PLB.
The latter case further di¤erentiates into visible and invisible, depending on the transparency
of the IP market. Notice that to introduce a certain degree of uncertainty on the state of the
IP, we assume that at T � 2 the IP opens either empty or with one unit on the �rst level of
the book with equal probability. The following Proposition summarizes the results obtained
under both the assumptions of perfect foresight and Bayesian inference.

Proposition 3 When an Internalization Pool is added to a Public Limit Order Book that
allows broker-dealers to sub-penny existing liquidity on the PLB, traders�order submission
strategies and market quality change as follows.

� For illiquid stocks market quality, measured by depth and inside spread, deteriorates as
liquidity provision decreases. The e¤ects are stronger for low priced stocks and when
the IP market is invisible for regular traders.

� For liquid stocks, the e¤ect of sub-penny trading is to foster price competition so that
in the PLB spread and depth improve, yet liquidity provision worsens. The e¤ects are
stronger for high priced stocks and weaker when the IP market is invisible for regular
traders.

17Examples are ITG Dark Aggregator and Smartrade Liquidity Aggregator.
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� IP is used more intensively by broker dealers when the stock is both liquid and low
priced.

The e¤ect of sub-penny trading on market quality is detrimental for illiquid stocks,
whereas it is bene�cial for the liquid ones; the former e¤ect is stronger for low priced stocks,
the opposite holding for the latter. Tables 9 and 10 provide the results for � = 10%. Table 9
is focused on the case with an empty opening book at T �2; that we assume to proxy illiquid
stocks, while Table 10 shows results for a book that opens with one share on A1(a2) which
should o¤er intuitions for more liquid stocks. Starting from Table 9, notice that comparing
the two market protocols, with and without an IP, both depth and limit orders decrease
when the IP is added to the PLB. When traders perceive the potential competition from
broker-dealers they react by supplying less aggressive liquidity to the book. Furthermore, this
e¤ect generally outweighs the reduction in market orders resulting from their interception
by the IP and the inside spread worsens. Notice that all these e¤ects get weaker as the stock
price increases: when the tick to price ratio becomes very small, the pro�tability of liquidity
provision, and hence of undercutting, declines so that IP competition becomes less relevant.
A similar intuition explains why these e¤ects become stronger when traders cannot observe
the IP book: the uncertainty on the IP depth and on the actual level of competition makes
them even more reluctant to post limit orders on the PLB.

For more liquid stocks (Table 10) the main e¤ect of sub-penny trading is to foster price
competition: when the market opens with some depth on the PLB the e¤ect on market
quality is positive as both spread and depth improve. These improvements on the PLB are
due to a reduction of the market orders executed in this venue: when the IP platform is
introduced, agents allowed to trade on both markets submit limit orders to the IP at a1
to undercut the existing depth at A1 and intercept incoming market orders away from the
PLB. The resulting reduction of liquidity demand on the PLB improves spread and depth.
However, the switch of orders from PLB to IP implies that liquidity provision and volume
worsen on the public venue, as documented respectively by the reduction in limit and market
orders submissions. Notice that in this case, when the stock price increases, the e¤ects on
the PLB of IP competition become stronger as they hinge on the deviation of market orders
away from the PLB. As market orders become more pro�table and are hence more largely
used, the overall e¤ect is magni�ed. When the IP market becomes opaque and uncertainty
increases for regular traders, they move from limit to market orders thus reducing the positive
e¤ect of IP on market quality.

Finally, by comparing traders�equilibrium strategies for illiquid and liquid stocks (Ta-
ble 9 and 10) we observe that broker-dealers post orders to the IP more intensively when
competition for liquidity provision on the PLB in more �erce, i.e. for liquid stocks; this e¤ect
is stronger for low priced stocks where providing liquidity is more convenient than taking
liquidity, due to the larger tick to price ratio.

Which conclusions can we draw from these results? We show that sub-penny trading is
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detrimental for market quality when it takes place in illiquid stocks, especially low priced,
whereas it bene�ts market quality for liquid ones. The existing preliminary empirical ev-
idence (Delassus and Tyc, 2010) shows that as the stock value decreases, the percentage
of sub-penny trading via internalization pool increases. This evidence combined with our
theoretical results supports the SEC concern about sub-penny trading that was recently
discussed in the April 2010 Concept Release on Equity Market Structure.

[Insert Tables 9 and 10 here]

7 Empirical implication

A number of interesting elements can be observed from the computed equilibrium strate-
gies of our model, that are conducive to ready testable empirical consequences. From traders�
equilibrium order submission strategies it emerges that traders�behavior is crucially depen-
dent on the liquidity of the limit order book and on the price of the stock considered, and
that this is true both within the context of a single market framework and with intermarket
competition.

Starting with the single market protocol which is not exposed to the competition from
other trading venues, when the tick size is reduced in a market characterized by a deep book,
traders �nd it more convenient to undercut existing depth, thus enhancing competition for
the provision of liquidity and hence improving both inside spread and depth. The opposite
occurs and liquidity worsens when the tick size reduction takes place in a shallow market
where the increased execution probability from aggressive undercutting does not compensate
traders for the reduced execution price that they get by posting orders nearer to the BBO.
Furthermore, for both liquid and shallow markets the e¤ects of a reduction in the tick size
hinges on another element that is the price to tick size ratio, as results show that they
gradually drop o¤ with the increase in the company�s price.

These model�s prediction can be directly tested by selecting dates corresponding to
tick size reductions for di¤erent sample stocks, by grouping these stocks both in terms of
liquidity and of �rm�s price, and by applying an event study methodology to investigate
market quality before and after the tick size reduction. An empirical issue is therefore to
adequately select a sample of stocks embedding a certain degree of variability in liquidity
and �rm price.

The optimal equilibrium strategies resulting from competition between two markets with
di¤erent tick size provides similar intuitions: they show that market players tend to move
to the trading platform with the smaller tick size and that market interaction fosters com-
petition for the provision of liquidity entailing an improvement in depth and inside spread.
However, results di¤er conditional on the stock�s characteristics, getting much stronger for
liquid and low priced stocks.
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As a result, relating order submission strategies, state of the book and other stocks�
characteristics o¤er a rich map of empirical links between di¤erent order types, liquidity
provision and volume; these implications can provide guidelines to the most recent empir-
ical investigations aimed at assessing the e¤ects of the increased market competition and
fragmentation that followed the MIFID implementation. According to our results, such an
empirical assessment should be conducted by controlling for the �rms�distinguishing features
as the intermarket competition enhanced by the MIFID can indeed result into fragmentation
between markets with di¤erent tick size regimes.

In addition to providing model support for intermarket competition between venues
with di¤erent tick sizes, we also o¤er a wide range of testable implications derived from com-
petition between a primary market and an internalization pool. The endogenous strategic
interaction between regular traders and more sophisticated broker-dealers having access to
dark crossing systems implies distinctive empirical patterns for liquidity supply and liquidity
demand. More precisely, the changing liquidity attitude of regular traders exposed to the
competition of an internalization pool has empirical predictions for the dynamics of order
�ows that still depend on �rms� idiosyncratic features. In deep markets IP competition
attracts market orders away from the primary market thus preserving and ultimately en-
hancing liquidity; in illiquid markets IP competition overall deters liquidity provision thus
worsening market quality. While the e¤ect on liquid stocks is ampli�ed when the stock
price increases, the opposite holds for illiquid stocks. These theoretical �ndings are directly
testable both cross sectionally by adequately selecting once more �rms with di¤erent degree
of liquidity and price levels, or by using time series of order data to verify whether an increase
in market depth in the primary market engages a positive feedback from the internalization
pool, whereas a draining of depth results in further reduction in liquidity provision. A �nal
ready testable empirical implication of our model is the prediction that broker-dealers will
use IP more intensively when the stock is both liquid and low priced.

8 Policy Discussion and Conclusions

In light of the growing interest for tick size regulation and its e¤ects in a global frag-
mented environment, this paper extends the existing literature on tick size and intermarket
competition in a number of directions.

First of all, it discusses the e¤ects of a reduction in the tick size within the context of
a limit order book and shows that such e¤ects depend on the liquidity of the stock and its
underlying asset value. In this respect, we show that the market quality of illiquid stocks
worsens with a reduction of the tick size, while it improves for liquid stocks. We also show
that the e¤ect is relevant for low priced stocks, whereas it vanishes as the value of the security
increases. These results, that are consistent with most of the existing empirical evidence,
suggest that the objective of the tick size regulation should not be an inde�nite reduction
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of the tick size, but rather the de�nition of a minimum price change that is consistent with
the stock�s main attributes and should be related to liquidity and asset value.

This paper also extends previous literature on tick size to include intermarket compe-
tition and shows that when two limit order books compete on price by reducing their tick
size, liquidity concentrates on the smaller-tick market, which is consistent with the prevailing
tendency of exchanges to competitively reduce their minimum price variation.

This extension constitutes the building block that allows us to investigate the issue of
sub-penny trading, which is one of the main concerns expressed by the SEC in the April 2010
concept release on Equity Market Structure. Our model suggests that sub-penny trading
undertaken by broker-dealers in their internalization pools can have dramatic e¤ects on
the quality of illiquid and low priced stocks, but that it is bene�cial to the quality of the
market for liquid stocks. The popularity of sub-penny trading, substantiated by the broker-
dealers�internalization activity that accounts for up to 17.5% of the US equity share volume,
induced the SEC to outline (SEC, 2010) the concept of a Trade-At Rule according to which,
for example, "a trading center that was not displaying the NBBO at the time it received
an incoming marketable order could either: (1) execute the order with signi�cant price
improvement (such as the minimum allowable quoting increment, generally one cent); or (2)
route ISOs to fully displayed size of NBBO quotations and then execute the balance of the
order at the NBBO price."

This rule would have the bene�t of prohibiting broker-dealers to step in front of the
NBBO by a fraction of a penny, thus avoiding the practice of pre-emptying the public limit
order book;18 however, it would have a detrimental e¤ect on those public crossing networks
-dark pools- that are designed to trade blocks and generally execute at the spread midpoint;
similarly, such rule would negatively a¤ect totally undisclosed orders that are allowed by
several exchanges to be pegged at the spread midpoint. A possible solution that we suggest
-but that our model does not tackle- is to introduce the Trade-At Rule together with a waiver
that allows sub-penny quoting and trading at the spread midpoint in dark venues. Future
extensions of our model could aim at discussing this proposal.

Finally, our analysis suggests that future empirical work should focus on the e¤ect of
high frequency trading on market quality during the second half of the last decade. Existing
preliminary evidence shows that, starting from 2005, sub-penny trading swamped in US mar-
kets and because this practice is tightly linked to algorithmic and fast trading programmes,
it would be interesting to verify whether Hendershott et al. (2010) positive results on the
e¤ects of high frequency trading on liquidity would still hold for most recent time periods.

18Notice that this proposal is consistent with the even more recent concerns raised after the turmoil of
May 6, 2010 by market professionals who believe the idea of depth-of-book protection should be revisited
(Chapman, 2010).
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Appendix

A Proof of Lemma 1

Proof. At any period t 6= T; a trader selects his optimal strategy H�
t by comparing the

payo¤s of all the strategies described in Table 2, Ht = f�1B;+1Ak ;+1Bk ;�1A; 0g. Assume
that p�t (A

N�k;Nk
k ) > 0 where in order to simplify the notation in this proof we omit to

write that all the execution probabilities are conditional on St. We compute the threshold
��1B ;0 between Ht = �1B and Ht = 0 by equalizing the pro�ts from the two strategies:
B � �v = 0; and we obtain ��1B ;0 =

B
v
. Similarly we compute the threshold between

Ht = �1B and Ht = +1Ak and obtain ��1B ;1Ak = B
v
� p�t (A

N�k;Nk
k )

1�p�t (A
N�k;Nk
k )

� Ak�B
v
. Notice that under

the assumption that p�t (A
N�k;Nk
k ) > 0, then ��1B ;1Ak < ��1B ;0 and hence there always exists

a value for � 2 (��1B ;1Ak ; ��1B ;0) such that H�
t (�; St�1) = +1

Ak . A similar result holds for
the bid side. Clearly, traders�equilibrium �-thresholds and hence strategies crucially depend
on the state of the book that traders face when arriving at the market, as these a¤ect the
execution probabilities of their limit orders. Hence we can have four possible scenarios. When
there is room for limit orders on both sides of the market, equilibrium traders�strategies for
t 6= T are:

H�
t (�; St�1) =

8>><>>:
�1B if � 2 [�; �1)
+1Ak if � 2 [�1; �3)
+1Bk if � 2 [�3; �5)
�1A if � 2 [�5; �]

if p�t (A
N�k;Nk
k ) 6= 0 & p�t (B

M�k;Mk

k ) 6= 0 (7a)

where �1 =
B
v
� p�t (A

N�k;Nk
k )

1�p�t (A
N�k;Nk
k )

� Ak�B
v
, �3 =

p�t (A
N�k;Nk
k )Ak+pt(B

M�k;Mk
k )Bk

p�t (A
N�k;Nk
k )+pt(B

M�k;Mk
k )

� 1
v
and �5 =

A
v
+

p�t (B
M�k;Mk
k )

1�p�t (B
M�k;Mk
k )

� A�Bk
v
. When instead the book open full either on the ask or on the bid side,

the equilibrium strategies are respectively:

H�
t (�; St�1) =

8>><>>:
�1B if � 2 [�; �1)
0 if � 2 [�1; �4)

+1Bk if � 2 [�4; �5)
�1A if � 2 [�5; �]

if p�t (A
N�k;Nk
k ) = 0 & p�t (B

M�k;Mk

k ) 6= 0 (7b)

H�
t (�; St�1) =

8>><>>:
�1B if � 2 [�; �1)
+1Ak if � 2 [�1; �2)
0 if � 2 [�2; �5)
�1A if � 2 [�5; �]

if p�t (A
N�k;Nk
k ) 6= 0 & p�t (B

M�k;Mk

k ) = 0 (7c)
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where �2 =
Ak
v
and �4 =

Bk
v
:Finally, when the book is full on both sides, equilibrium

strategies are:

H�
t (�; St�1) =

8<:
�1B if � 2 [�; �1)
0 if � 2 [�1; �5)
�1A if � 2 [�5; �]

if p�t (A
N�k;Nk
k ) = 0 & p�t (B

M�k;Mk

k ) = 0 (7d)

Notice that if p�t (A
N�k;Nk
k ) = p�t (B

M�k;Mk

k ) = 0, H�
t (�; St�1) = H

�
T (�; St�1).

B Proof of Lemma 2

Proof. As an example, we consider the ask side in period T � 1; the other cases can be
derived in a similar way. At T � 1 limit orders have positive execution probability on both
A1 and A2 only when the book opens empty on both sides, ST�1 = [0; 0; 0; 0]. In this case
traders can optimally select their level of price aggressiveness. Pro�ts from the two available
limit order strategies are:

HT�1 = +1
A2 : (A2 � �v) � p�T�1(A2 j[1000]) = (A2 � �v) � �v�A2(���)v

HT�1 = +1
A1 : (A1 � �v) � p�T�1(A1 j[0100]) = (A1 � �v) � �v�A1(���)v

A limit order at A1 is optimal if 9� such that (A2 � �v) � p�T�1(A1 j[0100]) > maxfB2 � �v,
(A1 � �v) � p�T�1(A2 j[1000])g; in this case that the threshold between HT�1 = �1B and
HT�1 = +1

A1 is smaller than the threshold between HT�1 = �1B and HT�1 = +1A2. More
precisely, as ��1B ;1Ak = �1 jB=B2;Ak = B2

v
� p�T�1(AkjSt )

1�p�T�1(AkjSt )
� Ak�B2

v
, in order for ��1B ;1A1 <

��1B ;1A2 the lower selling price (by one tick, �) must be compensated by a higher execution

probability. As p�T�1(A1 j[0100])�p�T�1(A2 j[1000]) = �v�A1
(���)v�

�v�A2
(���)v =

�
(���)v is an increasing

function of the relative tick size, forHT�1 = +1A1 to be an optimal strategy, �v must be larger

than b�
v
, where b�

v
solves (A1 � �v) � �v�A1(���)v � (A2 � �v) �

�v�A2
(���)v = 0:

C Proof of Proposition 1

Proof. 1) Illiquid stocks: starting book at T � 2 is [0000]
(1.1) Consider a LMwhere at T�2 traders�strategy space is f�1B;+1A2 ;+1A1 ;+1B1 ;+1B2 ;�1A; 0g;

each strategy corresponds to an opening book at T �1 equal to [0000], [1000], [0100], [0010],
[0001] and [0000] respectively. Let�s consider -as an example- the book that opens at T � 1
with one share on A2; [1000]. Traders� strategy space is f�1B;+1A1 ;+1B1 ;+1B2 ;�1A; 0g
and the corresponding payo¤s are:
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HT�1 = �1B : B2 � �v
HT�1 = +1

A1 : (A1 � �v) � p�T�1(A1 j[1100])
HT�1 = +1

B1 : (�v �B1) � p�T�1(B1 j[1010])
HT�1 = +1

B2 : (�v �B2) � p�T�1(B2 j[1001])
HT�1 = �1A : �v � A2
HT�1 = 0 : 0

where the execution probabilities are given by (4) and (5), presented in Section 3.3. After
comparing these payo¤s, we obtain the equilibrium strategies at T � 1 that depend on the
relative tick size �

v
; as shown in Lemma 2. For the time being we assume that the relative

tick size is such (small enough) that traders are not aggressive and post limit orders at higher
levels of the book when available. The equilibrium strategies at T � 1 are given by formula
(6):

H�LM
T�1 (�; [1000]) =

8>><>>:
�1B if � 2 [�; �1;T�1 jA1;B=B2 )
+1A1 if � 2 [�1;T�1 jA1;B=B2 ; �3;T�1 jA1;B2 )
+1B2 if � 2 [�3;T�1 jA1;B2 ; �5;T�1 jA=A2;B2 )
�1A if � 2 [�5;T�1 jA=A2;B2 ; �]

where �1;T�1 jA1;B=B2 = B2
v
� p�T�1(A1j[1100] )
1�p�T�1(A1j[1100] )

�A1�B2
v
, �3;T�1 jA1;B2 =

p�T�1(A1j[1100] )A1+p�T�1(B2j[1001] )B2
p�T�1(A1j[1100] )+p�T�1(B2j[1001] )

�
1
v
and �5;T�1 jA=A2;B2 = A2

v
+

p�T�1(B2j[1001] )
1�p�T�1(B2j[1001] )

� A2�B2
v
. This allows us to compute the execu-

tion probability of the strategy HT�2 = +1A2 that produces at T � 1 the book that we are
considering, i.e. [1000]:

p�T�2(A2 j[1000]) =
���5;T�1jA=A2;B2

��� +
�5;T�1jA=A2;B2 ��3;T�1jA1;B2

��� � p�T�1(A2 j[1001])

+
�1;T�1jA1;B=B2 ��

��� � p�T�1(A2 j[1000])

The �rst term on the RHS of this equation represents the probability of being executed at
T � 1, while the other two terms stand for the probability of being executed during the last
period T . Similarly, we are able to get the execution probabilities at T � 2 for the other
order types, that produce respectively the opening books [0000],[0100],[0010] and [0001] at
T � 1. We can then replicate the procedure used at T � 1 to compare all possible trader�s
payo¤s at T � 2:
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HT�2 = �1B : B2 � �v
HT�2 = +1

A2 : (A2 � �v) � p�T�2(A2 j[1000])
HT�2 = +1

A1 : (A1 � �v) � p�T�2(A1 j[0100])
HT�2 = +1

B1 : (�v �B1) � p�T�2(B1 j[0010])
HT�2 = +1

B2 : (�v �B2) � p�T�2(B2 j[0001])
HT�2 = �1A : �v � A2
HT�2 = 0 : 0

Hence equilibrium strategies at T � 2 are:

H�LM
T�2 (�; [0000]) =

8>><>>:
�1B if � 2 [�; �1;T�2 jA2;B=B2 )
+1A2 if � 2 [�1;T�2 jA2;B=B2 ; �3;T�2 jA2;B2 )
+1B2 if � 2 [�3;T�2 jA2;B2 ; �5;T�2 jA=A2;B2 )
�1A if � 2 [�5;T�2 jA=A2;B2 ; �]

where �1;T�2 jA2;B=B2 = B
v
� p�T�2(A2j[1000] )
1�p�T�2(A2j[1000] )

�A2�B
v
; �3;T�2 jA2;B2 =

p�T�2(A2j[1000] )A2+p�T�2(B2j[0001] )B2
p�T�2(A2j[1000] )+p�T�2(B2j[0001] )

�
1
v
, �5;T�2 jA=A2;B2 = A

v
+

p�T�2(B2j[0001] )
1�p�T�2(B2j[0001] )

� A�B2
v
:

When instead �
v
is large, submitting limit orders on the �rst level of the book becomes

also an optimal strategy. We present directly the equilibrium strategies at T � 2, where
formula (7a) is modi�ed as follows:

H�LM
T�2 (�; [0000]) =

8>>>>>><>>>>>>:

�1B if � 2 [�; �1;T�2 jA1;B=B2 )
+1A1 if � 2 [�1;T�2 jA1;B=B2 ; �6;T�2 jA1;A2 )
+1A2 if � 2 [�6;T�2 jA1;A2 ; �3;T�2 jA2;B2 )
+1B2 if � 2 [�3;T�2 jA2;B2 ; �7;T�2 jB1;B2 )
+1B1 if � 2 [�7;T�2 jB1;B2 ; �5;T�2 jA=A2;B1 )
�1A if � 2 [�5;T�2 jA=A2;B1 ; �]

where �6;T�2 jA1;A2 =
p�T�2(A1j[0100] )A1�p�T�2(A2j[1000] )A2
p�T�2(A1j[0100] )�p�T�2(A2j[1000] )

� 1
v
, �7;T�2 jB1;B2 =

p�T�2(B1j[0010] )B1�p�T�2(B2j[0001] )B2
p�T�2(B1j[0010] )�p�T�2(B2j[0001] )

�
1
v
.
(1.2) We solve the same problem in the small-tick market (SM) where traders can select

among �ve price levels both on the ask and the bid side to post their limit orders, so that
al = v + �

6
(2l � 1) and bl = v � �

6
(2l � 1) for l = 1; ::; 5, and A1 = a2, A2 = a5, B1 = b2

and B2 = b5. As the methodology is similar to the one for case 1.1, we directly present
the equilibrium strategies at T � 2 for the case with an empty book, that we indicate with
St = [0], and a small relative tick size value, �v :

H�SM
T�2 (�; [0]) =

8>><>>:
�1b if � 2 [�; �1;T�2 ja5;b=b5 )
+1a5 if � 2 [�1;T�2 ja5;b=b5 ; �3;T�2 ja5;b5 )
+1b5 if � 2 [�3;T�2 ja5;b5 ; �5;T�2 ja=a5;b5 )
�1a if � 2 [�5;T�2 ja=a5;b5 ; �]
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When �
v
is large, equilibrium strategies at T � 2 modify as follows:

H�SM
T�2 (�; [0]) =

8>>>>>><>>>>>>:

�1b if � 2 [�; �1;T�2 ja1;b=b5 )
+1a1 if � 2 [�1;T�2 ja1;b=b5 ; �6;T�2 ja1;a5 )
+1a5 if � 2 [�6;T�2 ja1;a5 ; �3;T�2 ja5;b5 )
+1b5 if � 2 [�3;T�2 ja5;b5 ; �7;T�2 jb1;b5 )
+1b1 if � 2 [�7;T�2 jb1;b5 ; �5;T�2 ja=a5;b1 )
�1a if � 2 [�5;T�2 ja=a5;b1 ; �]

(1.3) As de�ned in Section 4, liquidity provision and executed volume at T � 2 are
determined by the probability that in this trading round the incoming trader submits a limit
order or a market order respectively. To compare LM and SM in terms of these measures, it
is su¢ cient to compare the thresholds that make the trader indi¤erent between submitting
a market order and the most attractive among the available limit order strategies:b�LM5;T�2 jA=A2;Bk = max

Bk
�5;T�2 jA=A2;Bk = max

Bk
fA2
v
+

p�T�1(BkjST�1 )
1�p�T�1(BkjST�1 )

� A2�Bk
v
g

b�SM5;T�2 ja=a5;bl = max
bl
�5;T�2 ja=a5;bl = max

bl
fa5
v
+

p�T�1(bljST�1 )
1�p�T�1(bljST�1 )

� a5�bl
v
g

After substituting the execution probabilities computed in (1.1) and (1.2), we �nd that

the probability of a market buy order is larger for the small tick market: b�SM5;T�2 ja=a5;bl <b�LM5;T�2 jA=A2;Bk . A similar result holds for a market sell order: b�SM1;T�2 jal;b=b5 > b�LM1;T�2 jAk;B=B2 .
Consequently volume is higher in the small tick market:

V LSMT�2 =
��b�SM5;T�2ja=a5;bl

��� +
b�SM1;T�2jal;b=b5 ��

��� >
��b�LM5;T�2jA=A2;Bk

��� +
b�LM1;T�2jAk;B=B2 ��

��� = V LLMT�2

Notice that when the book starts empty at T � 2, no trading (HT�2 = 0) is never optimal
and hence in this single market model the submission probabilities of market and limit orders
are complements. Thus, as V LLMT�2 < V L

SM
T�2, LP

LM
T�2 > LP

SM
T�2. Notice also that, as the book

starts empty so that there is no depth already available, inside depth coincides with total
depth and also with liquidity provision, DPIT�2 = DPTT�2 = LPT�2, where:

LPT�2 =
b�5;T�2�b�1;T�2

���

As a consequence, also total and internal depth are lower in a small tick market: DPILMT�2 =
DPTLMT�2 > DPISMT�2 = DPT SMT�2. Finally, in order to compute the spread, we need to
di¤erentiate two cases depending on the value of �

v
. When �

v
is large, we obtain:

SPLMT�2 = E[A�B] = 3� � (�6;T�2jA1;A2 ��1;T�2jA2;B=B2
��� +

�5;T�2jA=A2;B2 ��7;T�2jB1;B2
��� ) � �

< 3� � (�6;T�2ja1;a5 ��1:T�2ja1;b=b5
��� +

�5;T�2ja=a5;b1 ��7;T�2jb1;b5
��� ) � 4�

3
= SP SMT�2

28



where, for example,
�6;T�2jA1;A2 ��1;T�2jA2;B=B2

��� is the probability of a limit sell order posted at

A1 and
�5;T�2jA=A2;B2 ��7;T�2jB1;B2

��� is the probability of a limit buy order posted at B1.When

instead �
v
is small and traders in equilibrium post limit orders only atA2 = a5 andB2 = b5, we

obtain that SPLMT�2 = SP
SM
T�2 = 3� : So the spread never decreases after a tick size reduction,

and it increases for stocks with large relative tick size.

2) Liquid stocks: starting book at T � 2 is [0110]
(2.1) Consider again LM. The traders�strategy space at T � 2 is the same as in case (1)

and the possible opening books at T � 1 are: [0100], [0010], [0210], [0120], [0110], [1110] and
[0111]. As an example, we consider the case where HT�2 = +1A1 so that the book opens at
T �1 as [0210]; in this case the incoming trader never gets execution priority for limit orders
and therefore his strategy space is f�1B;�1A; 0g; his corresponding payo¤s are:

HT�1 = �1B : B2 � �v
HT�1 = �1A : �v � A2
HT�1 = 0 : 0

By comparing these payo¤s, it is then straightforward to compute his equilibrium strategies,
obtained by using (7d):

H�LM
T�1 (�; [0210]) =

8<:
�1B if � 2 [�; �1;T�1 jB=B1 )
0 if � 2 [�1;T�1 jB=B1 ; �5;T�1 jA=A1 )
�1A if � 2 [�5;T�1 jA=A1 ; �]

where �1;T�1 jB=B1 = B1
v
and �5;T�1 jA=A1 = A1

v
. We can then compute the execution

probabilities of the order submitted at T � 2 as:

p�T�2(A j[0210]) =
���5;T�1jA=A1

���

Following the same methodology, we are able to obtain the execution probabilities for all
possible strategies at T � 2. We can �nally compute the strategies� payo¤s in the same
period:

HT�2 = �1B : B1 � �v
HT�2 = +1

A2 : (A2 � �v) � p�T�2(A
1;1
2 j[1110])

HT�2 = +1
A1 : (A1 � �v) � p�T�2(A21 j[0210])

HT�2 = +1
B1 : (�v �B1) � p�T�2(B21 j[0120])

HT�2 = +1
B2 : (�v �B2) � p�T�2(B

1;1
2 j[0111])

HT�2 = �1A : �v � A1
HT�2 = 0 : 0
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where p�T�2(A
1;1
2 j[1110]) = ���5;T�1jA=A1;B1

��� �p�T�1(A) jA=A2 , p�T�2(A21 j[0210] =
���5;T�1jA=A1;B1

��� �

p�T�1(A) jA=A1 , p�T�2(B21 j[0120]) =
�1;T�1jA=A1;B1 ��

��� � p�T�1(B) jB=B1 and p�T�2(B
1;1
2 j[0111]) =

�1;T�1jA=A1;B1 ��
��� � p�T�1(B) jB=B2 . By comparing these payo¤s we obtain the following equi-

librium strategies:

H�LM
T�2 (�; [0110]) =

8>><>>:
�1B if � 2 [�; �1;T�2 jA2;B=B1 )
+1A2 if � 2 [�1;T�2 jA2;B=B1 ; �3;T�2 jA2;B2 )
+1B2 if � 2 [�3;T�2 jA2;B2 ; �5;T�2 jA=A1;B2 )
�1A if � 2 [�5;T�2 jA=A1;B2 ; �]

where �1;T�2 jA2;B=B1 = B1
v
� p�T�2(A

1;1
2 j[1110] )

1�p�T�2(A
1;1
2 j[1110] ) �

A2�B1
v
, �3;T�2 jA2;B2 =

p�T�2(A
1;1
2 j[1110] )A2+p�T�2(B

1;1
2 j[0111] )B2

p�T�2(A
1;1
2 j[1110] )�p�T�2(B

1;1
2 j[0111] ) �

1
v
, and �5;T�2 jA=A1;B2 = A1

v
+

p�T�2(B
1;1
2 j[0111] )

1�p�T�2(B
1;1
2 j[0111] ) �

A1�B2
v
.

(2.2) We solve the same problem in SM. Notice that in this case where at T�2 one share
is available at a2 and b2, thanks to the �ner price grid traders have room for undercutting
the best quotes by submitting limit orders at a1 and b1. As the procedure to get to the
equilibrium strategies is the same as in the previous case, we present directly the results.
Notice that we indicate by [Qa2 = 1; Qb2 = 1] the book that opens at T � 1 with one unit
on both a2 and b2.

H�SM
T�2 (�; [Q

a2 = 1; Qb2 = 1]) =

8>>>>>><>>>>>>:

�1b if � 2 [�; �1;T�2 ja1;b=b2 )
+1a1 if � 2 [�1;T�2 ja1;b=b2 ; �6;T�2 ja1;a5 )
+1a5 if � 2 [�6;T�2 ja1;a5 ; �3;T�2 ja5;b5 )
+1b5 if � 2 [�3;T�2 ja5;b5 ; �7;T�2 jb1;b5 )
+1b1 if � 2 [�7;T�2 jb1;b5 ; �5;T�2 ja=a2;b1 )
�1a if � 2 [�5;T�2 ja=a2;b1 ; �]

(2.3) Similarly to (1.3), we compare the indicators of market quality by using the prob-
abilities of observing di¤erent order types. Notice from the equilibrium strategies presented

in (2.2) that here b�SM5;T�2 ja=a5;bl = �5;T�2 ja=a2;b1 and b�LM5;T�2 jA=A1;Bk = �5;T�2 jA=A1;B2 .
After substituting for the optimal execution probabilities we �nd that �5;T�2 jA=A1;B2 <
�5;T�2 ja=a2;b1 and �1;T�2 jA2;B=B1 > �1;T�2 ja1;b=b2 , so that:

V LSMT�2 =
���5;T�2ja=a2;b1

��� +
�1;T�2ja1;b=b2 ��

��� <
���5;T�2jA=A1;B2

��� +
�1;T�2jA2;B=B1 ��

��� = V LLMT�2

Given that HT�2 = 0 cannot occur in equilibrium and that as a consequence the probability
of limit and market orders are complements, V LLMT�2 > V L

SM
T�2 implies that LP

LM
T�2 < LP

SM
T�2.
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The other market indicators for LM are computed as follows:

DPILMT�2 = 2� 1 � (�1;T�2jA2;B=B1 ��
��� +

���5;T�2jA=A1;B2
��� ) = 2� V LLMT�2 = 1 + LPLMT�2

DPTLMT�2 = 2 + LPLMT�2 � V LLMT�2 = 1 + 2 � LPLMT�2
SPLMT�2 = LPLMT�2 � (�) + V LLMT�2 � (2�) = (2� LPLMT�2)�

Following the same methodology, we compute market indicators for the small tick case, where
DPISMT�2 = 1 + LP

SM
T�2, DPT

SM
T�2 = 1 + 2 � LP SMT�2 and

SP SMT�2 = Pr(H�SM
T�2 = +1

a2 ;+1b2) � (�) + Pr(H�SM
T�2 = +1

a1 ;+1b1) � (2�
3
) + V LLMT�2 � (2�)

= LPLMT�2 � (�)� Pr(H�SM
T�2 = +1

a1 ;+1b1) � �
3
+ V LLMT�2 � (2�)

< (2� LP SMT�2)�

so that DPILMT�2 < DPI
SM
T�2, DPT

LM
T�2 < DPT

SM
T�2 and SP

LM
T�2 > SP

SM
T�2.

3) Highly liquid stocks: starting book at T � 2 is [0220]
At T � 2 traders�strategy space in a LM is now f�1B;�1A; 0g and the corresponding

opening books at T � 1 [0210], [0120], and [0220]. As the stock is very liquid, limit orders
at T � 1 never get executed except for the small tick market where traders can undercut
existing liquidity by posting limit orders at A1 and B1.The equilibrium trading strategies at
T � 2 are:

H�LM
T�2 (�; [0220]) =

8<:
�1B if � 2 [�; �1;T�2 jA1;B=B1 )
0 if � 2 [�1;T�2 jA1;B=B1 ; �5;T�2 jA=A1;B1 )
�1A if � 2 [�5;T�2 jA=A1;B1 ; �]

H�SM
T�2 (�; [Q

a2 = 2; Qb2 = 2]) =

8>><>>:
�1b if � 2 [�; �1;T�2 ja1;b=b2 )
+1a1 if � 2 [�1;T�2 ja1;b=b2 ; �3;T�2 ja1;b1 )
+1b1 if � 2 [�3;T�2 ja1;b1 ; �5;T�2 ja=a2;b1 )
�1a if � 2 [�5;T�2 ja=a2;b1 ; �]

clearly, liquidity provision is positive only in the SM market so that LP SMT�2 > LP
LM
T�2 = 0,

thus DPT SMT�2 > DPT
LM
T�2 and SP

SM
T�2 < SP

LM
T�2. Comparing the thresholds for market orders

we obtain:

b�SM1;T�2 ja1;b=b2 = minf b2v ; b2v � p�T�2(�)ja1
1�p�T�2(�)ja1

� a1�b2
v
g < B1

v
= b�LM1;T�2 jA1;B=B1

so that V LSMT�2 < V L
LM
T�2. Finally, DPI

SM
T�2 = 3 < 3V L

LM
T�2 + 4(1� V LLMT�2) = DPILMT�2.
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D Proof of Lemma 3

Proof. Assume that the two markets have the same initial depth at the common price levels,
so that SA20 = Sa50 , S

A1
0 = Sa20 , S

B2
0 = Sb50 ; and S

B1
0 = Sb20 . Consider an incoming seller who

can submit either a market order or a limit order or refrain from trading. If he opts for a
market order, he faces two cases: either the best ask price is di¤erent from the two common
price levels (A 6= A2 6= A1); or it is one of those two (A = A2 or A1). In the �rst case the
market order will only change depth at the best ask price level and not at the common ones;
in the second one the trader will randomize between the two trading venues as they both
o¤er liquidity at the best ask and hence expected depth at the two common price levels will
change equally. For this reason, we obtain that: E[SA21 ] = E[S

a5
1 ] and E[S

A1
1 ] = E[S

a2
1 ]. If

instead the trader opts for a limit order, either he submits his order to a price level that is
not common to the two markets, in which case the Lemma trivially holds, or if he decides to
submit a limit order at one of the two common price levels (i.e. A2 = a5 and A1 = a2), he
will optimally randomize between them so that expected depth will still be the same. For
this case, consider as an example A1 = a2 and notice that pro�ts from the two limit order
strategies are indeed the same:

H1 = +1
A1 : (A1 � �v) � p�1(A

n1;n2+N1+1
1 jS0 )

H1 = +1
a2 : (a2 � �v) � p�1(a

n1;n2+N1+1
2 jS0 )

For this reason the incoming trader will randomize between the two trading venues:

E[hA11 ] = E[h
a2
1 ] =

1

2

Z
�2f�:Ht(�)=1A1 ;1a2g

Ht(�)d�

From equation (3), this implies that E[SA11 ] = E[Sa21 ]. A similar result is obtained for
A2 = a5. Finally, if the trader decides not to trade, then no change is observed on the
depth associated to the two common price levels, and the Lemma will hold. As the same
argument can be applied to the bid side and holds recursively for t � 2 , we obtain that
when SA20 = Sa50 , S

A1
0 = Sa20 , S

B2
0 = Sb50 ; and S

B1
0 = Sb20 , then 8t 2 [1; T ] E[SA2t ] = E[Sa5t ];

E[SA1t ] = E[S
a2
t ]; E[S

B2
t ] = E[S

b5
t ] and E[S

B1
t ] = E[S

b2
t ].

E Proof of Proposition 2

Proof. Lemma 3 tells us that, if the two markets have the same initial depth at the common
price levels, they should always have the same expected depth at those price levels. So in
order to prove that liquidity provision concentrates on the SM, it is su¢ cient to show that
traders optimally submit limit orders at price levels that are not common to the two trading
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venues. Consider hence a LM and a SM with the same initial depth at their common price
levels and for simplicity with Saj0 = 0 for j = 1; 3; 4. If, contrary to Proposition 2, depth does
not concentrate on SM, it means that traders post their orders only to the common price
levels, i.e. Sajt = 0; 8t: Assume that until the beginning of period t it has never been indeed
optimal to submit a limit order at any of the non-common price levels, so that Sajt�1 = 0 for
j = 1; 3; 4. As an example, consider the payo¤s of a seller who arrives at t and wants to
submit a limit order. De�ne the payo¤�s di¤erence between undercutting at a1 and queuing
at a2 as:

f(n2) = (a1 � �v) � p�t (a1
��SLMt ; SSMt )� (a2 � �v) � p�t (a2n2+12

��SLMt ; SSMt )

Notice that if the book is full at a2(or A1)(i.e. 2n2 > T � t), queuing at a2 implies
a zero execution probability. Hence we obtain: f(n2) = (a1 � �v) � p�t (a1

��SLMt ; SSMt ) >
0 ) Ht = +1a1 � Ht = +1a2. If instead queuing has a non zero execution probability,
p�t (a

2n2+1
2

��SLMt�1 ; SSMt�1 ) > 0, then, as @f(n2)=@n2 > 0, 9n2 such that Ht = +1a1 � Ht = +1a2
for n2 > n2. A similar result holds when comparing Ht = +1a1 and Ht = +1a5, where
n5 < n2. Thus, as the book gets deeper at the common prices, there always exists a critical
number of shares above which Ht = +1a1 is preferred to Ht = +1a2 ;+1a5 . Moreover, taking
into account that in the case considered here the book is empty (at t) at non common price
levels, and hence Ht = +1a1 has always positive execution probability for t 6= T , it can be
shown that for certain ranges of �; a limit order at a1is preferable to a market order or not
trade. That is, 9� 2 (��1B ;1a1 ; ��1B ;0) s:t H�

t (�; S
LM
t�1 ; S

SM
t�1 ) = +1

a1 (see proof of Lemma 2).
Similar results can be obtained for the bid side. We can hence conclude that when the two
markets compete, liquidity concentrates on the SM.

F Proof of Proposition 3

Proof. Broker-dealers (BD) can choose the market where to submit limit orders, while
regular traders (RT) can only submit them to the PLB. A smart router allows all market
orders to spot the best price between the two markets. We distinguish two cases depending
on whether the IP is visible or invisible to regular traders. In the �rst case, RT can fully
observe the state of the IP, while in the second one they cannot observe the IP and hence
they infer the IP state from the order �ow arriving to the PLB. We also assume that the
IP opens at T � 2 with equal probability either empty -that we indicate with [0]- or with
one unit on the �rst level -that we indicate with [1]. We provide a proof for liquid stocks,
i.e. when the starting PLB at T � 2 is [01j10]. The proof for illiquid stocks follows a similar
procedure and is available from the authors upon request.

1) Liquid stocks, visible IP: starting book at T � 2 is [0110]&[0] or [0110]&[1]
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When RT can observe the state of the IP, they use di¤erent trading strategies depending
on the initial realization of the IP state. So we �rst solve the two cases separately (i.e.
[0110]&[0] and [0110]&[1]), and then, in order to obtain market quality indicators that are
comparable with the invisible IP case, we average them out.

(1.1) When the opening book is [0110]&[0], at T �2 trader�s strategy space, considering
both BD and RT, is f�1B;+1i;+1j;�1A; 0g with i = A1:2 and B1:2; j = a1:5 and b1:5.
Therefore at the beginning of T�1 there are 17 possible states of the books: one share added
on the i-th level of the PLB and no shares added on the IP (4 cases), one share added on the
j-th level of the IP and no shares added on the PLB (10 cases), one share taken away from
the PLB (2 cases) or no trading (1 case). Conditional on each case, the optimal equilibrium
strategy for di¤erent types of traders can be obtained. Notice that at T , as all traders can
observe the best available price, the equilibrium strategies of RT and BD coincide (market
order only). As a result the orders�execution probabilities at T�1 are independent of traders�
type incoming at T , so that for example: p�RTT�1(AkjSPLBT�1 ; S

IP
T�1) = p�BDT�1 (AkjSPLBT�1 ; S

IP
T�1) =

p�T�1(AkjSPLBT�1 ; S
IP
T�1). An example for the case [1110]&[0], is provided below.

If a RT arrives at T � 1, he will face the following payo¤s:

HT�1 = �1B : B1 � �v
HT�1 = �1A : �v � A1
HT�1 = 0 : 0

Trader�s equilibrium strategies at T � 1 are easily obtained:

H�RT
T�1(�; [1110]&[0]) =

8<:
�1B if � 2 [�; �RT1;T�1 jB=B1 )
0 if � 2 [�RT1;T�1 jB=B1 ; �RT5;T�1 jA=A1 )
�1A if � 2 [�RT5;T�1 jA=A1 ; �]

By using the optimal � thresholds associated with these strategies, we can compute the
execution probability of the strategy HT�2 = +1A2 in case a RT arrives at T � 1:

p�RTT�2(A2 j[1110]&[0]) =
���RT5;T�1jA=A1

��� � p�T�1(A) jA=A2

If instead a BD arrives at T � 1, he will face the following payo¤s:

HT�1 = �1B : B1 � �v
HT�1 = +1

al : (al � �v) � p�T�1(aljSPLBT�1 ; S
IP
T�1)

HT�1 = +1
bl : (�v � bl) � p�T�1(bljSPLBT�1 ; S

IP
T�1)

HT�1 = �1A : �v � A1
HT�1 = 0 : 0

After substituting the execution probabilities at T , trader�s equilibrium strategies at T � 1
are obtained:
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H�BD
T�1 (�; [1110]&[0]) =

8>>>>>><>>>>>>:

�1B if � 2 [�; �BD1;T�1 ja1;B=B1 )
+1a1 if � 2 [�BD1;T�1 ja1;B=B1 ; �BD2;T�1 ja1;a2 )
+1a2 if � 2 [�BD2;T�1 ja1;a2 ; �BD3;T�1 ja2;b2 )
+1b2 if � 2 [�BD3;T�1 ja2;b2 ; �BD4;T�1 jb1;b2 )
+1b1 if � 2 [�BD4;T�1 jb1;b2 ; �BD5;T�1 jA=A1;b1 )
�1A if � 2 [�BD5;T�1 jA=A1;b1 ; �]

So, when a BD arrives at T � 1, the execution probability of the limit order posted at A2 is:

p�BDT�2 (A2 j[1110]&[0]) =
���BD5;T�1jA=A1;b1

��� � p�T�1(A) jA=A2

We can hence compute the total execution probability of the limit order posted on A2
at T � 2 as:

p�T�2(A2 j[0110]&[0]) = �p�BDT�2 (A2 j[1110]&[0]) + (1� �)p�RTT�2(A2 j[1110]&[0])

Similarly, we can compute the equilibrium strategies for all the other possible states of
the book at T � 1 and in this way obtain the execution probabilities of the di¤erent order
types available at T � 2 to a BD and a RT.

(i) At T�2; if a RT arrives, his strategy space is f�1B;+1A2 ;+1A1 ;+1B1 ;+1B2 ;�1A; 0g.
His payo¤s are:

HT�2 = �1B : B2 � �v
HT�2 = +1

Ai : (Ai � �v) � p�T�2(Aij[0110]&[0])
HT�2 = +1

Bi : (�v �Bi) � p�T�2(Bij[0110]&[0])
HT�2 = �1A : �v � A2
HT�2 = 0 : 0

where, for example, p�T�2(A1j[0110]&[0]) = �p�RTT�2(A1 j[0210]&[0])+(1��)p�BDT�2 (A1 j[0210]&[0]).
By comparing these payo¤s, we have:

H�RT
T�2(�; [0110]&[0]) =

8>><>>:
�1B if � 2 [�; �RT1;T�2 jA2;B=B1 )
+1A2 if � 2 [�RT1;T�2 jA2;B=B1 ; �RT3;T�2 jA2;B2 )
+1B2 if � 2 [�RT3;T�2 jA2;B2 ; �RT5;T�2 jA=A1;B2 )
�1A if � 2 [�RT5;T�2 jA=A1;B2 ; �]

(ii) At T � 2; if a BD arrives, he has to decide where to trade. Thus his strategy space
is f�1B;+1i;+1j;�1A; 0g with i = A1:2 and B1:2; j = a1:5 and b1:5. His payo¤s are:
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HT�2 = �1B : B2 � �v
HT�2 = +1

Ai : (Ai � �v) � p�T�2(Aij[0110]&[0])
HT�2 = +1

al : (al � �v) � p�T�2(alj[0110]&[0])
HT�2 = +1

bl : (�v � bl) � p�T�2(blj[0110]&[0])
HT�2 = +1

Bi : (�v �Bi) � p�T�2(Bij[0110]&[0])
HT�2 = �1A : �v � A2
HT�2 = 0 : 0

where for example p�T�2(alj[0110]&[0]) = �p�BDT�2 (al j[0110]&Qal = 1)+(1��)p�RTT�2(al j[0110]&Qal = 1).
Notice that if he submits a limit order to the PLB, his execution probabilities are the same
as for a RT. His equilibrium strategies are:

H�BD
T�2 (�; [0110]&[0]) =

8>>>>>>>>>>><>>>>>>>>>>>:

�1B if � 2 [�; �BD1;T�2 ja1;B=B1 )
+1a1 if � 2 [�BD1;T�2 ja1;B=B1 ; �BD2;T�2 ja1;a2 )
+1a2 if � 2 [�BD2;T�2 ja1;a2 ; �BD2;T�2 ja2;A2 )
+1A2 if � 2 [�BD2;T�2 ja2;A2 ; �BD3;T�2 jA2;B2 )
+1B2 if � 2 [�BD3;T�2 jA2;B2 ; �BD4;T�2 jB2;b2 )
+1b2 if � 2 [�BD4;T�2 jB2;b2 ; �BD4;T�2 jb2;b1 )
+1b1 if � 2 [�BD4;T�2 jb2;b1 ; �BD5;T�2 jA=A1;b1 )
�1A if � 2 [�BD5;T�2 jA=A1;b1 ; �]

(iii) At T � 2 expected volume on the PLB is:

V LPLBT�2 ([0110]&[0])= �[Pr (H
�BD
T�2= �1A1)+Pr (H

�BD
T�2= �1B1)]+(1� �)[Pr (H

�RT
T�2= �1A1) + Pr (H

�RT
T�2= �1B1)]

= �(
�BD1;T�2ja1;B=B1 ��

��� +
���BD5;T�2jA=A1;b1

��� )+(1� �)(�
RT
1;T�2jA2;B=B1 ��

��� +
���RT5;T�2jA=A1;B2

��� )

As, being empty, there is no volume executed in the IP, we obtain that:

LP PLBT�2 ([0110]&[0]) = 1� V LPLBT�2 ([0110]&[0])� LP IPT�2([0110]&[0])
By taking into account that the book opens as [0110], we can also compute the other

market indicators for the PLB from the optimal order submission strategies at T � 2:
DPIPLBT�2 ([0110]&[0]) = 2� V LPLBT�2 ([0110]&[0])

DPT PLBT�2 ([0110]&[0]) = 2 + LP PLBT�2 ([0110]&[0])� V LPLBT�2 ([0110]&[0])

SP PLBT�2 ([0110]&[0]) = �fLP PLBT�2 ([0110]&[0]) + LP
IP
T�2([0110]&[0])g+ 2�V LPLBT�2 ([0110]&[0])

(1.2) When the opening book is [01j10]&[1], by following the same methodology we can
derive the equilibrium strategies at T � 2 for a RT and a BD respectively:

H�RT
T�2(�; [01j10]&[1]) =

8<:
�1b if � 2 [�; �RT1;T�2 jB=b1 )
0 if � 2 [�RT1;T�2 jB=b1 ; �RT5;T�2 jA=a1 )
�1a if � 2 [�RT5;T�2 jA=a1 ; �]
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H�BD
T�2 (�; [01j10]&[1]) =

8>><>>:
�1b if � 2 [�; �BD1;T�2 ja1;B=b1 )
+1a1 if � 2 [�BD1;T�2 ja1;B=b1 ; �BD3;T�2 ja1;b1 )
+1b1 if � 2 [�BD3;T�2 ja1;b1 ; �BD5;T�2 jA=a1;b1 )
�1a if � 2 [�BD5;T�2 jA=a1;b1 ; �]

From these equilibrium strategies we obtain the market quality indicators for this case:
V LPLBT�2 ([0110]&[1]); DPI

PLB
T�2 ([0110]&[1]); DPT

PLB
T�2 ([0110]&[1]) and SP

PLB
T�2 ([0110]&[1]):

(1.3) Market quality indicators for the visible IP case (V) are computed as the average
of those obtained in (1.1) and (1.2), so that for example:

V LPLB;VT�2 =
V LPLBT�2 ([0110]&[0])

2
+
V LPLBT�2 ([0110]&[1])

2

To analyze the changes in the PLB after the introduction of an IP, we compare these market
indicators with those in (2.3) of proof of Proposition 1. We �rst analyze separately the two
cases, and start with [0110]&[0]. Notice that if there were no broker-dealers in the market
(� = 0), the single market case would coincide with this PLB&IP case. When � is positive,
instead, limit orders submitted at T � 2 have a lower execution probability in the PLB&IP
case, as they are more frequently undercut due to the presence of BD. It follows that both
BD and RT submit market orders with a higher probability. From Proposition 1 we know
that:

V LLMT�2 =
b�LM1;T�2jAk;B=B1 ��

��� +
��b�LM5;T�2jA=A1;Bk

���

So we obtain that:

�RT1;T�2 jA2;B=B1 > �BD1;T�2 ja1;B=B1 > b�LM1;T�2 jAk;B=B1
�RT5;T�2 jA=A1;B2 < �BD5;T�2 jA=A1;b1 < b�LM5;T�2 jA=A1;Bk

This implies that V LPLBT�2 ([0110]&[0]) > V L
LM
T�2. It is then simple to show that:

LP PLBT�2 ([0110]&[0]) � 1� V LPLBT�2 ([0110]&[0]) < 1� V LLMT�2 = LPLMT�2
DPIPLBT�2 ([0110]&[0]) > DPILMT�2
DPT PLBT�2 ([0110]&[0]) > DPTLMT�2
SP PLBT�2 ([0110]&[0]) < SPLMT�2

Let�s consider now [0110]&[1]: in this case all incoming market orders at T�2 are executed in
the IP due to the better price available, so that V LPLBT�2 ([0110]&[1]) = 0. Moreover, also limit
orders will be submitted only to the IP as orders posted on the PLB have a zero execution
probability, so that LP PLBT�2 ([0110]&[1]) = 0 and SP

PLB
T�2 ([0110]&[1]) = � :

Once we average over the two cases, [0110]&[0] and [0110]&[1], we hence obtain V LPLB;VT�2 <

V LLMT�2; LP
PLB;V
T�2 < LPLMT�2; DPI

PLB;V
T�2 > DPTLMT�2; SP

PLB;V
T�2 < SPLMT�2:
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2) Liquid stocks, invisible IP: starting book at T � 2 is [01j10]&[0] or [01j10]&[1]
We provide only a sketch of the proof as the model is solved by backward induction as

for case (1). The only di¤erence is that now RT do not observe the IP and can only make
inferences on its state. For BD nothing changes, as they still observe the IP. So we will focus
on RT and refer to case (1) for BD. Consider again as an example the PLB that opens as
[1110] at T � 1. If a RT arrives, he will infer the state of the IP from the observed PLB.
Clearly, the state of the IP is unchanged compared to T � 2, as the submission of a limit
order on the PLB implies that no order has been submitted there. Moreover, the RT knows
that HT�2 = +1A2 is never an equilibrium strategy for a broker-dealer if the state of the IP is
[1], as the order would have a zero execution probability. So he will update the probabilities
associated to IP = [0] and IP = [1] from 1/2 to:

PrfSIPT�2 = [0]
��SPLBT�2 = [11j10]g =

1
2
[�Pr (H�RT

T�2= +1
A2) + (1� �) Pr (H�BD

T�2= +1
A2)]

1
2
�Pr (H�RT

T�2= +1
A2)+(1� �) Pr (H�BD

T�2= +1
A2)

> 1
2

PrfSIPT�2 = [1]
��SPLBT�2 = [11j10]g =

1
2
(1� �) Pr (H�BD

T�2= +1
A2)

1
2
�Pr (H�RT

T�2= +1
A2)+(1� �) Pr (H�BD

T�2= +1
A2)

< 1
2

To select his optimal trading strategy, he will then compute his expected payo¤s using
the Bayesian updated probabilities. For example:

HT�1 = �1B : B1 PrfSIPT�2 = [0] j[11j10]g+ b1 PrfSIPT�2 = [1] j[11j10]g � �v
A similar reasoning applies to a RT arriving at T , his strategies payo¤ are:

HT = �1B : E(B jST�1; hT�1; hT�2 )� �v
HT = �1A : �v � E(A jST�1; hT�1; hT�2 )
HT = 0 : 0

where E(B jST�1; hT�1; hT�2 ) is for example the expected execution price of a market
sell order given the actual state of the book and the order submissions observed in the
previous periods. Notice that, di¤erently from (1.1), here RT and BD strategies do not
coincide at T .

Finally, to analyze the changes in the PLB after the introduction of an IP, we compare
the obtained market indicators with those in (2.3) of proof of Proposition 1 and with those
computed for a visible IP in (1). We �nd that an opaque IP makes the trader more inclined
to submit markets order and less inclined to provide liquidity. So IP invisibility slightly
weakens the positive market quality e¤ects created by the introduction of an IP:

DPIPLB;VT�2 > DPIPLB;IT�2 > DPILMT�2

DPT PLB;VT�2 > DPT PLB;IT�2 > DPTLMT�2

SP PLB;VT�2 < SP PLB;IT�2 < SPLMT�2
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Figure 1: NASDAQ Stocks: Queue Jumping. This Figure shows the evolution
of sub-penny trading over the last 10 years for di¤erent priced NASDAQ stocks. Weekly
statistics are from Delassus and Tyc (2010), who use daily data from Thomson Reuters
tick-by-tick hystorical.
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Table 1 Tick Size Reductions
Country Market Change time

Abbr. Full name
US AMEX American Stock Exchange 1992,1997

NYSE New York Stock Exchange 1992,1997,2001
NASDAQ 1991,1997,2001

Canada TSE Toronto Stock Exchange 1996

France EuP Euronext Paris 1999

HK HKSE Hong Kong Stock Exchange 1994
Singapore SES Stock Exchange of Singapore 1994
Japan TySE Tokyo Stock Exchange 1998
Indonesia ISE Indonesia Stock Exchange 2001-2007
Thailand SET Stock Exchange of Thailand 2001

Table 1: Tick Size Reductions. This Table reports examples of tick size reductions
which took place in some major exchages over the past two decades.

Table 2 Order Submission Strategy Space
Strategy H U(�)
Market Sell Order �1B B � �v
Limit Sell Order 1Ak p�t (A

N�k;Nk
k jSt ) � (Ak � �v)

No Trade 0 0

Limit Buy Order 1Bk p�t (B
M�k;Mk

k jSt ) � (�v �Bk)
Market Buy Order �1A �v � A

Table 2: Order Submission Strategy Space. This Table reports in column 3
the payo¤s (U(�)) of the order strategies (Ht) listed in column 2.
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Table 3 Price Grid
Large Tick Price Small Tick

A2 v + 9
6
� a5

v + 7
6
� a4

v + 5
6
� a3

A1 v + 3
6
� a2

v + 1
6
� a1

v � 1
6
� b1

B1 v � 3
6
� b2

v � 5
6
� b3

v � 7
6
� b4

B2 v � 9
6
� b5

Table 3: Price Grid. This Table shows price levels in di¤erent markets,
where v indicates the asset value and � the tick size. A large tick market
has a coarse price grid while a small tick market has a �ne price grid.
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