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Abstract

We study the asset allocation problem for a pension fund which oper-
ates in a PAYG system and periodically revises its investment strategies.
If the optimal amount of wealth invested in risky assets is always positive,
then during the management period the optimal portfolio is constantly
riskier (less risky) than Merton’s portfolio when the growth rate of work-
ers is higher (lower) than the growth rate of pensioners. In particular,
there exists a time when the risk exposure is a maximum (minimum).
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1 Introduction and conclusion
In this paper we take into account the asset allocation problem for a pension
fund which behaves according to a pay-as-you-go (PAYG) rule. The subscribers
to the fund are assumed to be both workers and pensioners. Workers pay
contributions to the fund while pensioners receive their pensions which are out-
flows from the fund wealth. We assume that both the total number of workers
and pensioners are stochastic variables. In order to be able to present a closed
form solution for the optimal portfolio we assume that these stochastic variables
can be spanned on a complete financial market. In other words, there does not
exist any non-hedgeable risk.
Our model can deal with both the defined contribution (DC) and defined

benefit (DB) systems. In particular, the pension fund sets either contributions
(in the DB case) or pensions (in the DC case) in order to guarantee the equi-
librium of the fund. We define this equilibrium condition by imposing that the
expected value of all the future contributions equates the expected present value
of all the future pensions. Similar conditions are assumed in Josa-Fombellida
and Rincón-Zapatero (2001) and Battocchio et al. (2003).
The financial market we deal with is described by: (i) a riskless asset paying

an instantaneously stochastic interest rate, (ii) a set of risky assets following
general diffusion processes (without specifying any particular functional form
for the drift and diffusion terms), (iii) a set of stochastic state variables (so-
called investment opportunities).
In such a framework we show an exact solution for the asset allocation prob-

lem of a pension fund which maximizes the expected utility of its final wealth.
In particular, we assume that the fund periodically revises the structure of the
stochastic model describing the financial market and the demographic risk.
We show that our model accounts for a cyclical behaviour of the pension

fund risk exposure (i.e. the amount of wealth invested in risky assets). In a
simplified framework we show that if the amount of wealth invested in risky
assets is always positive, then the pension fund strategy is always riskier (less
risky) than the Merton’s (1969, 1971) one when the growth rate of workers is
higher (lower) than the growth rate of pensioners.
The literature that analyses the asset allocation of a pension fund generally

takes into account the fully funded system. Some examples can be found in
Blake et al. (2000), Josa-Fombellida and Rincón-Zapatero (2001), Charupat
and Milevsky (2002), Battocchio et al. (2003), Battocchio and Menoncin (2004).
While the main part of this literature concentrate either on the accumulation
phase or on the distribution phase of a fully funded pension fund, Battocchio
et al. (2003) show that the optimal asset allocation during the management
period presents a riskiness which decreases during the accumulation phase while
it decreases during the distribution phase. In our framework we are able to
replicate this kind of behaviour and we show that for both PAYG and fully
funded systems a cyclical exposure to risk is optimal for pension funds.
Through this work we consider agents trading continuously in a frictionless

arbitrage-free market.
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The paper is structured as follows. The framework is outlined in Section
2. First we describe the financial market. Then we present the demographic
risk and we compute the equilibrium condition on contributions and pensions.
Eventually, we present the dynamic budget constraint on pension fund wealth.
In Section 3 we compute the optimal portfolio and give an allocation rule in
closed quasi-explicit form. Section 4 shows the solution to the optimal asset
allocation in a very simple framework where we are able to explicitly compute
the difference between the Merton’s (1969, 1971) portfolio and the pension fund
optimal portfolio. We show that this difference behaves cyclically.

2 The model

2.1 The financial market

On the financial market there are d assets whose values (S) follow the stochastic
differential equation

dS
d×1

= µ (S,X, t)
d×1

dt+Σ (S,X, t)0
d×k

dW
k×1

, S (t0) = S0, (1)

where W is a k−dimensional Wiener process, and the prime denotes transposi-
tion. The drift and diffusion terms µ and Σ are supposed to satisfy the usual
Lipschitz conditions guaranteeing that Equation (1) has a unique strong solu-
tion (see Karatzas and Shreve, 1991). Furthermore, µ and Σ are Ft-measurable,
where Ft is the σ−algebra through which the Wiener processes are measured
on the complete probability space (Θ,F ,P). All processes below are supposed
to satisfy the same properties as those stated for Equation (1). Values of all
variables are known at the initial date t0 and are equal to the non-stochastic
variable S0.
The variable vector X contains all the state variables affecting the asset

prices. It is assumed to satisfy the stochastic differential equation

dX
s×1

= µX (X, t)
s×1

dt+ΣX (X, t)0
s×k

dW
k×1

, X (t0) = X0. (2)

Finally, there exists a riskless asset whose value G follows

dG = Gr (X, t) dt, G (t0) = 1.

The financial market is assumed to be complete (∃!Σ−1 ⇒ d = k). Thus,
there exits only one market price of risk given by

ξ = Σ0−1 (µ− rS) , (3)

through which we can define the martingale equivalent measure

dQ
dP

= exp

Ã
−
Z H

t0

ξ0dWt − 1
2

Z H

t0

kξk2 dt
!
. (4)
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Furthermore, according to Girsanov Theorem, the stochastic process

dWQ = ξdt+ dW, (5)

is a Wiener process with respect to Q.

2.2 The participants to the fund

At each time both the number of workers and the number of pensioners who are
into the fund are stochastic variables. When the number of total participants
to the fund is sufficiently high, then these stochastic variables can be described
through a diffusion process. In particular, if we call n the number of workers
and m the number of pensioners then we can assume

dn = µn (n, t) dt+ σn (n, t)
0 dW,

dm = µm (m, t) dt+ σm (m, t)0 dW,

with n (t0) and m (t0) known constants. We underline that µn and µm can be
both positive and negative. In fact, during the management period the total
number or workers (or pensioners) may either increase or decrease. Instead,
the signs of the elements of σn and σm depends on the correlation between the
total number of workers (pensioners) and the financial market. For instance,
it is likely that during a recession (boom) period the total number of workers
decreases (increases).
We underline that we have used for both n and m the same risk sources of

asset prices. This formulation, together with the hypothesis of a complete finan-
cial market implies that the numbers of workers and pensioners can be perfectly
spanned on the market (i.e. there exists a portfolio whose value exactly behaves
as either n or m). We leave to future extensions of this model the case where
some risk sources on n and m cannot be spanned through a suitable portfolio.
Here, we just stress that this case is akin to that of an incomplete market for
which an exact solution to the asset allocation problem is very difficult to find.
Since workers pay a contribution c (t) while pensioners receive a pension

p (t), then the total net inflow at time t (Φ (t)) into the fund wealth is given by

Φ (t) = Φ (0) +

Z t

0

c (s) dn (s)−
Z t

0

p (s) dm (s) ,

and, accordingly

dΦ (t) = c (t) dn (t)− p (t) dm (t)

= (c (t)µn (n, t)− p (t)µm (m, t)) dt

+
¡
c (t)σn (n, t)

0 − p (t)σm (m, t)0
¢
dW.

Now, let us assume that the fund decides to ask for constant contribution
and pay constant pensions for a given length of time (let us for H periods).
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This means that the fund managers revise both the contributions and pensions
each H periods. This seems to be necessary in order to take into account
structural changes in the stochastic variables n and m. Then, from t to t+H,
contributions and pensions must be set in order to guarantee a balance between
the total amount of contributions received and the total amount of pensions
paid.
Accordingly, in a complete market, the "fair" relationship that must link

contributions and pensions can be written as

EQ0

"Z H

0

G (s)−1 dΦ (s)

#
= 0, (6)

which implies1

EQ0

"Z H

0

G (s)
−1

c (s) (µn − σ0nξ) ds

#
= EQ0

"Z H

0

G (s)
−1

p (s) (µm − σ0mξ) ds

#
.

Now, in order to ease the following computations, we assume that, during a
length of H periods the fund does not change p and c. Thus, since c and p are
constant, then the previous relationship can be simplified as

c∗

p∗
=
EQ0
hRH
0

G (s)−1 (µm − σ0mξ) ds
i

EQ0
hRH
0

G (s)
−1
(µn − σ0nξ) ds

i . (7)

As it can be easily understood from this relationship, the subscriber to the
fund can freely choose either his contribution c∗ or his pension p∗ while the other
will be set by the fund. It is easy to see that a subscriber can, for instance,
chose a dynamic structure of pensions (i.e. p∗ (t)) but, also in this case, there
will exist a constant c∗ such that (6) is satisfied. In other words, the mean
value theorem allows us to take constant values of both c∗ and p∗ without loss
of generality.
Let us underline that this framework allows us to take into account both

the defined contribution (DC) and defined benefit (DB) schemes. In fact, in
a DC scheme the contribution c∗ can be considered as a constant during all
the working life of a subscriber to the fund while the pension p∗ is periodically
adjusted (with periodicity H). On the contrary, with a DB scheme, the pension
p∗ is kept constant while the contributions are periodically set in order to satisfy
the equilibrium condition (6).

1We have used the transformation

dWQ = ξdt+ dW.
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2.3 The fund wealth

Let w ∈ Rn×1 be the vector containing the number of risky assets held in the
portfolio and wG ∈ R the number of riskless asset held. At any time t the total
managed wealth R (t) is thus given by

R (t) = w0S + wGG, (8)

whose differential is

dR = w0dS + wGdG| {z }
dR1

+ (dw)0 (S + dS) +GdwG| {z }
dR2

.

The self-financing condition asks for dR2 to be finances by the net in-flows
to the manages fund. Thus, since we have called Φ these net in-flows, we can
write

dR2 = dΦ,

and, after plugging both this condition and the value of wG obtained from (8)
in dR we finally have

dR = (Rr + w0 (µ− Sr) + µΦ) dt+ (w
0Σ0 +Σ0Φ) dW,

where

µΦ ≡ c∗µn − p∗µm,
ΣΦ ≡ c∗σn − p∗σm.

3 The optimal portfolio
Given the structure of the model we have exposed in the previous section, we
can formulate the problem of the pension fund as:

maxw Et0
h

1
1−δR (H)

1−δi·
dz
dR

¸
=

·
µz

Rr + w0M + µΦ

¸
dt+

·
Ω0

w0Σ0 +Σ0Φ

¸
dW,

R (t0) = R0, z (t0) = z0, ∀t0 < t < H

(9)

where he have taken into account a Constant Relative Risk Aversion utility
function (the risk aversion is given by ). The deterministic variable H is the
time horizon of the investor and

z
(s+n+1)×1

≡ £
X 0 S0 Φ

¤0
,

µz
(s+n+1)×1

≡ £
µ0X µ0 µΦ

¤0
,

Ω
k×(s+n+1)

≡ £
ΣX Σ ΣΦ

¤
.
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From the first order condition we obtain the optimal portfolio in term of the
value function as follows (see Appendix A):

w∗ = − (Σ0Σ)−1Σ0ΣΦ| {z }
w∗
(1)

− JR
JRR

(Σ0Σ)−1M| {z }
w∗
(2)

− 1

JRR
(Σ0Σ)−1Σ0ΩJzR| {z }

w∗
(3)

. (10)

This formula is identical to the one obtained in Menoncin (2002). Thus,
the reader is referred to the author for a comment of the portfolio components.
Here, we just recall that:

1. the first component w∗(1) minimizes the instantaneous variance of the real
wealth differential (see Menoncin, 2002, Proposition 2);

2. the second component w∗(2) is the typical Merton-Markowitz term;

3. the third component w∗(3) hedges the portfolio against the changes into
the state variables z.

In the following subsection we compute the functional form of the value
function solving the Hamilton-Jacobi-Bellman equation. As it has already been
highlighted in Menoncin (2002) the hypothesis of a complete financial market
is crucial for obtaining a closed form solution of the optimal portfolio w∗.

Proposition 1 The optimal portfolio solving Problem (9) is

w∗ = −Σ−1ΣΦ + R+∆ (z, t)

δ
(Σ0Σ)−1M

+
R+∆ (z, t)

h (z, t)
Σ−1Ω

∂h (z, t)

∂z
− Σ−1Ω∂∆ (z, t)

∂z
,

where

∆ (z, t) = EQt

"Z H

t

G (z, s)

G (z, t)
dΦ (z, s)

#
,

h (z, t) = Et

"
exp

(Z H

t

µ
r (Z, s) +

1

2

1

δ

1− δ

δ
ξ (Z, s)0 ξ (Z, s)

¶
ds

)#
,

dZ =

µ
µz (Z, s) +

1− δ

δ
Ω (Z, s)

0
ξ (Z, s)

¶
ds+Ω (Z, s)

0
dW, Z (t) = z.

Proof. See Appendix A.

Proposition 1 shows that the function ∆ (z, t) plays a major role in deter-
mining the optimal portfolio composition. In particular, we must investigate
more carefully its behaviour in order to understand how the portfolio riskiness
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varies across time. Next section is dedicated to this aim. We just stress that we
define riskier a portfolio containing a higher number of risky assets.
In order to guarantee the balance of the pension fund we have set∆ (z, 0) = 0

while the final value ∆ (z,H) equals zero by construction. In particular, in t = 0
either the pensions or the contributions are set in order to keep the fund in
balance and so there is no need for further hedging. Furthermore, when the time
t reaches the horizon H when the structure of the model is reset, the hedging
need falls against to zero since there is no more "future" to hedge against. Our
model is accordingly able to explain a cyclical behaviour of pension funds risk
exposure.
In the following section we present a very simple framework where the be-

haviour of ∆ (z, t) can be computed in a closed form.

4 A simple framework
We now specify a simple model in order to explicitly compute the solution
presented in Proposition 1. In particular, the framework we take into account
is as follows:

1. the instantaneously riskless interest rate follows the process

dr = α (β − r) dt− σrdW
Q
r , (11)

r (0) = r0,

where Q is the martingale equivalent measure defined in (4) while α, β,
and σr are positive constant parameters;

2. the riskless asset value G (t) follows

dG

G
= r (t) dt, G (0) = 1,

3. there exists a (long run) zero coupon bond with a fixed maturity date
T > H whose value B (t) follows (see Appendix B)

dB (t)

B (t)
= (r (t) + C (t, T )σrξr) dt+ C (t, T )σrdWr, (12)

where ξr is the (constant) market price of the interest rate risk source and

C (t, T ) =
1− e−α(T−t)

α
.

The differential equation for the bond is derived in the appendix by con-
sidering the bond as an interest rate derivative. The function C (t, T )
measures the risk of the bond which is positively correlated with its ma-
turity (the further the maturity the riskier the bond). Since the maturity
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of the bond if fixed, then its riskyness becomes lower and lower while
time goes on. This is the effect which implies a major reallocation of the
portfolio aimed at keeping its riskyness at the "suitable" level;

4. there eixsts a risky asset (a stock) whose price S is assumed to follow

dS (t)

S (t)
= (r (t) + σSrσrξr + σSξS) dt+ σSrσrdWr + σSdWS ,

S (0) = S0,

where ξS is the (constant) market price of the stock risk source;

5. finally, in order to keep a very simple structure for the demographic part
we assume that the total number of workers and pensioners follow a de-
terministic path

dn (t)

n (t)
= µndt, n (0) = n0,

dm (t)

m (t)
= µmdt, m (0) = m0.

Such a framework can be traced back to our more general setting via the
following matrices

Σ0 =

·
B (t)C (t, T )σr 0
S (t)σSrσr S (t)σS

¸
,

M =

·
B (t)C (t, T )σrξr

S (t)σSrσrξr + S (t)σSξS

¸
,

Ω0 =
£ −σr 0

¤
,

and the optimal portfolio, as stated in Proposition 1, is

w∗ =
R+∆ (r, t)

δ
(Σ0Σ)−1M

+
R+∆ (r, t)

h (r, t)
Σ−1Ω

∂h (r, t)

∂r
− Σ−1Ω∂∆ (r, t)

∂r
,

and, after substituting for the matrices we have shown above we can write·
B (t) 0
0 S (t)

¸
w∗ =

R+∆ (r, t)

δσS

" σS
σr

ξr−σSrξS
C(t,T )

ξS

#

−R+∆ (r, t)
h (r, t)

· 1
C(t,T )

0

¸
∂h (r, t)

∂r
+

· 1
C(t,T )

0

¸
∂∆ (r, t)

∂r
,

where we still have to compute functions ∆ and h (and their derivatives).
The optimal portfolio thus contains both the bond and the stock but their

role is different. The stock just plays a speculative role while the bond is also
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used for hedging the portfolio against the variations in the interest rate r which
is the only stochastic state variable. This result is already well known in the
financial literature since it is demonstrated that the only asset that is used in
order to hedge the portfolio against a given risk is the most correlated with such
a risk. In fact, in our case, the most correlated asset with the interest rate risk
is the bond (which is a derivative on the interest rate).
Furthermore, we stress that C (t, T ) measures the reaction of the bond price

to the changes in the riskless interest rate (in fact, ∂B
∂r

1
B = C). Accordingly,

C (t, T ) is often used as a measure of the bond riskyness. In fact, we can
immediately see that this function appears in the denominator of the optimal
portfolio component for the bond: the higher C (t, T ) the lower the amount of
bond that is hold.
As it is shown in the appendix, the function h (r, t) has the following value:

h (r, t) = e
1
2
1
β
1−β
β (ξ

2
r+ξ

2
S)(H−t)EQβt

h
e

H
t

r(s)ds
i

= e
1
2
1
β
1−β
β (ξ

2
r+ξ

2
S)(H−t)e−A(t,H,β̂)+r(t)C(t,H),

where (see Appendix B)

β̂ ≡ β + σr
1− 2δ
αδ

ξr,

and so we have
∂h (r, t)

∂r

1

h (r, t)
= C (t,H) . (13)

The optimal portfolio can thus be furtherly simplified as·
B (t) 0
0 S (t)

¸
w∗ =

R+∆ (r, t)

δσS

" σS
σr

ξr−σSrξS
C(t,T ) − δσS

C(t,H)
C(t,T )

ξS

#
(14)

+

· 1
C(t,T )

0

¸
∂∆ (r, t)

∂r
.

The value of function ∆ (r, t) as in Proposition 1 is

∆ (r, t) = c∗µn

Z H

t

n (s)EQt
h
e−

s
t
r(u)du

i
ds

−p∗µm
Z H

t

m (s)EQt
h
e−

s
t
r(u)du

i
ds,

and

∆ (r, t) = c∗µnn (t)
Z H

t

eµn(s−t)−A(t,s,β)−r(t)C(s,t)ds (15)

−p∗µmm (t)
Z H

t

eµm(s−t)−A(t,s,β)−r(t)C(s,t)ds,

where the values of c∗ and p∗ satisfy ∆ (r, 0) = 0.
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The optimal wealth is given by

dR =

µ
Rr +

R+∆

δ
ξ0ξ +

R+∆

h
hrΩ

0ξ −∆rΩ
0ξ + µΦ

¶
dt

+

µ
R+∆

δ
ξ0 +

R+∆

h
hrΩ

0 −∆rΩ
0
¶
dW,

and given the result of Equation (13)

dR = R

µ
r +

1

δ

¡
ξ2r + ξ2S

¢− C (t,H)σrξr

¶
dt (16)

+

µ
∆

δ

¡
ξ2r + ξ2S

¢−∆C (t,H)σrξr +∆rσrξr + c∗nµn − p∗mµm

¶
dt

+R

µ
1

δ

£
ξr ξS

¤− £ C (t,H)σr 0
¤¶

dW

+

µ
∆

δ

£
ξr ξS

¤−∆ £ C (t,H)σr 0
¤
+∆r

£
σr 0

¤¶
dW

5 A numerical example
The numerical example we are going to present will follow three steps:

1. given the numerical values of the variables the feasible c∗ and p∗ are com-
puted from the condition ∆ (r0, 0) = 0 (with the value of ∆ (r, t) as in
Equation (15));

2. the value of both ∆ (r, t) and ∂∆(r,t)
∂r are computed;

3. the optimal wealth path is obtained from Equation (16);

4. the optimal asset allocations w∗BB and w∗SS are computed as in Equation
(14).

Let us start with the choice of the suitable values for the parameters.
For the interest rate that follows a Vasiček structure a complete estimation

of the parameters (i.e. the volatility, the mean interest rate, and the strength
of the mean reverting effect) can be found in Babbs and Nowman (1998, 1999)
who construct zero-coupon yields. Given the results exposed in their works, we
have chosen the values β = 0.05, α = 0.2, and σr = 0.01. The initial value
for the interest rate r0 is assumed to coincide with β (i.e. its equilibrium level)
since we do not want to study how misalignment of interest rate affects the asset
allocation.
Once the interest rate parameters have been estimated, the bond drift and

diffusion terms can be obtained by fixing a market price of risk ξr and a maturity
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Table 1: Values of parameters

Interest rate Rolling-maturity bond
Mean reversion, α 0.2 Maturity, T 10
Mean rate, β 0.05 Market price of risk, ξr 0.46
Volatility, σr 0.01
Initial rate, r0 0.05 Demography

Number of workers (n0) 10
Stock Growth rate µn 0.15
Market pirce of risk ξS 0.31 Number of pensioners (m0) 10
Interest rate source risk, σSr 0.06 Growth rate µm 0.1
Stock own volatility, σS 0.19 Pension rate p∗ 1

T . The longest maturity taken into account in Babbs and Nowman (1998, 1999)
is 10 years and so we put T = 10. Now, since the interest rate on a bond with
10 years maturity is around 7%, then we can compute ξr by solving

0.07 = β +
1− e−αT

α
σrξr,

which immediately gives ξr = 0.46. The initial value of the bond is assumed to
be B (0) = 1.
The risk premium on the stock (σSrσrξr+σSξS) is chosen after the analysis

of Mehra and Prescott (1985). They found that the risk premium was approxi-
mately 0.06 for the United States of America during the period 1889-1978. The
standard deviation of the market return was about 0.2 for the same period.
Hence, we put

p
σ2Sr + σ2S = 0.2. In this case we have one degree of freedom.

To the best of our knowledge, there are no works dedicated to disentangle σSr
and σS , that is the stock own volatility component and the stock volatility due
to the changes in the riskless interest rate. We have decided to give more weight
to the σS component by putting σS = 0.19 and σSr = 0.06. Accordingly, the
market price for asset risk is given by

ξS =
0.06− σSrσrξr

σS
' 0.31.

Parameter values (which are also consistent with the numerical analysis pre-
sented by Boulier et al., 2001) are gathered in Table 1. The initial wealth is
set to R (t0) = 1 in order to take into account the case when contributions and
pensions mainly contribute to the wealth (i.e. np and mc are relative high with
respect to R). The risk aversion is set to δ = 3. Finally, we assume that the
fund is managed for 5 periods (i.e. H = 5).
The graphs in Figure 1 we can check the behaviours of the optimal portfolio

components and of the function ∆ (r, t). In particulare we see what follows:
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Figure 1: Behaviours of the optimal portfolio components (wSS/R, wBB/R,
and wGG/R) and of the function ∆ (r, t).
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1. ∆ (r, t): this function has the behaviour we have already underlined in the
theoretical framework (since µn > µm); thus it has a concave shape which
first increases and then decreases.

2. wSS/R: the stock part in the optimal portfolio follows the behaviour of
∆ (r, t) as it can be seen in the (14); we can check that the function ∆
does not dramatically affect the amount of wealth invested in the stock
which remains between 54% and 56%;

3. wBB/R: the bond part in the optimal portfolio is less affected by the con-
cave behaviour of function ∆ (r, t) since it is suit for hedging the optimal
portfolio exactly against the changes in the function ∆ (r, t); the contin-
uously increasing beaviour depends on the function C (t, T ) which tends
to zero when t = T . Accordingly, if the bond has a maturity (T ) which is
close toH then while t becomes closer and closer toH, the wealth invested
in the bond becomes higher and higher (and it tends towards infinity when
H = T ). This reasult is very intuitive and it strongly depends on the sto-
chastic process of B in (12). The bond has a higher return with respect to
the riskless interest rate but while the time approaches the maturity date,
then two effects arise: (i) the bond return becomes closer and closer to the
riskless interest rate and (ii) the bond volatility becomes closer and closer
to zero. This means that while time goes on it must be optimal to invest
higher and higher amount of money in the bond (by borrowing money at
the rate r);

4. wGG/R: the riskless asset in the optimal portfolio simmetrically behaves
with respect to the bond and so the comments are the same as in the
previous point.

6 Conclusion
In this paper we have studied the asset allocation problem for a pension fund
working in a PAYG system. In a general stochastic framework we demonstrate
that the demographic risk affects the optimal portfolio in the following way:
during a management period lasting for a finite lenght, the rinkyness increases
(decreases) and then decreases (increases) when the growth rate of workers is
higher (lower) than the growth rate of pensioners.
We carry out a numerical simulation on a simple model allowing for a closed

form solution to the optimal portfolio. This simulation suggests that the cyclical
behaviour above cited does not crucially affect the optimal asset allocation. In
particular, the cyclical behaviour arises for the stock while the bond and the
riskless asset follow a monotonic behaviour. Since the bond volatility approaches
zero while the maturity becomes closer and closer, then the weight of the bond
constantly increases and the money invested in it is borrowed at the riskless
rate.
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A Stochastic dynamic programming
The Hamiltonian of Problem (9) is

H = µ0zJz + JR (Rr + w0M + µΦ) +
1

2
tr (Ω0ΩJzz) (17)

+(w0Σ0 +Σ0Φ)ΩJzR +
1

2
JRR (w

0Σ0 +Σ0Φ) (Σw +ΣΦ) ,

where J (R, z, t) is the value function solving the Hamilton-Jacobi-Bellman par-
tial differential equation, verifying:

J (R, z, t) = sup
w
Et
·
1

1− δ
R (H)

1−δ
¸
,

and the subscripts on J indicate the partial derivatives.
The system of the first and second order conditions is

∂H
∂w

= JRM +Σ0ΩJzR + JRRΣ
0Σw + JRRΣ

0ΣΦ = 0,

∂2H
∂w0∂w

= JRRΣ
0Σ neg. def.

Since Σ0Σ is a positive definite matrix, then we can conclude that the sec-
ond order conditions are satisfied since it is well known that a strictly concave
objective function leads to a concave value function.
The Hamilton-Jacobi-Bellman equation for Problem (9) is defined as follows:½

Jt +H∗ = 0,
J (R, z,H) = 1

1−δR (H)
1−δ

,

where H∗ is the Hamiltonian (17) containing w∗ instead of w. So, under the
market completeness hypothesis, we have

0 = Jt + µ0zJz + JR (Rr + µΦ − Σ0Φξ)−
1

2

J2R
JRR

ξ0ξ

− JR
JRR

ξ0ΩJzR +
1

2
tr (Ω0ΩJzz)− 1

2

1

JRR
J 0zRΩ

0ΩJzR.

Since Merton (1969, 1971) a separability condition on the value function is
checked. Now, we try the following functional form

J (R, z, t) =
1

1− δ
F (z, t) (∆ (z, t) +R)1−δ ,

which is not separable by product in R and z and where F (z, t) and ∆ (z, t) are
two functions that must be determined. The boundary condition equating the
value function in H with the utility function, is transformed into the following
boundary conditions: ½

F (z,H) = 1,
∆ (z,H) = 0.
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After substituting the guess function for J into the HJB equation we obtain

0 = Ft (∆+R)
1−δ

+ F (1− δ) (∆+ γR)
−δ
∆t + F (∆+R)

−δ
Rr

+(∆+R)1−δ
µ
µ0z +

1− δ

δ
Ω0ξ
¶
Fz

+(1− δ)F (∆+R)
−δ
(µ0z − Ω0ξ)∆z + (1− δ)F (∆+R)

−δ
(µΦ − Σ0Φξ)

+
1

2

1− δ

δ
(∆+R)1−δ Fξ0ξ +

1

2
(∆+R)1−δ tr (Ω0ΩFzz)

+
1

2
(1− δ)F (∆+R)−δ tr (Ω0Ω∆zz) +

1

2

1− δ

δ
(∆+R)1−δ

1

F
F 0zΩ

0ΩFz.

In this equation there are two sets of terms: (i) one containing the function
of R given by (∆+R)1−δ, and (ii) one containing the function of R given by
(∆+R)−δ.2 After collecting these two terms and simplifying, we obtain the
following system of two partial differential equations: Ft +

¡
µ0z +

1−δ
δ ξ0Ω

¢
Fz +

¡
r + 1

2
1−δ
δ ξ0ξ

¢
F + 1

2 tr (Ω
0ΩFzz)

+1
2
1−δ
δ

1
F F

0
zΩ

0ΩFz = 0,
∆t + (µ

0
z − Ω0ξ)∆z +

1
2 tr (Ω

0Ω∆zz)−∆r + (µΦ − Σ0Φξ) = 0.
Now, for simplifying the first equation we use the method exposed in Za-

riphopoulou (2001) and we put

F (z, t) = hδ (z, t) .

So, after dividing by δhδ−1,the two previous equations become½
ht +

¡
µ0z +

1−δ
δ ξ0Ω

¢
hz +

1
2 tr (Ω

0Ωhzz) +
¡
r + 1

2
1
δ
1−δ
δ ξ0ξ

¢
h = 0,

∆t +
¡
µ0z − ξ0Ω

¢
∆z +

1
2 tr (Ω

0Ω∆zz)−∆r + (µΦ − Σ0Φξ) = 0.
The solutions of both equations can be represented thanks to the Feynman-

Kač theorem.3 In particular, given the boundary conditions½
h (z,H) = 1,
∆ (z,H) = 0,

we can write

h (z, t) = EZt

"
exp

(Z H

t

µ
r (Z, s) +

1

2

1

δ

1− δ

δ
ξ (Z, t)0 ξ (Z, t)

¶
ds

)#
, (18)

where

dZ =

µ
µz (Z, t) +

1− δ

δ
Ω (Z, t)

0
ξ (Z, t)

¶
ds+Ω (Z, t)

0
dW, Z (t) = z,

2We underline that the term F (G+R)−β Rr can be written as F (G+R)1−β r −
F (G+R)−β Gr.

3For a complete exposition of the Feynman-Kač theorem the reader is referred to Duffie
(1996), Björk (1998) and Øksendal (2000).
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and

∆ (z, t) = EQt

"Z H

t

(µΦ − Σ0Φξ) e−
s
t
r(u)duds

#
, (19)

where Q is the martingale equivalent measure already presented in (4).
Accordingly, the optimal portfolio can be written as

w∗ = −Σ−1ΣΦ + 1
δ
(∆+R) (Σ0Σ)−1M +Σ−1Ω

µ
(∆+R)

1

h
hz −∆z

¶
,

and, after substituting the values of functions ∆ (z, t) and h (z, t), the result in
the text follows.

B Zero coupon bond
Under the martingale equivalent meausre, the value of the zero coupon is given
by

B (r, t, T ) = EQt
h
e−χ

T
t
r(s)ds

i
,

where χ will be useful for disentangle the case with χ = 1 and χ = −1. After
Itô’s lemma, we can write

dB =

µ
∂B

∂t
+

∂B

∂r
α (β − r) +

1

2

∂B

∂r2
σ2r

¶
dt− ∂B

∂r
σrdW

Q
r .

Now, because of arbitrage reasons, the following partial differential equation
must hold

∂B

∂t
+

∂B

∂r
α (β − r) +

1

2

∂B

∂r2
σ2r = χBr, (20)

with the natural boundary condition

B (T, T ) = 1.

Let the guess function be

B (r, t, T ) = e−χA(t,T )−χr(t)C(t,T ),

and so Equation (20) can be written as

−χAt − χrCt − χCα (β − r) +
1

2
χ2C2σ2r − χr = 0,

which is rewritten as a system of two ordinary differential equations:½
At + Cαβ − 1

2χC
2σ2r = 0,

Ct − Cα+ 1 = 0,
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with boundary conditions

A (T, T ) = 0,

C (T, T ) = 0,

and whose solutions are

C (t, T ) =
1− e−α(T−t)

α
, (21)

A (t, T, β) =

Z T

t

µ
C (s)αβ − 1

2
χC (s)

2
σ2r

¶
ds (22)

=
3χσ2r − 4βα2

4α3
+
2βα2 − χσ2r

2α2
(T − t)

+
βα2 − χσ2r

α3
e−α(T−t) + χ

σ2r
4α3

e−2α(T−t).

It can be easily obtained from Equation (18) in Appendix A that

dW
Qβ
r =

1− δ

δ
ξrdt+ dWr,

and, given Equation (5), we have

dW
Qβ
r =

1− 2δ
δ

ξrdt+ dWQ
r .

This means that the interest rate, under the probability Qβ , follows

dr = α (β − r) dt− σr

µ
dW

Qβ
r − 1− 2δ

δ
ξrdt

¶
= α

µ
β +

1− 2δ
αδ

σrξr − r

¶
dt− σrdW

Qβ
r ,

and thus, after defining

β̂ ≡ β +
1− 2δ
αδ

σrξr,

we can write the interest rate process as

dr = α
³
β̂ − r

´
dt− σrdW

Qβ
r ,

and the previous computations keep valid; it is just sufficient to put β̂ in the
funciton A (t, T, β).
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