ASSET PRICING WITHOUT PROBABILITY

GIANLUCA CASSESE

ABSTRACT. In this paper we propose a model of financial markets in which agents have limited ability to
trade and no probability measure is given from the outset. In the absence of arbitrage opportunities, assets
are priced according to a probability measure that lacks countable additivity. Pricing bubbles are shown
to exist and a clear characterization is given in conditional terms. Despite finite additivity, we obtain an
explicit representation of the expected value with respect to the pricing measure, based on some new results
on finitely additive conditional expectation and finitely additive martingales. From this representation
we derive a weak version of the Capital Asset Pricing Model according to which an appropriate linear
transformation of assets returns is turned into a local martingale by multiplication by a stochastic discount
factor. In general this conclusion need not be true for original returns and this is shown to imply deviations
from the CAPM that may potentially contribute to explain the equity premium puzzle. We also discuss

special cases in which the above results can be improved.

1. INTRODUCTION.

Continuous time financial models adopt a wide definition of the trading activity of agents, no matter the
degree of market imperfections considered. The ground for such definition is laid by two basic assumptions:
that a probability measure is given from the outset (and known to agents) and that with reference to this
gains from trade may be modeled as semimartingales. The powerful mathematical construction of stochastic
integration becomes thus available. We shall henceforth refer to this approach as the traditional setting.
It is its merit to have permitted to rewrite under full generality the model of financial markets proposed
by Arrow [5] for a finite state space and to which, by its nature, such assumptions are extraneous. This
point emerges very clearly in Duffie and Huang [27]. Furthermore, this modeling choice has fostered a large
number of important results in the theory of asset pricing and portfolio selection. In all such developments
is therefore implicit the view of investors as agents of considerably refined ability, both in the assessment of
uncertainty and in the trading of assets. The delta hedging strategy of Black and Scholes [10], a standard
textbook case regardless of its overwhelming complexity, is a good case in point.

We present in this paper a theory of financial prices in continuous time and a with general state space
but based on a more realistic picture of individual capabilities. To this end we introduce in section 2 a
model with two distinctive features: no probability measure is taken as given and the trading of assets is
considerably restricted. More precisely, we will only consider trading strategies which (¢) extend over a finite
time horizon, (i) prescribe rebalancing positions a finite number of times and (44) are contingent on a finite
number of possible scenarios. This is, we believe, close in spirit to Arrow’s original set up which still survives
in binomial models but is here made entirely general. On the other hand, given our focus on the constraints

to financial activity coming from the subjective side, we assume that markets are free of any imperfection and
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that investment (discounted) returns are bounded. In sections 3 to 8 we analyze the implications arising in
this framework from the basic economic principle of absence of arbitrage opportunities. We obtain versions
of the Fundamental Theorem of Asset Pricing and of the Capital Asset Pricing Model that compare with
the corresponding results developed in the traditional setting but present at the same time differences which
are significant in economic terms.

An explicit motivation for the assumption of a given probability measure may hardly be found in contri-
butions to the theory of finance. However two main arguments underlying it refer to either the possibility
of retrieving such a measure from historical data or to the circumstance that this be embodied in individual
preferences over uncertain outcomes, i.e. expected utility. The first argument, helps explaining how is it
that all agents have the same starting probability, given ease of accessing past data. Nevertheless, averaging
data is not be free of troubles whenever time series are not sufficiently stationary, as it may either lead to
unstable estimates or to severe undervaluation of rarely occurring events. Non stationarity of financial time
series is one of the of stylized facts in financial analysis and it contributes significantly to exaplining well
known puzzles, such as the equity premium (see [19] and [8] for alternative attempts to explain the equity
premium puzzle based on non stationarity).

As for the second argument, a vast stream of literature, taking its moves from paradoxes of expected
utility, has questioned the idea that a probabilistic assessment of uncertainty be implicit in preferences both
on theoretical and empirical ground. Although in experimental psychology, subadditivity is a long-standing
evidence (see [61] and [62] for pioneering work), more recent theoretical work has laid ground for models in
which choice may not be based on probability measures but rather on set functions with a considerably poorer
stricture. Examples are Choquet expected utility [57], case-based decision making [31], prospect theory ([45]
and [63]) and support theory ([64]). On the other side, much experimental evidence has been obtained (see
[20] and [21] for comprehensive reviews) showing how deeply individual choice is influenced by psychological
elements such as the framing of decisions. These elements may lead investors to attach importance to events
in a selective way and be responsible of market phenomena such as over- or under-reactions.

This brief discussion motivated the choice to abandon the familiar assumption of a given probability
measure and to treat as the primitive of our model the collection A of events that do not affect individual
decisions. Such events will be called negligible. Of course, the traditional setting may be easily reconciled
with our framework when A amounts to the null sets generated by some probability prior Q. We want to
stress, however, that in our approach this is only an important special case — another being N' = @. Our
stance is that negligible events need not stem from a probabilistic assessment but, for example, from some
sort of bounded rationality making individuals unable to make decisions contingent on some specific events.
This part of the model is presented in section 2.2.

Most of this paper is dedicated to investigating the implications of the absence of arbitrage opportunities.
The first conclusion we reach is that there exists a pricing measure, m, (a “martingale measure”, in the
terminology of traditional modeling) that does not charge negligible events and that will in general only be
finitely additive. Second, we show that associated to m is a countably additive probability measure, P —
which we denominate the representing measure — the role of which compares to that of the “physical” or
“objective” measure in traditional models. The interplay between P and m is a distinguished feature of
our model and most of what follows is based on it. The measure P, in particular, permits an explicit and
analytically tractable representation of the pricing rule arising from m, described in Proposition 2. This is

the core result of the paper and essentially it allows to overcome some of the difficulties involved in finitely



ASSET PRICING WITHOUT PROBABILITYDC 3

additive expectation. The representing measure will also be relevant in establishing implicit mathematical
properties of the return processes. It is worth highlighting that the measure P is endogenous in our approach
(and typically non unique) and that it is generated by the pricing measure m, rather than the other way
round as in traditional models.

The existence of a representing measure P induced by m relies on a new decomposition result for finitely
additive measures (proved in [12] but restated in Lemma 1 below) which, to some extent, translates the
celebrated result of Yosida and Hewitt [67] in the framework of filtered probability spaces. Some additional
new tools for handling finitely additive measures also play an important role in our analysis. We prove in
Proposition 1 the existence of a conditional expectation operator for finitely additive probabilities which
possesses several important properties of ordinary conditional expectation and actually coincides with it in
the case in which countable additivity obtains (a different proof with additional results is in [13]). This
operator, of which we provide an explicit and familiar example in section 3.2, is employed to show that the
martingale pricing of assets gets along with the existence of pricing bubbles, of which we offer a conditional
version.

We give now a brief account of the other results obtained, which follow from the assumption that arbitrage
opportunities are ruled out. First of all, we show that upon stopping at a given stopping time 7T, financial
returns are P semimartingales — with T' = oo in the case of complete financial markets. Second, we derive
a formula partially analogous to the continuous time version developed by Merton [52] of the CAPM of
Sharpe [59] and Lintner [48]. The two formulas actually coincide in the case of continuous return processes,
although the difference between them is significant in the general case. The evolution of the decomposants
of m with respect to time may be represented as a P positive supermartingale X = M — A. In our modified
CAPM, M and A act as two distinct factors, the latter associated to the discontinuous part of the return
process. Under the assumption of predictability (suitably defined for the finitely additive context in section
7) this result can be further refined and the analogy with the CAPM made more stringent. Several authors
have extended the CAPM to the case of discontinuous asset returns (see [6], [42] and [58], among others).
However, in the traditional setting there cannot be but one risk factor unless ad hoc structure of individuals
preferences are invoked as in [26] or [24]. On the other hand, it has long been recognized that the existence
of more than one factor could be responsible for the poor performance of the CAPM in explaining the equity
premium.

The preceding result may be reformulated as follows: asset returns, conveniently transformed, are turned
into local martingales if a positive local martingale Z (a martingale density in the terminology of [58])
is adopted as a discount factor. Apart from the intervening transformation of returns (which does not
apply in important special cases), this situation is typical of most financial models, in which the existence
of a martingale density is a convenient assumption. The local martingale nature of Z reflects the lack of
countable additivity of the pricing measure m. The case in which Z is strictly positive and of class D has
a clear characterization in terms of absence of free lunches, as illustrated by Delbaen and Schachermayer
[23] in a highly influential paper (see also [43]). While uniform integrability requires substantial restrictions
on the volatility process, the existence of a martingale density is not clearly related to absence of arbitrage.
In section 8 we prove that given our assumptions on trading strategies if there are no free lunches on the
market, then the martingale density is strictly positive provided a probability measure is assumed to be

given.
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On the relationship between this paper and other contributions to this literature, we will remark in due
course. However, we cannot help mentioning the strong connection between our set up and the one proposed
by Bittig and Jarrow in [7], a paper we came across only when the present one was almost complete.
Indeed these authors introduce assumptions very similar to ours for what concerns trading strategies and
the collection N of negligible sets (null sets, in their terminology) and must therefore be credited priority (for
some relevant differences emerging in the treatment of A/, see the comments in section 2.2). Nevertheless,
in [7] the absence of arbitrage opportunities is not considered, as the focus is on the second fundamental
theorem of asset pricing rather than on the first one. Furthermore, in [7] the authors almost invariably revert
to the standard case in which A is generated by some given probability measure.

The present paper is organized as follows. After describing the model, in section 2, we prove in section
3 the existence of the pricing measure m and discuss some of its properties. In particular, we obtain a
characterization of asset bubbles in conditional terms, of which we provide an explicit example too. In
section 4 we show the existence of a full probability measure P associated to m. In the following section 5 we
obtain the main result of the paper, namely an explicit characterization of the expected value of asset returns
with respect to the pricing measure. This crucial result, which heavily exploits the characterization of the
structure of the separating measure over a filtered probability space studied in [12], allows to establish, in
section 6, the conclusion that asset returns, conveniently transformed, are P semimartingales which may be
turned into local martingales via a stochastic discount factor. In section 7 we restrict attention to predictable
return processes, a class for which the preceding results may be significantly enhanced. In section 8 we replace
the requirement that there be no arbitrage opportunities with the stronger notion of absence of free lunches,
borrowed from [23]. Eventually, in section 9 we discuss the implication of our setting for empirical research
and, in particular, we characterize the distribution function of assets returns with respect to the pricing

measure m.

2. THE MODEL.

2.1. The Set-up. The state space is represented, as customary, by an arbitrary set € relatively to which
information evolves according to a right continuous filtration (F; : ¢ € Ry ) satisfying Fy = {@,Q}. This
assumption, not uncommon in the literature, is equivalent to interpreting ¢t = 0 as time present and it will
play an important role in what follows. By F we denote the smallest algebra on  containing N'U UteR+ F,
where N is the collection to be discussed below. Although, for the reasons addressed in the introduction, we
will not refer to any probability measure, it will be important to know that a probability may be constructed
on F.

Assumption 1. The set P(F) of probability measures on F is not empty.

7 will denote the set of stopping times of the filtration (Fy:t€Ry); 7o ={r€T :7<o0}. If X =
(X¢:teRy) and 7 € T, by X7 we indicate the “stopped” process (X;ar :t € Ry). F is the product o
algebra F® B (R,) on Q = Q xR, — where B (R, ) is the Borel o algebra over R, — and P is the predictable
o algebras of subsets of Q (for standard terminology of the theory of stochastic processes we refer to [41] or
[54]). The stochastic integral of § with respect to X, whenever well defined, is indicated at will by [6dX
or 6.X. As a matter of notation, we do not distinguish between a set and its indicator (so that by FG we
may denote the sets F NG or F' x G as well as their indicators); if G is a collection of subsets of €2, by £ (G)

we indicate the linear space spanned by the indicators of sets in G; B (X) denotes the space of all bounded,
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real valued functions on some set X as defined in [28]. By ba (F) and ca (F) we denote, as usual, the spaces

of additive and countably additive set functions on F of bounded variation.

2.2. Negligible Events. Preferences are not the focus of this work and will therefore not be modelled
explicitly. However, we introduce a weak notion of indifference that we denominate negligibility. This is
defined with reference to a collection N of subsets of €, the class of negligible events, which is given a priori.
Letting A take different forms, we can cover several situations of interest to financial modelling. We make

the following assumption on N.

Assumption 2. The collection N satisfies the following properties:
(i) Q¢ N;
(1) A, B €N implies AUB € N;
(1) A€ N and B C A imply Be N.

As suggested in the introduction, A/ should be considered from the point of view of a decision maker
and interpreted as describing the events that do not affect his choice. Several examples may be given. The
most familiar and intuitive one is the class Ny of null sets generated by some @ € P (F) describing the
agent’s prior. Alternatively, the agent’s attitude towards uncertainty may be associated with a capacity or
a multiplicity of priors and A” may thus amount to the collection of sets which are null with respect to the
capacity or to all priors. In either one of these examples negligibility stems from an explicit, though possibly
unconventional, assessment of the relative likelihood of events. We may however also consider situations in
which agents are simply unable to carry out a proper assessment of the likelihood of events as they may feel,
e.g., that the information available to them is too poor or that its processing cost is too high. Being required
to consider the likelihood of some scientific discovery without being in the field is perhaps a case in point.
The source of negligibility may in other words lie in some form of bounded rationality.

While property (i) only helps avoiding trivial cases, the brief discussion that precedes supports property
(74). As for (i), although N need not be closed with respect to countable unions (as assumed in [7]), it is
essential for what follows that it is so for finite unions. In fact (ii) may fail in special cases such as that of

prior beliefs represented by a superadditive capacity, an expression of the propensity to uncertainty!.
Definition 1. X : Q — R s negligible if {|X| > n} € N for any n > 0.

It is fairly clear that, due to property (#i), X is negligible if and only if 1 A |X| belongs to the closure
£(N) in B (29) of the linear space £ (N). This definition induces an equivalence relationship defined by
saying that X ~, Y whenever X — Y is negligible (we also say X = Y up to an negligible set) as well
as the quotient spaces B (F,N) = B (F) \S (N) and B (.7:",/\/) =B (.7:") \W If N' = N for some
Q € P(F) then B (F,Ng) = L= (F,Q) while B (F,N) = B (F) whenever N = {&}. In Lemma 4 in the
Appendix we prove, not surprisingly, that bounded linear functionals on B (F, ) may be identified with
finitely additive measures on F vanishing on V' — i.e. elements of ba (F,N'). We shall write X € B (F,N)
whenever {X < —n} € N forany n > 0; X € B (F,N),, whenever X € B (F,N)_ and there is some 7 > 0
such that {X >n} ¢ N.

The content of the next sections is compatible with any system > of strict preferences such that X > Y

whenever X —Y € B (F,N)_; if, moreover, X 7Y whenever X —Y € B (F, ), then negligibility implies

1Assumption 2 may be reconciled with more general situations if we interpret A as the subcollection of negligible sets

possessing the listed properties.
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indifference. Preferences of this sort may indeed be considered as an exemplification of over confidence, as
X-Y eB(F,N) 44 does not clearly rule out the event {X <Y —n} even for 1 large but simply implies
that it are not considered by the decision maker.

A natural question is whether negligibility, stemming from bounded rationality or not, may be reconciled

with probability. An answer is provided by the following result, to which we shall refer later on.

Theorem 1. Let N satisfy Assumption 2. Then:
(1) there exists m € ba (F,N)_ with m () = 1;
(2) the following two statements are equivalent:
(a) there exists P € P (F) vanishing on N;
(b) there exists Q € P (F) such that for any increasing sequence (Fy,), oy of sets in N

lim Q () > 0 (2.1)

It is always possible to find some finitely additive probability which is compatible with A in the above
sense — given Assumption 2 — but this may no longer be the case if countable additivity is required. Consider
the case of a sequence (F,),, . in NV such that Q = J,, Fi,: any m € ba (F,N) is then purely finitely additive.
To see that this situation is not a pure mathematical curiosum, imagine an individual confronted with a real
valued experiment (the example is taken from [35, p. 74]). With no informative prior over the experiment,
he may reasonably assess two events of equal “size” to be equally likely, thus necessarily falling into the
above case whenever the values of the experiment are rational numbers between 0 and 1. More generally, the
uniform distribution over the natural numbers is a useful model both in probability (see [9, pp. 38-41] and
[44]) and in economics (see [66] where measures of this family are employed to represent perfectly diversified
portfolios in an APT framework) in which countable additivity cannot hold. Condition (2.1) clearly rules
these cases out and all it requires is essentially that there exists a measure which is not in blatant contrast
with the interpretation of A/ as a collection of null sets. Failure of (2.1) will bring several complications to

the analysis that follows?.
We let F; = Nuse o (FrUN).

2.3. Asset Returns and Trading Strategies. We shall make the following assumption concerning ad-

missible returns:

Assumption 3. K is a linear subspace of B (ﬁ) such that if K € K

(i) K is adapted to (Fy:t € Ry) —i.e. Ky is Fy measurable — and Ky = 0;
(ii) there evists T € Ry such that K = KT';
(#i) 0.K € K whenever 0 belongs to the set © of all processes of the form

M
0 (Wat) = Z em]]TmaTerl]] (22)
m=1
where T, € T and 0, € L(F;,,), m=1,..., M.

We also define
IC={KOO+£(N):K6K} (2.3)

2Let us just mention that omitting to impose condition (2.1) makes the whole construction in [7] potentially vacuous.
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(where, as usual, Ko, + £(N) = {Koo +f:fe€ E(N)}) and
C=K-B(F.N), (2.4)

In other words, the elements of K coincide, up to negligibility, with final returns from admissible investments.

By assumption, then, 0 € K which may be interpreted as the existence of an asset bearing no yield,
such as money or, more generally, the numéraire asset with respect to which the processes in K have been
normalized. Observe that, given (ii) above, we could equivalently require that each § € © vanishes on
Q x |T, 00| for some T € Ry.

Assumption 3 seems to us a reasonable approximation to the way real markets actually work on three
grounds. First, the strategies considered do not imply a life commitment on the side of investors. Second,
trading only involves a finite number of transactions: the cost of trading — which may either consist of explicit
transaction fees or be simply implicit in information processing — is then certain and reasonable. Eventually,
each transaction is contingent on a finite number of scenarios, a feature making the actual implementation
of the investment strategy realistically simple; it also captures the increasing importance of scenario analysis
in the investment industry (see [50]). Observe that pathological situations which are of concern in the
traditional approach — like so called “doubling strategies” — do not arise here, as our definition of stochastic
integration is entirely trivial.

The boundedness property, although important in the following developments, may raise discussion. The
existence of a lower bound on returns may be seen as the result of some form of financial regulation aiming
at preventing the possibility of Ponzi schemes. The restriction of an upper bound is far less obvious and will
therefore be relaxed in section 9, when dealing with applications.

A market in which the diversification of risk is to no extent restricted would allow investors to diversify
their portfolios at will across admissible investment projects, provided their resulting position does not imply

the possibility of unbounded losses. Portfolio returns would be described for such a market by the set

Ky = {ZK” K"eK, n>1, Y K" < oo} (2.5)

from which
K, = {Koo+£(/\/) : KGKG} (2.6)

and C; = (K, —RY) NB (F,N).
A time honored issue in the theory of finance is that of completeness of markets, introduced in [36], [37]
and [38] (see also [40] for a more recent treatment and [7] for a different approach). In our model completeness

is defined as follows:

Definition 2. Financial markets are complete if for every f € B (F,N) there exists v(f) € R such that
f=y(Hek.

Remark that our definition slightly differs from the familiar one as the claims f with respect to which
completeness is defined must have bounded maturity, in accordance to the view on financial markets described
above. Of course, given the current set of assumptions, market completeness is not expected to prevail. In

fact this condition will only be used as a reference, in Theorem 5.
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2.4. A Preliminary Result. Starting from section 3, we shall be concerned with bounded, finitely additive
measures over JF. Useful results on finitely additive measures are decomposition theorems, among which the
one of Yosida and Hewitt [67] is probably the best known. In the sequel we shall heavily exploit the following

variant on such theorem (proved in [13]):

Lemma 1. Let G be a sub algebra of F and £ € ba (G). There exists a unique way of writing
§=¢+¢ (2.7)

with £°, &P € ba (G), where £° admits a countably additive extension to F and any norm preserving extension
of &P to F is purely finitely additive. Furthermore,
(1) if € > 0 then £°,&7 > 0;
(2) if G is a o algebra, e > 0 and P € ca (F) . there exists G € G such that |§”| (G) = 0 and P (G°) < ¢;
(3) if H is a sub o algebra of G, &|'H the restriction of & to H, and &5, + &5, the decomposition of &|'H
in accordance to (2.7), then 5, > £°|'H and &, < | H.

It is clear that without Assumption 1, the statement of this lemma would be vacuous, as £ = 0. In the
case G = F this decomposition coincides with that of Yosida and Hewitt — £ = £° + &+, with £€° € ca (G)
and &1 purely finitely additive. This result illustrates how a probability assessment & on G contains in itself
a completely additive probabilistic model on F, namely that element £ of ca (F) such that Zei G = &~
Uniqueness of £° does not imply in general that £° is itself unique (unless of course F = ¢ (G)). However,
when G = {@,Q}, any P € ca (F) represents an extension of £ provided P () = £ (). In section 4 the
relationship between ¢ and £€° will be viewed as the outcome of an inferential process.

In the context of a filtered probability space when m € ba (F),_ and 7 € 7 we shall denote by m, the
restriction of m to F,. Letting G = F, in the above Lemma 1, we obtain for each 7 € 7 a decomposition

m,; = m& 4+ mE in accordance with (2.7). Then, if s < ¢ we have
(mg —mi)| Fs = (ms —my)| Fs + (mi) —ml)| Fo = (mf —mE)| F (2.8)

Although the decomposants m¢ and m? are orthogonal (and therefore as different as possible), (2.8) illus-
trates how the “processes” m® = (m¢ :t € Ry) and mP = (m} : t € R;) (finitely additive processes, in the
terminology of [4]) exhibit mirroring behaviour, analogously to the Poisson process, a purely discontinuous
process admitting a predictable compensator with continuous paths. This suggests that the expectation with
respect to the mP component may be characterized to some extent by m®, a much more treatable object.
Much of section 5 builds on this remark.

Denote by F; the o algebra Nuse o (Fu UN), by 7, the restriction of m, to F, for 7 € T and by m¢

and 2 its decomposants.

3. ARBITRAGE, MARTINGALES AND BUBBLES: THE PRICING MEASURE

Any sensible model of financial markets should exclude the existence of free money, defined as an element
ko of KNB (F,N) 44 1.e. an admissible return which is strictly positive (up to negligibility) in discounted
terms. To understand this definition, remark that the initial cost of kg is null while it provides a strict
improvement of welfare, i.e. kg > 0, for any agent with preferences as above. The existence on the market of

an asset with these features contrasts therefore with the existence of equilibrium. In our setting the absence
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of arbitrage opportunities takes then the form:
lCﬁ‘B(f,N)+:{O} (3.1)

Many versions of the above condition appear in the literature, all considerably more restrictive than (3.1).
Further to assuming a richer structure of asset returns, the concept of an arbitrage opportunity is often
conveniently reinforced into that of a free lunch (see [17], [18] and the seminal paper by Kreps [46], for a

discussion). In our setting the absence of free lunches may be defined via the condition
CNB(F,N), ={0} (3.2)

(the upper bar denotes the closure in the norm topology).
Let us introduce the following quantities, where k € K and f € R?\ £ (N)

o (f) = Nnéiffélﬁg k+)(w)  a(f)= ﬁ‘éﬁ,wienﬁc (k+[) (w) (3.3)
and
ag (f) = inf ax () ax(f)= SUp (f) (3.4)

We shall see in later sections that imposing condition (3.1) has several important implications, hinging

on the following

Theorem 2. Let (3.1) and Assumption 3 hold. Then
(1) there exists m € ba (F,N) . such that m () =1 and m [K] = 0, i.e. a pricing measure;
(2) if markets are complete the pricing measure m 1is strictly positive, i.e. m (F) =0 and F € F imply
FcN;

(3) there exists a countably additive separating measure whenever
(i). for any sequence (fn),cy in B (F,N), with Y, f, € B(F,N),,

inf{den (fn):knelc,neN} < o0 (3.5)

(i1). N is closed under countable unions and

(iii). C, NB(F,N), = {0}.

The last claim provides evidence that the countable additivity property of m is related to the degree
to which portfolio diversification is allowed. The set I, will not be considered further in the paper but it
contributes here to the view that countable additivity of the pricing measure is more an artifact of the theory
than a property of actual markets. In particular, (3.5) requires that the cost incurred into by hedging each
of the countable components of f separately is limited — as would clearly be the case if financial assets in I
are sufficient to complete the markets.

Completeness of financial markets is not likely to prevail in general (particularly so under Assumption 3).

Thus uniqueness of the pricing measure cannot be claimed and we denote
M(K) = {m € ba(F,N), :m(Q)=1,m[K] =0} (3.6)

Alternative selection mechanisms out, such as the minimization of the expected value of some random element
or of other functionals, raise issues of existence whenever countable additivity is required. The compactness
of M (K) in the weak* topology guarantees that, for any f € B (F,N), we can always find my € M (K)
such that, for example, my (f) =sup{m (f) :m e M (K)}.
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3.1. Conditional Expectation, Asset Pricing and Bubbles. A straightforward implication of the ex-
istence of a pricing measure in the traditional setting, as in [37] for example, is that investment returns
obey a martingale restriction with respect to this measure. This is also of fundamental importance in order
to establish a clear, backward pricing rule. It is not straightforward that these conclusions carry through
to our model due to the fact that conditional expectation is not available with respect to finitely additive
probability. The construction of conditional expectation in the finitely additive setting has received due
attention in the subjective approach to probability theory in which it is obtained under the requirement
of conditional coherence (see, among others, [22], [39] and [55]). In the following proposition we introduce
a new operator acting on finitely additive probabilities and possessing some of the properties of ordinary
conditional expectation (a different proof is in [13] which also contains a brief comparison of this operator

with the subjective approach to conditional expectation).

Proposition 1. Let H be an algebra of subsets of some set Q, G C 'H a o algebra and § € ba (H), . Denote
by &g the restriction of § to G, let {g = v +n be an orthogonal decomposition of {g with v € ca(G), and
n € ba(G), and define

I,={F€G:n(F)=0} (3.7)
Then, for each f € L' (H,&) there exists a unique & ( f|Z,) € L* (G,v) such that
D) =€ fIZy) D) =7 (ST ) (3-8)
for each I € T,, and that for any G € G
§(fGIT,) =€(f1T) G (3.9)

The mapping & (+| Z,) : L' (H,€&) — L' (G,~) is a positive, unitary and linear operator.

We find it convenient to call the operator £ (| Z,) “conditional expectation” (in [13] it is called compensated
conditional expectation) for purely terminological reasons, although it is evident from (3.8) that it does not
satisfy the law of iterated expectation but locally, i.e. with respect to sets in Z,. From the point of view
of a statistician it is perhaps regrettable that the forecast of a forecast may differ from the direct forecast.
Although we have no explicit interest here for the otherwise important statistical interpretation of conditional
expectation, it should be remarked that in the subjective approach following from de Finetti’s work (see [22]),
conditioning events are determined by admissible bets the family of which, therefore, need not be an algebra.

To illustrate the use we shall make of the preceding Proposition in the current and the following sections,
let 0 € 7. Remark that in view of (2.8)

mP| Fy = (S, —m*)| Fy i

and (m& —m®)| F, > 0, by Lemma 1.3. Proposition 1 then applies with G = F,, £ = mP, v = (m& — m®)| F,
and n = mb. Write Z, =Z,,». If I € Z, and f € B (F)

1)
(f1Zo) 1)
(mg —m®) (m? (f|Z5) 1)

When f=G (K, — K,) with K €K, 7 €7 7> 0 and G € F,, then by Assumption 3 and (3.1),

m? (fI) = m"(m? (f|Zs)

= (m? = mg) (m



ASSET PRICING WITHOUT PROBABILITYDC 11

0 = m(GI(K,—K,))
= m®(GI (K, — K,))+m" (GI (K, — K,))
= m®(m® (K, — K;| Fy) GI) + (mg —m®) (m? (K, — K,|Z,) GI)

ie.

me (K,GI) = m® (m® (K| F») GI) + (m¢

(e

—m®) (m? (K| Z,) GI) (3.10)

This expression can be further developed to obtain the following

Theorem 3. Let Assumption 3 hold and K € K. If (3.1) is satisfied, there exists a stochastic process
h = (ht 1t € Ry) such that hg = m® () and that for any o € T there exists a m& null set outside of which,
0<hs <1, heg <m (h:|F,) and

K, =hem® (Koo Fo) + (1 — he) mP (Kool Zy) = m (Koo| Zs) (3.11)
Furthermore h, =1 m¢ a.s. for each o € T if and only if m is countably additive.

The second equality in (3.11) establishes that, relatively to the conditioning operator introduced in Propo-
sition 1, the pricing measure is indeed a “martingale” measure — although many analytical properties of
ordinary martingales (such as convergence theorems) do not apply here. Pricing is therefore an intrinsically
forward looking exercise and, provided the structure of the conditioning operator m (| Z,) is explicit enough
(as in the example that follows), then a clear and useful relationship exists between K and K.

Let W represent the wealth process out of some admissible investment, so that W — Wy € K: (3.11)

clearly translates into
Wo =hoe¢p (W), + (1 —he)B(W), (3.12)
where ¢ (W), =m® (Wx| Fo) and (W), =mP (W|Zs) — so that

¢ (W), =m®(Q) " me (Wy) and (W), = mP ()~ mP (W)

Indeed (3.12) establishes that the pricing rule just described differs considerably from the traditional one.
In fact one may remark that the conditioning operator m? (-|Z,) inherits, through (3.8), the property that
for any P € ca(F), and € > 0 there exists F' € F such that P (F°) < e and m? (F|Z,) = 0. In other words,
the component 8 (W) of W only charges the remote behavior of the wealth process W, both with respect
to time and randomness. It is therefore quite natural, after the seminal work of Gilles and Leroy [32], to
interpret ¢ (W) as the fundamental value of the investment and 5 (W) as its bubble part. The noteworthy
properties of (3.12) is that such decomposition is established here in conditional terms, that it applies to
bounded processes over a finite horizon and that, as the returns need not be positive throughout, bubbles

may assume either sign.

3.2. An Example. Consider a traditional financial model with underlying probability @ in which (dis-
counted) asset returns are turned into a martingale by means of multiplication by positive martingale Z
with Zg = 1 but non necessarily uniformly integrable®. As we shall see in the following section 6 this situa-

tion is quite general. Let Z, be the @ a.s. limit of Z. We can associate to Z the finitely additive probability

3Some aspects of this example were treated in [15].
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measure p defined as
w(F)=LIMQ (Z,F) (3.13)
for F € F — where LIM denotes here the Banach limit introduced in [1] (but see also [56, p. 367))%. Tt is
easy to conclude that y is a pricing measure as for k € IC
p (k) = p(Ki) =limQ (ZnKy) = Q (Z: /) = 0

Furthermore, ¢ (F) = Q(Z,F) for F € F, and pf (F) = LIM,,Q ((Z, — Z) F) for t € Ry: in fact
Q (Z,F) clearly extends to a countably additive measure on F while LIM,, Q ((Z,, — Z;) F) vanishes on
{supsgt Zs < 2"} for each n so that it is purely finitely additive [9, theorem 10.3.3, p. 244] as well as any of
its extensions.

Let 0 € T. Recalling Assumption 3 above we easily get that ZW is a martingale too and that, therefore,

ZoWy = limZZW}

lim Q ( Z, W, | Fs) (3.14)
= Q(ZeWoo| Fo) + m Q ((Zn — Zoo) Wa| Fo)®

If we define (with the convention § = 0) ho = Z;'Q (Zeo| Fo), ¢ (W), = Q (Zu| Fy) ' Q(ZsoWao| Fy) and
BW), = (Zs — Q(Zx Fy)) Mimy, Q ((Zn — Zoo) W, | F,), then (3.14) is the exact translation of (3.12)
to the present setting. It should be remarked that h; = 1 @ a.s. is equivalent to the case in which 7 is a
uniformly integrable martingale i.e. p is countably additive. In models of optimal consumption and portfolio
selection (such as those treated e.g. in [6] and [29], for example) Z emerges as the process describing marginal
utility of consumption along the optimal path. In these models it cannot usually be established that Z is a
uniformly integrable martingale nor is it clear which economically meaningful conditions could be imposed
in order to obtain such property. This remark is a point in case for the finitely additive model we propose
here. Of course, it would be important to see if a partial converse could be established, i.e. if in the full
generality of our model the separating measure could be associated to a martingale density. An answer to

this problem will be offered in section 6.

4. PROBABILITY FROM ASSET RETURNS: THE REPRESENTING MEASURE.

In this section we shall show that the absence of arbitrage opportunities induces the existence of a full
probability measure P on F. The role played by P may be compared to that of the objective measure in
the traditional setting and we will refer to it as the representing measure generated by m. Although pricing
is performed via the finitely additive measure m, it could still be of practical as well as of theoretical worth
to establish statistical properties of the return process for which countable additivity matters, as will clearly
emerge from the following section 5. Thus m and P play entirely different roles and may in principle be far
apart not only for what concerns additivity. Our treatment in section 2.2 has shown, for example, that P
may not vanish on negligible sets, making the connection with preferences remote. An important issue is
that of the difference between the collections of null sets of . and P — the issue of consistency between m
and P, in the terminology of section 8. This has an immediate answer in the context of complete markets

(by the second claim of Theorem 2) while it is more delicate in the general case.

4Definition (3.13) may be given in terms of ordinary limits if and only if Z is a uniformly integrable martingale (see [15]).
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Let t € R.. Given m and the information F; available at time ¢, the component m¢, by its same definition,
allows to infer a completely additive measure m§ over the whole of F: in other words, agents may extract
from the restriction of m to F; a fully additive view concerning randomness, i.e. on JF. However, the
probabilistic view implicit in m¢ has only a local meaning and is bound to change considerably as time

passes by, as the effect of the arrival of new information. In particular, the last claim of Lemma 1 implies
M| Fy = me| Fy < m = me| 7, (4.1)

for s < t. This ilustrates how deeply the decomposition (2.7) depends on the underlying information
structure. The question therefore arises whether it is possible to extract from the collection {mg : ¢t € Ry}
a global perspective P on F not contradicting the inference made at each point in time, m§. Although
different, sensible criteria could be considered in order to judge whether P contrasts with m{ or not, a clear
contradiction definitely exists between these two measures whenever, for some F € F;, m$ (F) > 0 but
P (F) = 0: it may well be that events that were first assessed to be null are later deemed likely, as new
information becomes available, but the opposite would indeed imply that the global assessment expressed
by P implicitly disproves the one embodied in m{. In the context of a model in which agents form their
beliefs based on past experience, Kurz [47, axiom 2, p. 13] suggests the above criterion as a definition of
individual beliefs not contradicting observable data (so called rational beliefs). The following result (proved

in [12]) provides a positive answer to the above question.

Theorem 4. There exist P,P € P (F) such that m¢ < P|F, and m¢ < P|F, for each T € Ty. If the
condition (2.1) is satisfied, then P may be chosen such that P[N] = 0.

It should be remarked that P is partly influenced by subjective elements — namely the collection A/ — and
partly by the structure of markets. When confronted with a richer structure either of negligible events or
of admissible trading strategies the resulting set K’ of marketed claims would be strictly larger than K and
both the separating measure and the probability associated to K’ will differ from the ones arising from K.
Denote

P(m)={PeP(F):mé < P|F;, 7 €Ty} (4.2)

An almost immediate consequence of Theorem 4 and (4.1) is the following

Corollary 1. Let P € P(m), 7 € Ty and dmt/dP; = X,. The stochastic process X = (X;;t € Ry) is a P

right continuous, positive supermartingale, decomposing as
X=M-A (4.3)

where M is a positive local martingale and A an increasing, predictable process (see [41]) with Ag = 0 and
P(Ay) < oo (see [49]).5

Given right continuity of A, we can define A € ca (f ) implicitly through the equation A (F)) = P [ FdA.
It is clear from (4.2) that if P € P(m) and P’ > ]; then P’ € P(m). If beliefs are formed in accor-
dance with the inferential or learning mechanism described above, then, in principle, they will be strongly
heterogeneous among agents. This notwithstanding, in the following sections we will treat P € P(m) as

fixed.

6With the aid of Corollary 1 and the convention % = 0, we may identify explicitely the process h in (3.11) as he =
P(Xoo| Fo) X5t
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5. AN EXPLICIT REPRESENTATION.

Due to finite additivity, the expected value of asset returns with respect to m has a limited analytical
tractability and this may represent a major drawback of the present approach, both in theory and in appli-
cations. For what concerns applications, this issue will be addressed in section 9. In this section we shall
prove that the expectation m (k) may receive an explicit and convenient representation whenever k € K,
obtained by mapping each element in K onto its past history. The advantage of doing so is that, on the
space of processes, countable additivity of the integral is partly restored. In the following, it will be clear
that it makes no difference wether we adopt as filtration the original one rather than its completion so that
we can take it to be complete. Condition (2.1) plays quite a role and will be assumed.

The structure of the m§ component has been characterized in Corollary 1 through the supermartingale

X. For what concerns the m? component we shall take advantage of the following result:

Lemma 2. There exists a collection {m?; €ba(F), 7€ ’]6} such that m? is an extension of m¥ to F and

mP > mP whenever o € Ty and o < 7.

We shall now investigate more deeply the properties of the pricing kernel. Define to this end the following
quantities:
i=0" i=0
(i) t; €eToand 0=ty <t; <...<t, P as.,

(it) Fy €Ly, F; CF,_yfori=1,...,I, Ff = @ and

(71) M is a uniformly integrable martingale.
e DI (K)=F,; (K, , — K;,) and
o K = (KtH 1te R+) where

e The collection H of all pairs H = ((ti)l (F)! ) of finite sequences such that

I-1

K =YD (K') (5.1)
=0

KH is an “approximation” of K; obtained according to H € H. Later on it will be useful to rewrite (5.1)
as K = Zz];ol FiF{ Ky, ae- The trading strategy behind (5.1) prescribes to stop at time ¢; whenever F;
does not occur. Choosing F; appropriately, this criterion will apply very rarely, if we judge likelihood by
my,, although with certainty if we evaluate it under mfj. In this way the role of the “irregular” component
of m at the start of each investing period (¢;,%;11) may be entirely neglected and, if the behavior of m¥
is sufficiently regular with respect to time and the length of the interval sufficiently short, then it may be
conjectured that mfi ., will play a minor role. Clearly, this argument hinges on the behavior of K when
passing to the limit, provided convergence obtains in some suitable sense. It is crucial to our aims that if
K, € K then K/! € K as well. Observe that D (K') and K[! are ;,,, s and F3, o, measurable respectively
and that my,, , (Fi;t; > 1) =0 (see Lemma 7 in the Appendix). We shall write Zf, as short for Lor ., (see
(3.7)).

Let us define the following key terms:

I—-1 I—-1
T (), = 32 (h, 0 =) (DE (K1) = S0k, 00 (FikY) (5.2)
1=0 =1
and
I—-1
L (K), = b, (FiKttM) (5.3)

o
I
=
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From (5.1) — (5.3) it clearly follows the decomposition
mi e (K1) = i (K), + I (K), (5-4)
Exploiting (2.8) and Proposition 1, we show in Proposition 2 below that the terms Jy (K) and Iy (K)

can be described explicitly. This result is based on the following intuition. First, since, as we have seen,
my o (Fi) =my o (Fisti < t) and Fy {t; <1} € 7}, then

I-1

Ly (K), = Yomb o (Fidts <th L)
=0
I-1

= Zm€i+1/\t (mi)l:',l/\t (Kliq,l I;,,) Fl {tl < t})
=0

I-1
= Z (m€i+1/\t - mf,‘,/\t) (mfi+1/\t (Ktti+1 It’i) E {tl < t})
=0
I-1
= P (A§i+1 - Ail) mfi+1/\t (Ktti+1 Li) E {tl < t}
=0

Observe that this can be rewritten more concisely as

t t
I (K), = P / Fh (K dA = / £ (K1) dA (5.5)
0 0
where for Y € B (29),
I-1
f}} (Y) = me¢+1/\u (Y—twl ’ Iﬁ) Fl {ti < u}“tiv ti-&-lH (56)
i=0

We obtain then from (5.5) that I behaves like an ordinary stochastic integral: several nice properties become
thus available.

For what concerns the J term, by (2.8)

~
L
v
~
L

(mne =t 0e) (DI () = (4r, - 4

tit1

) DI (K°)

-
Il
o
Il
- O

~ .
I
T
—

e
™

Al —Al) DF (K')
(4. - 1)

i=0 j=i+1
I-1 j—1

= Py (41, - 4L) Y DI (K
j=1 1=0
I—1

- P (A§j+1 - Agj) KE,

<.
Il
—
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Then from (5.2) and the fact that Ky = 0 (by definition) it follows that

(Aﬁ i1 A;) Kg\t Z ( tit1 ) FZK;

Z( - —A;) (K - FK,)

Z ( tig1 A 1) FJ J+1Kt1+1

Jj=0

|
MN

Ju (K>t

|
Nﬂ ~N .
= »—-ﬂt
—

so that we obtain the bound
[ Ju (K),| < [|K|| P (AFf_y) (5.7)
It is natural to conjecture from (5.7) that the J term may be set so to converge to 0; a more delicate issue

is that of existence of the limit for the “stochastic integral” I and of its representation. This is solved in the

following

Proposition 2. Let 7 € Ty be such that X7 is uniformly integrable. If K € K and (8.1) holds, then under

Assumption 3
» KT):/ F(K)dx e m(KT):P<XTKT+/ F(K) dA) (5.8)
0 0

where f : B (297/\0 — L*® (P, \) is a positive, linear operator of unitary norm and such that f(YZ) =

f(Y)Z whenever Y,Z € B (.7:"7/\/') and Z is caglad. Therefore, if K € 9B (.7:') is cadlag, f(K) = K_ +
f(AK).

The representation (5.8) following from the no arbitrage principle has a number of implications that will
be developed in the present and in the following sections. The operator f defined in Proposition 2 is to some
extent similar to the P predictable projection — denoted in the sequel by P (X). However, f is not invariant
with respect to predictable processes but to caglad processes only: once again the difference amounts to
lack of continuity. In section 7 we will consider an extension of the notion of predictability suitable for the
present finitely additive context.

It is worth noticing that (5.8) establishes, in restriction to K and K respectively, a correspondence between
mP and A which, so to speak, restores countable additivity by translating expectation of random elements
into expectation of random processes. In fact, if Ty : B (F) — L (P, ) is the linear and continuous
mapping defined implicitly via Ty (K) = f (K), then m? = XTy. The lack of countable additivity of m
is therefore a consequence of the discontinuity of T: f (K™) may not converge to 0 although the sequence
<Kgc>neN may be such that K | 0, a situation which contrasts with the usual setting of a countably
additive pricing measure. The pricing rule (5.8) is therefore intrinsically path dependent since, regardless of

the actual structure of the asset return, it is based on the whole process f (K) rather than just on K

6. THE MARTINGALE PROPERTY

The representation obtained in Proposition 2 will be shown in this section to deliver a number of note-
worthy implications concerning the nature of the return process K. To make explicit the financial content

of the representation obtained in Proposition 2 we need the following assumption

Assumption 4. Fvery K € K is cadlag.
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The following stopping time has a key role in our analysis.”

T:mf{tGR+Xt_:Oor XtZO} (61)

Theorem 5. Let K € K and (8.1) hold. Then under Assumptions 3 and 4:
(i) XK is a P special semimartingale;
(ii) the stochastic process K stopped at T, i.e. KT, is a P semimartingale;
(@) if financial markets are complete and (2.1) holds, then P may be chosen such that P (T < 0o) =0

so that K is a P semimartingale.

Theorem 5 establishes that, in some appropriate form, the absence of arbitrage opportunities implies
the semimartingale nature of asset returns, a pervasive assumption in all financial models. It should be
highlighted that there are predecessors to this result, particularly Ansel and Stricker [3, theorem 8, p. 383]
and Stricker [60, theorem 3 p. 456 and theorem 5, p. 458] (but see also [23, theorem 7.2, p. 504]). The
noticeable fact is that this property, which crucially depends on the underlying probability measure, is
obtained here without explicit reference to any preassigned probability: it is therefore entirely endogenous.
Of course, the behavior of K after the random time T is totally unrestricted. In fact our model contains no
prediction over ]]T, oo[[, as the behavior of the separating measure becomes purely finitely additive over that
domain. The last claim, which anticipates in its proof the main ideas of Proposition 3 below, establishes
that this cannot be the case if markets are complete. Once again the implicit probability model of returns
turns out to depend in a crucial way on the structure of markets. The issue of the positivity of X outside
the special case of complete markets will be addressed in section 8.

Define AK™ = f (AK) — P (AK), Dg = {AK"~ = 0}. Denoting by £ the exponential semimartingale of

Doléans-Dade (and L its inverse, the stochastic logarithm) we may then define

t
f(tz/ DygdKT™ (6.2)
0

Z=£ (/ X:ldM> (6.3)
B=¢& (/ X:ldA) (6.4)

— clearly a predictable process of locally integrable variation (in the proof of the theorem that follows it

— clearly a positive local martingale — and

is shown that indeed Z and B are well defined, as assumed here). By Theorem 5, K7 admits a unique
decomposition KT = M¥ + V& where M¥ is a local martingale and V¥ a predictable process of locally

integrable variation.

Theorem 6. Let K € K and define K, Z and B as in (6.2), (6.3) and (6.4) respectively. If (3.1) holds
then:

(1) VE+[L(Z2),M"] + [ AK~dL(B) is a P local martingale, i.e.
VE+P([£(2), M ]) + /AK”d/j (B)=0 (6.5)
(2) ZK is a P local martingale.

“In [41], lemma II1.3.6 it is shown that T is a stopping time. Remark that, since Xo = 1 and X is right continuous,
P (T > 0) = 1. In the following we will refer to T" assuming that m € M (K) and P € P (m) is given.
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The Intertemporal Capital Asset Pricing Model, a core result of modern asset pricing that dates back
to [52], is often stated in one of these two equivalent formulations: (i) there exists a stochastic discount
factor transforming asset returns into local martingales, (i) the expected (excess) return of assets equals the
(negative) of the quadratic covariation of the return process with the “market price for risk”, often identified
with the marginal utility from consumption of a representative agent in equilibrium. These formulations
find their translation into the present context in the above statements which, however, consider a linear
transformation of asset returns. Theorem 6 differs then from the traditional CAPM if either Df, # @ or
P(T < o0) > 0. We will discuss these two conditions in some detail in sections 7 and 8 (although easy
special cases are that of continuous return processes — when D = @ — and of complete financial markets).
Apart from such issues, the stochastic discount factor Z will in general only be a positive local martingale
rather than a uniformly integrable one: following [58] we will refer to it as a martingale density. According
to the celebrated result of Delbaen and Schachermayer [23], the existence of a maritngale density is neither
necessary nor sufficient to exclude the existence of free lunches, unless the stochastic factor is strictly positive
and of class D. The latter condition is usually obtained by imposing considerable constraints on the volatility
of returns (particularly in the form of some lower bound) in contrast, though, with the fact that volatility
is usually the primary focus of most models and with the evidence that periods of high and of low volatility
often alternate randomly on the market.

(6.5) suggests that the original intuition underlying the CAPM should actually be adapted to keep into
account the correlation with an additional factor represented by B i.e., ultimately, by A. M and A act in
this model as separate market factors and the latter plays a specific role in the pricing of the jump part
of K. It is then indeed tempting to consider A as a market price of the risk implicit in the discontinuities
of asset returns, an exemple of which are unexpected, large falls of the market index. (6.5) contributes to
the view that correlation with a unique discount factor is not enough to explain excess returns, an issue
addressed repeatedly by the literature on the equity premium puzzle. It is remarkable that this conclusion
does not hinge on any special assumption, as on preferences or beliefs, which are usually invoked to explain
such stylized fact®.

An equivalent reformulation of (6.5) is the joint condition:
VEeL (£(Z), M"Y + /AKNdL‘ (B = 0 (6.6)
VEL LN "p (AL(Z) AM®) + > AK~AL(B) = 0 (6.7)

Although the term [AK~dL (B) is actually a function of the jumps of the return process, we cannot
conclude that it is itself a jump process. In other words, (6.6) suggests that the risk originating from the
discontinuities of the return process may affect its continuous part too. One may expect that exceptional
corporate actions, such as dividend payouts or mergers, or events influencing the prospects of default of firms

will influence the path of the corresponding stock more substantially than in the narrow proximity of the

8The existence of multiple factors in the CAPM may also be obtained from a non additive specification of preference. In a
model with habit formation, Detemple and Zapatero [24, equation (6.5), p. 1647] characterize the second factor as covariance
with disutility of future standards of living. In the context of stochastic differential utility, Duffie and Epstein [26, equation
(18), p. 422] recover two additional factors further to equilibrium consumption, one of which being related to market portfolio.
In a model with differential information, Ziegler [68, equation (24), p. 9] obtains additional factors ensuing from the updating
process. It should be stressed that all these papers consider a model of general equilibrium while our analysis has only a partial

equilibrium flavour.
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event considered. This marks quite a difference with the more traditional version of the CAPM extended to
include possible jumps’.

Of course in some of the previous examples of discontinuities (such as dividends announcements), the
timing of discontinuities in asset returns may be announced with due notice. This influences our result as

follows
Corollary 2. Let K € K and [[7]] C {AK # 0}. If T is predictable, then
P / F(AK,)dA = Pf(AK,) AA, (6.8)

Therefore, if {AK # 0} is exhausted by the sequence (T,)
Y. AKX AL(B), and VR + (L(Z), M¥) = 0.

nen Of predictable times, then [ AK~dL(B) =

T

In the special case considered in Corollary 2, the finitely additive nature of m only bears consequences
on the pricing of discontinuities but as far as the continuous part of asset returns is concerned the model
is indistinguishable from the traditional one. It is surprising that, as will be shown in section 9, this same
conclusion emerges relatively to the statistical properties of returns with respect to the separating measure.
It remains true that exceptional events taking place at times that do not admit being announced will have
a deeper impact on returns. Examples of these may be firm specific — such as changes in credit ratings — or
market driven. Our conclusion is therefore that events such as October 87 may have a long lasting influence

on the pricing of assets, a view which has received some consense.

7. PREDICTABLE RETURNS.

A vast majority of financial models are written under the assumption that the price process is cadlag and
predictable — or even that it has continuous sample paths. In this section we will comply with predictability,
a property that allows for a representation of the pricing kernel more explicit than (5.8). The notion of
predictability has though to be partly adapted to our finitely additive set up. In fact let o be a stopping
time predictable with respect to some @ € P(F) and (0"), oy its announcing sequence. Then, for each n
and r there exists 6 > 0 such that Q (6, >0 —0;0 >0) < 27"Q (¢ > 0): in other words, most of o can
be anticipated with fixed notice. This same property may not hold whenever @ is only finitely additive,
a situation that deprives the announcing sequence of much of its economic content. Denote by m.,_ the

restriction of m to F,_ when 7 € 7 and by m?_ and m¢_ its components.

Definition 3. A stopping time o is (m, P) predictable if it admits a sequence {c")
that:

ren Of stopping times such

(i). 0" 1o, Pas. and P(6" <o)=P(0<o0),
(#). limp,m (o —o0" <27") =0 and

(éi). lim, (mh_ —mb,)(Q)=0.

o—

Definition 4. A cadlag, adapted process K is (m, P) predictable if

(i) there exists a sequence (v,) of (m, P) predictable stopping times such that {AK # 0} =, [[vr]]

reN
and

(i) for each r, K, is Fy,,— measurable.

9Jarrow and Rosenfeld [42] consider an extension of the CAPM to include jumps. See also [6].
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It is clear that continuous processes are (m, P) predictable and that the above condition coincides with

the usual definition of a predictable stopping time in the case in which m is countably additive.

Theorem 7. Let K € K be cadlag with {AK # 0} = U, [[v.]], let (3.1) hold and let T € T be such that X™
is uniformly integrable. If K is (m, P) predictable

m2(K,;) = / Kd\ ie. m(K;)=P {MTKT —/ A_dK} (7.1)
0 0
It follows that ZKT — see (6.3) —is a P local martingale.

Essentially, in the first part of this theorem it is established a sufficient condition under which f (K) = K.

8. CONSISTENT PRICING MEASURES

It is commonly believed that financial markets are incomplete. However, it is as widely shared the view
that any contingent claim may be introduced and traded on the market provided its price is set fairly. The
pricing measure should then not only be considered as a tool to evaluate currently traded assets, as in the
preceding sections, but it should also provide reliable indications for the pricing of claims that do not yet
exist on the market but that it may sensible to introduce at some later stage. Viewing the current market
setting as the outcome of some equilibrium process (and borrowing from game theoretic terminology) we
conclude that the pricing measure may partly depend on out of equilibrium elements.

Consider a situation in which f is a bounded, strictly positive random element and agents investigate
what would the fair price of an asset paying f at maturity be in a market free of arbitrage opportunities.
Of course the answer is trivial if such asset is actually traded, as its price cannot be but m (f). For the
more general case we can only conclude that its price to be should be positive, in the absence of arbitrage

opportunities.

Definition 5. Let m be a pricing measure and P € P (m). The pair (m, P) is consistent if f € B (F,N),
and P(f >0) >0 imply m(f) >0. m € M (K) is consistent if there exists P € P(m) such that (m, P) is

consistent.

To understand better the economic content of the preceding definition, imagine that condition (2.1) holds.
Then P (f > 0) > 0 implies that f is not negligible and, as such, it would be reasonable to write a claim
contingent on it. However, pricing such claim by m would result in a violation of the no arbitrage principle,
given that m (f) = 0. Therefore consistency demands that m may be extended as a pricing functional to a
larger collection of claims than those actually traded.

To illustrate a situation in which the pair (m, P) is not consistent, imagine that P (T <t) > 0 for some
t € Ry (where T is defined as in (6.1) with reference to m and P). Then, by Lemma 1, for each e there
exists a set F' € F; such that F C {T <t}, P(F)>(1—¢€)P(T <t)and m} (F) = 0. But then

m(F) = m§ (F) = P(X,F{T < 1}) =0

It is then clear that the consistency of m requires that P (T < co) = 0. This situation is more general than

it appears at a first glance

Lemma 3. Let (2.1) hold, m € M (K), P € P(m) and T be defined as in (6.1) with reference to m and P.
(m, P) is consistent if and only if P (T < o0) = 0.
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We introduce this additional definition:

Definition 6. Let 7 be a real valued function on B (F,N), f € B (F,N) and define
K(fim)={k+d(f—-7(f)):kek, deR}

If

K(f;m)n®(F,N), ={0} (8.1)
then we write w (f) € A(f,K) and we say that © is an admissible pricing rule for f and that IC possesses
the extension property with respect to f. If A(f,K) # @ for any f € B (F,N) then K is said to possess the

extension property.

It is clear from the definition that the extension property reinforces that of absence of arbitrage oppor-
tunities. In Theorem 8 we provide a useful characterization of the extension property (in the Appendix a

more general result is proved, see Theorem 10).
Theorem 8. K has the extension property if and only if it admits no free lunches, i.e. (3.2) holds.

The abstract NFL condition translates thus into the practical issue of whether markets may or not be
extended consistently with the no arbitrage principle. This characterization helps providing economic content
to the mathematical notion of free lunch, often criticized for not having a clear market interpretation (see
especially [17] and [18]). In their seminal paper Harrison and Kreps [36, theorem 1, p. 386-7.] have already
pointed out the relationship between the extension property and viability, i.e. the property that asset prices
may support the optimal choice of an agent with regular preferences (see also [46]).

The property introduced, however, is not sufficient to guarantee that the market could be extended to
any arbitrary set of new contracts in respect of the no arbitrage principle. In general, for example, it will
not be possible to stretch the given pricing measure to a consistent price system for the completed financial
market. According to Theorem 5 (éii) this would guarantee the semimartingale nature of assets returns and
the existence of a positive martingale density. In the next result we show, however, that such an extension

is possible under the additional assumption of a given probability measure @) generating N .

Proposition 3. Let (3.2) be satisfied and assume that N = Ng for some Q € P(F). Then there exists a

consistent pricing measure.

This result, even if cast in the traditional setting of an existing probability measure, is new and provides
some firm ground for much of the existing financial literature.The statement of the proposition will however
not hold in the general case, i.e. without the assumption that negligible sets originate from a probability
measure. A closer look at the proof, based on a fixed point argument, reveals that this may be due to the
impossibility to select for each m € M (K) a measure P, € P(m) in such a way that the function m — P,
be continuous. Once again the point is that the pricing measure and the representing measure may be

considerably different mathematical objects.

9. APPLICATIONS.

A deep objection to the finitely additive model in asset pricing comes from the need for a tractable
description of the distribution function of asset returns under the risk neutral measure. Statistical properties

of asset returns under the pricing measure are in fact important. A major area of empirical research,
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originating from [11], suggests for example that the prices of derivatives may be useful to extract an estimate
of such function (see [2] and [16] for samples of more recent work). It would be doubtful in the finitely
additive setting that such a distribution is analytically tractable and, even more, that it may be inferred
from current prices of derivative contracts. Particularly so in a model of financial markets less restrictive
than the one considered under Assumption 3.

A more realistic assumption on the process of investment returns may be obtained by relaxing the condition

of the existence of an upper bound.

Assumption 5. K C R \S (N) is such that if K € K

(") K is adapted to (Fy:t€Ry), Kg=0and K~ €B (ﬁ,/\f);
(ii) there exists T € Ry such that K = KT';
(iii") if0 € O, a,b € R, Ky, Ky € K then 0.K ,ak1+bK, € K provided (0.K) ™ (K1 + bK3)~ € B (ﬁ,/\/).

Furthermore, we assume that there are no arbitrage opportunities — so that (3.1) is in place. We easily

deduce the analogous of Theorem 2 for the present context:

Theorem 9. Let Assumption 5 hold. Then if there are no arbitrage opportunities there exists m € ba (F, /\/')+
such that m () =1 and m[K] <0. I

It is implicit in the statement that if & is the overall, discounted return from an admissible trading strategy
then necessarily k& is m integrable. From this it readily follows that m (|k| > 2™) converges to 0 as n increases.
Let then u be the measure on (R, B (Ry)) induced by k —i.e. u=mok~1. Then for each ¢ there exists
a n such that u([-n,7]) < € or, in other words, the measure y is tight. Then, Dubins and Savage have
proved [25, see pp. 190-191] that one may associate to p a countably additive measure p* on (R, B (R)) —
the conventional companion in their terminology — which is unique and has the following properties:

(1) [ hdp = [ hdp* for each h : R — R continuous and bounded;
(2) p(fx—e,00[) < p*(Jr,00)) and p* ([x — €,00[) < p([x, 00]) for each z € R and € > 0.

The first property ensures that ©* may be employed to compute all moments of K., along with other
important quantities. The second property implies that the two distribution functions have exactly the same
points of continuity and on these they agree with each other. It also follows that f hdp = f hdp* for any
function h : R — R for which either integral is well defined [25, lemma 3, p. 191].

In particular let K € K be the underlying asset in discounted terms at maturity 7' and let ¢; (s,T) be the
time ¢ price of a call option maturing at 7" and with discounted strike price equal to s. Then, if there are
no arbitrage opportunities and Assumption 5 holds asset payoff functions are integrable with respect to the

separating measure m, by Theorem 9. By the preceding remarks, then,
e (s, T) = /(KT — )T dm (w)
- [t
- [ @-9dr @

Then, as in the case of a countably additive risk neutral measure, we deduce the inequalities

ep* (Js+e,00) < (8,T)—ci(s+¢e,T) <eu*(]s, 00|



ASSET PRICING WITHOUT PROBABILITYDC 23

from which it follows that the right derivative of the call price with respect to the strike price, i.e.
lime ™ [¢; (5,T) —c; (s +,T)]
n

exists and coincides with p* (]s, oo[). Of course this quantity may differ from p (]s, oo[) and, more precisely,
w(]s,00]) < p* (]s, 00[) unless s is a point of continuity.

This analysis suggests that the significance of derivative prices for evaluating the risk neutral measure
carries over to the case in which such measure lacks countable additivity. Nevertheless it is implicit that
allowing for the existence of points of discontinuity receives now greater significance since these are the only
points in which the risk neutral measure may differ from its conventional companion. In particular, we
conclude that the standard approach may induce an over-estimate of the mass assigned by the risk neutral
measure to the right hand tail. The importance of discontinuities partly contrasts with many empirical
works in which it is common to assume that p is absolutely continuous and to estimate therefore the density
function. Although this choice has the advantage of guaranteeing that the resulting distribution function is

increasing, it has, though, the additional meaning of ruling out the role of finitely additive measures.
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APPENDIX A. PROOFS FROM SECTION 2.

We recall that each X € B (F,N) is be of the form s (f) = {f—i— h:he (./\/)} for some f € B (F) and
that a norm is defined by letting || X||g £ oy = inf {|\f||%(f) X = %(f)} It is clear from the definition

that f € X and || X|[gzy = 0 if and only if f € £(N) ie. if and only if f is negligible. B (F,N)
is complete [56, p. 219], hence a Banach space and the embedding s of 9B (F) into B (F,N) is a linear
homeomorphism with ||s¢|] < 1. We shall exploit the following result which is fairly obvious and in which

ba (F,N') denotes the set of bounded, finitely additive set functions vanishing on N.

Lemma 4. There exists an isometric isomorphism between B (F,N)* and ba (F,N) defined implicitly via

the equation
6 Ge(P) = [ s (A1)

Proof. If v € ba (F,N) the right hand side of (A.1) defines a functional over B (F, ') which is linear by the
linearity of sc. Let »* : B (F,N)* — B (F)" be the adjoint of s and ¢ € B (F,N)". Then »*¢ € B (F)"
and is therefore isometrically isomorphic to some p € ba (F) via [ fdp = (3*¢) (f) = ¢ (3¢(f)). Given
that £(N) € 5(0), if N € N then i (N) = ¢ (5(0)) = 0 and, as A is closed with respect to intersection,
it follows that |u| (N) = 0 for each N € N: in other words, p € ba(F,N). (A.1) establishes then an
isomorphism. Given |>*|| < 1, [|ul| < [|¢]|; however if X = 3 (f), then |¢ (X)| = |[ fdu| < ||| || f]| so that

16 COL< lullinf {1 fllg ) 2 X = 5 (5) } = Il X1, e (191l < llul O
Let R (V) be the o ring generated by the collection A and R (M) = {F C Q: F° € R (M)}.

Lemma 5. If m,n € ba (o (N),R(N))_, then m = n if and only if m(Q) = n(Q). Furthermore, m is

countably additive.

Proof. It m € ba (o (N),R(N)), then for F € RN, m(F) = m(Q) — m(F¢) = m(Q) and the first
claim follows from the well known fact o (N) = R(N)URN) . If F,G € R(N)" and FG = @, then
Qe R(N) and ba (o (N),R(N)), only contains the null measure which is trivially countably additive. Let
(Fn),en be a disjoint sequence of o (V) measurable sets, then with at most one element in R (N )t say
Fi,and let F =, F, If F; € R(N) then F € R(N) so that m (F) =0 =Y, m(F,); if 1 ¢ R(N),
m(F)=m(F1)=>, m(F,). O

Proof of Theorem 1. (first claim). B (F,N) is a Banach space and s (2) an inner point for B (F, ) as
|5 (f) — 2 (Q)]| < nimplies {f < 1—2n} € N. The linear functional ¢ separating the convex sets B (F,N)
and {0} will therefore be bounded and non trivial, i.e. ¢ (3 (Q)) > 0 and such that ¢ [B (F,N) ] > ¢ (0) = 0.
By Lemma 4 ¢ is associated to some m € ba (F,N), that can be normalized so that m (€2) = 1.

(second claim). Assume that (b) holds and let N/ ={F UG : F € N, G € Ng}. N’ satisfies Assumption
2 and moreover 2 ¢ R (N’). According to the first claim of this Lemma and Lemma 5 the latter condi-
tion is necessary and sufficient for the existence of Qy € P (o (N’)) which vanishes on N’. Let F € F.
Each two versions of the conditional expectation @ (F|o (N)) coincide outside some set in N C N7, ie.
they coincide Qg a.s.. Let P(F) = Qo (Q(F|o (N))). Then P is unambiguously defined, positive and

P () = 1; furthermore, P vanishes on N. If (F,) _y is a disjoint sequence of F measurable sets, then
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Q (U, FauloN))=>,,Q(Fu|o(N)) up to a Qo null set and since Qo € P (o (N)),

P(UF) _ Qo(Q(LnJFnU(N)»
Qo (ZQ(MUW)))
= ZQO (Falo (M)

- ;PF

and (a) follows. The reverse implication is obvious.

Lemma 6. Let F; be defined as in the text (see p. 6). Then Fo = o (N).

Proof. Tt is easy to see that o (F,UN) = {FAN:F e F;, Ne R(N)}. Let t, < 27" If F € Fy then
F € o (F;, UN) for each n and we may therefore write ' = F,,AN,, or even

F = U N (FLAN,)

k n>k

- of(n)ond
= p{(nmn 0 ) oy
{Unrnynvous

k n>k k n>k

It is clear that N} C |, Nn so that Ny, U, Ny € R(N) by Assumption 2. On the other hand,
Uk Nusk Fn € Fo by right continuity so that (J, ()~ Frn is either Q or @: in the former case, F' =
(Ui Nosr NE) U (U, Ni); in the latter F = J, N;. In either case, F' € o (N). O

APPENDIX B. PROOFS FROM SECTION 3.

Proof of Theorem 2. Since 5 () is an internal point of B (F, ), there exists a non trivial, continuous
linear functional ¢ that separates B (F,N),\{0} and K. Since ¢[K] and ¢ [B (F,N),]| are a linear
subspace and a convex cone in R, respectively, and since ¢ [K] N ¢ [B (F, N)+] C {0}, it must be that
¢[K] =0 < ¢[B(F,N),] and ¢ (3(2)) > 0. By Lemma 4 and normalization we may represent ¢ via
m € ba (F,N), with m (Q) = 1.

Let k=—> k, €R®, f, eRY and f =3, fy; let also N, € N, n > 1 and Ny = J,, N,. Then,

N§ (f = k) < sup (f — k) (w) =sup2fn+k Zbup (fo + kn) (w)

wEN§ wEN§
Suppose that f € B (F,N),, that N, is such that ay, (fa) > supyene (fn + kn) (w) — 727" and that
>k, (fn) < oo then for w € N,

Let K™ € K be such that k,, = K2 and F' € F;. Since F'[]t,00[[ € O, then F (K + h — K}') € K whenever
h € L(N). Given that

(K% +h =K F > —([[(K& +h) A0 + K F
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the absence of arbitrage opportunities implies that for all h € m and F € F;, with F # @ there must be
w € F such that — ||(K + h) AO|| < KJ* i.e. sup,cp Ki' (w) > — ||k, || so that {K}* < — ||k, ||} = @ and
{K™ < — ||k, ||} = @: therefore | K™ || < ||k;, || and k € K (see the definition (2.5)). Moreover, the absence
of arbitrage opportunities implies sup ¢ e (fn + kn) (w) > 0 for each n so that

N§F <D sup (futka) (@) + N5 (RAISID <D aw, (fa) + 0+ Ng (kA IS

. WENS

Remark that kA| f|| € Co and choose m € ba (F,N') with m () = 1 such that m [C,] <0 < m [B (F,N),].

Then, m (f) <3, ax, (fn)+nforeachn > 0ie m(f) <>, ax, (fn). Replacing f by > .y fn we obtain
likewise the inequality m (3°,,< x fn) < Xpsn Gk, (fn) from which we deduce that

11]5nm<z fn> Slij{rnz a, (fn) =0

n>N n>N

Le. m(f) =22, m(fa)-

APPENDIX C. PROOFS FROM SECTION 3.1.

Proof of Proposition 1. By proving the statement separately for f™ and f~ we can reduce to the case
where f € L' (H,£),. Let I € Z, and G € G. The set function ¢, (G) = & (fIG) defined on G is positive
and additive. Let (Gn),cy
As f is € integrable, then letting h,, = fIG,,

be a sequence of G measurable sets such that lim,, v (G,) = 0 and fix €,0 > 0.

E(hn>e) < E(f <6 Y ha>e)+0(S)
< ((UIGn > b))+ 06 (f)
< SUGR) +0E(S)
< 7 (Gn) +06(f)

as IG, € Z,. Since § was chosen arbitrarily, we deduce that h,, converges to 0 in ¢ measure and, since
|hn| < f, this implies [28, theorem I11.3.7, p. 124] that

lim 7 (Gn) = i (hy) =0

¢ is then absolutely continuous with respect to v and therefore countably additive. Denote then by
& (fI|Z,) the corresponding Radon Nikodym derivative. If G € G, I C I' and I, I’ € Z,, then

Y(E(fITy) G) =& (fIG) <€ (fT'G) =7 (§(fT'1,) G)

ie. 0<&(fIZ,)) < E(fI'|Z,) up to a v null set. Let (I,), .y be an increasing sequence of sets in Z,
with the property that lim, & (f1,) = suprez, € (fI): then the sequence (§ (f1,]Zy)), cy is 7 a.s. increasing
and we may thus define £ ( f|Z,)) = lim, £ ( fI,|Z,) outside some v null set. Monotone convergence and the
inequality v (€ (f1n]|Zy)) < &(f) imply that & ( f|Z,) € L' (G,7),. To prove (3.8) let I € Z,,.

V€S Zy) I) =Ty (€ (f1n| Zy) 1) = lim & (fIT) < E(f1)
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However, if lim,, £ (fI,I) < & (fI), then,
sup £ (fI') = Hm&(fI,)
I'ez, n
=l (fI0) + lim€ (f1,1°)
< E(fD) +ImE(TLI°)
= lm&(f (II°UT))
which is contradictory since I°I,, UI € Z,,.
To prove uniqueness remark that, since G is a o algebra and -y is countably additive, for any k there exists

a set I, € I, such that v (If) < 27%. Let y € L' (G,7), satisfy (3.8) and G € G. Then, y = £ (f|Z,) up to

a 7 null set as

7 (YG) = lim~y (yGly) = im & (fGLy) = limy (E(f|Zy) GIx) = 7 (E(f]Zy) G)

Given uniqueness and additivity of &, £ (f + g|Zy) = £ (f|Zy) + £ (9] Zy); (3.9) is a consequence of the fact
that IG € 1, whenever I € Z,, and G € G.

Proof of Theorem 3. Observe that, by Lemma 1 claim 3, we have for o < 7ando,7 € 7,0 < m®| F, <
m$| Fo < mg. From the theorem of Radon Nikodym, we can therefore write m® (F') = m¢ (hoF) for each
F € F5, where 0 < h, <1, m& as.. Of course, if F' € F, it is also true that

mg (ho ') = m® (F) = mZ (h F') = mg (mg (he| Fo) F) <mg (mg (he| Fo) F)
ie. hy <mée (hy|Fy), m& as.. Therefore, (3.10) becomes
mg (KoGI) = mg. (hem® (K| Fo) GI) + mg ((1 — he) mP (K| Z,) GI)
Since G € F, is arbitrary and I may be so chosen that m¢ (I¢) < e for each €, we obtain that
K, =hom® (K:|Fy)+ (1 —hy) mP (K| Zy)

up to a m& null set. By Assumption 3 K., = K for some T € R, : choosing 7 = T proves (3.11). h, =1
up to a m& null set is equivalent to m¢| F, = m& i.e. mP (2) = mh (). However, since Fy is trivial and
given Assumption 1, mf clearly admits a countably additive extension to F or, in other terms, mg = m§
i.e. mh = 0: it follows that m? = 0 too. By the remarks following Lemma 1, m? = m' and m is countably
additive.

APPENDIX D. PROOFS FROM SECTION 4.

Proof of Theorem 4. The first claim is essentially Theorem 2 in [12], in which it is proved that
a countably additive, positive measure P’ exists with this property: essentially, P’ = > 27"mg where
(tn)ney is a judiciously chosen sequence in Ry and mg is the countably additive extension of m§ to F.
It remains to prove that P’ () > 0 and that P’ can thus be normalized to be a probability, P. This is
immediate by noting that P’ = 0 is equivalent to m§ = 0 for each ¢ € R;. However, as Fy is trivial and
given Assumption 1, then any probability measure on F is an extension of mg so that m (Q) = m§ (Q) and,
since m is the separating measure, the non triviality of m follows by standard arguments. Replacing m{
by 7§ would still give a countably additive, positive measure P’ such that P'| F, > mS and that, being
generated by the extensions of m§ to F and since N' C F,, necessarily vanishes on A. If Assumption 1

holds there exists a probability on F while, by lemmas 5 and 6, the restriction to Fo coincides necessarily
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with 7729. In other words, g (2) = m (Q) so that necessarily P’ (Q) > 0. P is then obtained, as before, by

normalization.

Proof of Corollary 1. The supermartingale nature of X is obvious given 4.1. For right continuity, see
[12, lemma 2.].

APPENDIX E. PROOFS FROM SECTION 5.

Proof of Lemma 2. Let ny, = (m? —m{)| F and n = (ng : t € Ry). As ng > ny| Fs > 0 (by Lemma 1,
claim 3), 71 describes a positive, bounded finitely additive supermartingale and generates therefore a positive,
bounded measure ¢ on the collection of all sets of the form (Fy x {0}) U]]o, 0o[[ where o € T and Fy € Fy
defined by letting

¢ ((Fo x{0}) U]Jo, o0[[) = no (Fo) + 1o (0 < 00)

By lemma 2 in [12], ¢ admits a positive, bounded extension ¢ to the whole of 2. TFor 7 € 7T, define

mP (F) =mP (F) — ¢ (F x Ry ], o0[]) for F' C Q. This is clearly an extension of m? satisfying the claim.
We shall repeatedly exploit the following lemma.
Lemma 7. Ifo,7 € 1y and F € I, then mL.,,. (F;7 > o) = 0.

Proof. Observe that F {T > o} € F, and that

Moy, (F{r 2 0}) = (mgy, —mf)(F;720)
= (mf—mgy,) (F;720)
= P((Xr = Xovr) F{T > 0})
=0

O

We start the proof of Proposition 2 by defining a net in H. Let D be the set of all cadlag processes
with respect to P; D the collection of all finite sets D in D which include the processes Z where Z; = t;
A=Dx Ri’_. Despite the potential incompleteness of the filtration [41, lemma 1.1.28, p. 7], to any « € A,

(0%

with a = (Dqy; (ta, My, €a)), We can associate the sequence (t¢

inf @ = 00): t§ = 0;

)ien in 7o defined recursively as follows (with

£ = inf {t >ty \/ ’Xt - Xt?_ll > na} A {t: M7 > in, ) (E.1)
X€Da
By construction, ¢ <t +n, <in, and Mt/\tg < 2Mt?, + Mt? < 2in, + Mtgx. It follows that M is
uniformly integrable. On the set {lim; t&* < t,} there either exist one process X € D, which has infinitely
many oscillations larger than 7, or sup,«, M; = oc: since both are P null events 0 = P (lim; t§ <t,) =
lim; P (t < t,). Define then
I, =min{i e N: P(t{ <ty) < €4}

Let A be directed with respect to the partial order defined implicitly by letting ov > 8 whenever Dg C D,
tg < ta, Mg = 1M, and €5 > €,. For each o € A the set of elements ((tf‘)j:o , <F<">£0) in H such that

K3

P (Ff¢_)) < € is non empty. Invoking the axiom of choice, we can select for each @ € A an element
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H, = ((tf‘)fio , <Fia>£0> € 'H with the above properties. (Ha),c5 Will be a fixed net throughout this
section. Let I (Y), = Irr, (V). Ju (Y), = Jpz, (V), and K® = KHa,
We start with a preliminary result. Let Qg = [[0]], Q? = ]]tjﬂf_l, tﬂ] for0 < 57 < I, and Q‘I)‘QH = ]]t‘}‘a,oo il

and define
Pe={(F xRS Fy e Fo )
for j=0,...,Io + 1. It is clear that P} is a o algebra of subsets of QJO‘

Lemma 8. For each o € A define

I+1
P=< |JE:EeP0<j<I,+1 (E.2)
j=0

P is a o algebra of subsets of Q and any g : Q@ — R is P* measurable if and only if it is of the form

Io—1

9= go[[0] + Z gi )1t 18011 + g1, 1185, 00 [ (E.3)

with g; measurable with respect to Fye .

Proof. Since P = {E cQ: ENQ?‘ ePH,0<j<I,+ 1} and {Q;" 1j=0,...,1, +1} is a partition of
then P* is a o algebra [56, problem 2, p. 257]. If g is of the form (E.3) it is clearly P“ measurable. On
the other hand the class of all bounded processes of the form (E.3) is a vector space which contains the
indicators of all P® measurable sets and is closed with respect to increasing, bounded sequences. The claim

then follows by a monotone class argument. (Il

Lemma 9. There exists a mapping f : B (2Q> — L (P, \) such that for each Y € B (29) andv €T,
%
LIMI, (V), = P / F(Y)dA
« 0

f is a positive, linear operator such that ||f|| = 1 and f (Y Z) = f(Y)Z whenever Y,YZ € B (2Q> and
D (ﬁ, N) is caglad.
Proof. Adapting (5.6) to the present setting we have, for v € 7 and Y € B (2Q>,

I,—1
v — 7 P
[} (Y) - mt?+1/\'v (K?+1

T4 ) Fe e < o} )], 6] (E4)

Remark that f¢ (Y) € L> (P*,A) by Lemma 8 with [|f2 (Y)|| < ||V and that {t® < v} C {t&; <v+n,}
by (E.1) so that f¥ () vanishes then on JJv +n,,00[[. If g € L* (P, \) then | [ gf¥ (Y)dA| < [[Y]||lg]| and
the quantity ¢y- (9) = LIM, [ ¢f% (Y)dX is well defined and finite. The functional ¢y : L' (P, \) — R, is
linear and ||¢y || < [|[Y||: by standard representation theorems [28, IV.8.5], we can associate to ¢y an element
fU(Y) € L*® (P, \) such that

LM [ gfz () dx= [ (¥)dx

holds for any g € L' (P,)). Furthermore, by the remark following (E.4), f¥ (Y) vanishes outside [0, v]];

eventually, fV is additive since fY is.
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By Lemma 8 we can define g® = A (g| P, ) and we deduce from (E.4) and (E.3) that f¥ (Y) ¢* = f¥ (Yg*).
Therefore,

I,—1

[ g [ rmgan= [ e i- > e (Ve g, )

and consequently

In—1

VN,
/fv ) gdA = Z mtm AU( ngta Fq) +/ Y (Yg®)dx

Let now o € 7 be such that v > o. Since LIM,, fv+17” gdX =0 as X is countably additive,

L! 1
LIM ‘ / oY )]gdA] <2y LIM Z | (7, o = ke, o) (9, ) (E.5)
Remark now that
Ia—1 Ia—1
S| (P o= e ne) (Bt <o) < PY (AR, - AR ) {0 <o <)
1=0 1=0
Io—1
< PY (Ao, —A0) {t8 <o <2} (E.6)

IN

P (A0+na o AU)
Let hq = Zfia {o <t <o} ]]te,t¢,]], recall (from Lemma 7) that mf?+1/\a (Ef {t¢ > 0}) = 0 and that

gﬁil is Fio measurable. Then,
;

In—1
> (e, o =18, no) (P9, 1822 01)] < tha o (B ot | To <12 < 0})
<P Z (A;’?H —Aj;’?) aﬂ‘ {o <t¥ < v} (E7)
1=0

%

P g% hadX
0

It is clear that h® is P, measurable and vanishes on [[0,c]]. Joining (E.5), (E.6) and (E.7) we obtain that
if g € L> (P, \), vanishes on [[0,0]]%, then

'/ s >]gdA‘ < LIM‘/ fo (v )]gdA‘
< 2|\Y|\LIMIZ_1 (il o =8 00 ) (92, F7)
<

2|YIl LIMP/ gehed\
@ 0

= 2|\Y|\LIMP/ gh®d\
« 0
= 0

ie. that fV(Y) = f7(Y) on [[0,0]] up to a A null set. We can then define f : B (26) — L>®(P,A) b
setting

Y)=Y " (Y)ln—1n] (E.8)
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f is positive and linear since f™ (V) is for each n; furthermore, up to a A null set, f (Y) = ¥ (Y) on [[0, v]]
for each v € 7.

Let now U be cadlag and bounded and define 7, (U) = Uy {0} + Zfial Upe |]t5,t2,1]]. Since U € D,
then for a € A sufficiently large, |U_ —mq (U)| < 1, on [[0,t7 ]]. Therefore, since fI' (YU) [[0,t¢.]] =
JE(YU [[0,t ]]) and w4 (U) is Po measurable, we obtain for Y € B (29>

/|f(YU,)—f(Y)U,|d>\ = li}ln/o |f"(YU-) = f"(Y)U-|dA
nALT
— limLIM / /7 (YU) — 7 (V) U_| dA
noa Jg

= e [ 00 - g 00 @)
onM?a
= li7IlIlL£M ; |f2 (Y (U= — 7o (U)))]| dA
< Tim2g, V] P (Ax)
=0
so that, by linearity,
/f(Y)d)x:/f(AY)d)\Jr/f(Y_)d)\:/f(AY)d)\+/Y_d)\
It is clear that || f|| < 1 but we have just considered a case in which f (V) =Y. O
Proof of Proposition 2. For any 7 € 7 and K € K
mb(Kp) = mE (K — K2)+mbge (K2)+ (ml—m?, . ) (K2)
= 2 (K = K2) 4 o (K), o+ (ml = m?e ) (K2) + Lo (K),
As for the first term,

[Kr —K2| < |Kong, — K2

I,—1
< S
=0

< 2|K[[{Ff u{r >t} }}

+ ’K‘r - KT/\t?a

+ ‘K'r - K’r/\t?a

KTAt?Jrl - K‘r/\t?‘

and given that K% K, € K

m? (K2 — K7)| < [my (K2 — K,)| + [mé (K2 — K,)|
< me (K - K,|) (E.9)
< 2|K| P (X, (Fy +{m>17.}))

ie. (i) LIMgy [m2 (K¢ — K;)| = 0. On the other hand, from (5.7) we conclude that (i) lim, J, (K),. = 0.
Eventually, by (2.8),

‘ (mzr) - mﬁmgﬁ) (K7)

so that (74) lim, (mIT’ —mP At?ﬂ) (K%) = 0 whenever 7 is such that X7 is uniformly integrable. We then

< |IK] P (Xrng, — X:)

conclude that, when 7 € 7 and X7 is uniformly integrable, m® (K ;) = lim, I, (K).. The claim then follows

from Lemma 9.
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APPENDIX F. PROOFS FROM SECTION 6.

Proof of Theorem 5. By localization, we can assume temporarily that (5.8) holds for every 7 € 7.
Observe that the process Y; = X; K+ fot f (K) dA is right continuous, admits a terminal variable and Yy = 0.
Then, [41, lemma 1.1.44], Y is a uniformly integrable martingale, i.e. X;K; = Y; — f(f f(K)dA a special
semimartingale, given that [ f (K)dA is predictable. If W is a bounded process, then W7 [[T, oo[[ consists
of a bounded jump at time T' and is therefore cadlag and of integrable variation, i.e. a semimartingale. It

follows that KT [[T,co[[ and [[T), oo|[ are semimartingales as well as the process
XK+ K" [[T,00[[ = (X + [[T,00[) K" = UK"
The process U is a strictly positive semimartingale, as P (X; =0) =0 when ¢t <T. Let

ry = inf {t €R, :sup X5 > 2" or Xy < 2"}

s<t

D = [[T, o0[[ and let superscript n denote a process stopped before time R,,, i.e. U™ = U™, U™ takes its
values in the compact set [27™,2"] on which the inverse function h is well defined and, being convex, admits
a Lipschitz constant ¢,. Let F' € Fg and s < t. Then |h (X} + D}) — h (X7 + D?)| < ¢, (D} — D7) so that

P (h(X{ + Di) +cn (DY = DY) Fs)

v

P (h(X}' + D} F)
> h(P(X{'+ D} )
> h(XD+DD)

V

In other words, h(U™) + ¢, D™ is a submartingale therefore h (U™) = h(U)™" is a semimartingale. As
the sequence (R,), .y increases to oo, P a.s. it follows [54, theorem 6, p. 46] that h(U) = U lis a
semimartingale. But then K7, being the product of two semimartingales, is itself a semimartingale by Ito’s
lemma.

If markets are complete and F' € F; is such that my (F)) = 0 then

m(F;T <t)=mj{(F;T<t)<P(X;{T<t})=0

so that, by Theorem 2, {F;T <t} € A/. But under the current assumptions, by Theorem 4, we conclude
that P vanishes on V. Since it is possible to find a sequence (F,), .y with F,, € Zon and P (Ff) < 27", we
conclude that P (T < o0) = lim,, P (T < 2") =lim,, P (F,,; T < 2™) = 0.

Proof of Theorem 6. First of all, remark that M = A on {X_ = 0} up to indistinguishability and there-
fore, by Doob Meyer theorem, M and A remain constant over that stochastic interval so that the stochastic
integrals [ X~YdM and /X “1dA are well defined. The first statement is a fairly obvious consequence of
integration by parts and (5.8) from which we obtain that the process Y, where YV; = X, K; + fg f(K)dA ,
is a local martingale (see the proof of Theorem 5). Integration by parts implies

t
Y—/X,dMK —/KTdM: /X,dVK + [KT, M] +/ AK~dA
0
where the left hand side is a local martingale while the right hand side is of finite variation: (6.5) follows
from [41, lemmas I.3.11 and 1.3.22]. We also deduce that the process

/X:IDKd{Y—/KZ’dM}:K+/X:1d[M,f(] :f(+/d[£(2),f(}
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is a local martingale. The formula
ZK:/K,dZ+/Z,df<+ [ZK} :/f(,dZ+/Z,d(f<+ [ﬁ(Z)j{D
proves the second claim.

Proof of Corollary 2. If 6 is caglad A(0.K) = OAK and f(A(0.K)) = 0f (AK). Since the same
invariance property holds for the ordinary predictable projection, we conclude that (A (6.K))™ =0 (AK)™.

Let 7, be announced by the sequence (77,) We obtain that

lim / (A ()7 mal] K))™ d = lim / T (AK™)dr = P ((AK) AA,)

There is no loss of generality assuming 7,, < 7,41 P a.s. so that, replacing 7] by 7] V 7,_1, we may
assume that the sequence (|77, 74]]),cy is disjoint and therefore AK = Y ]l75, 7,]] AK. Let A*K =
AK {|AK| >k} and AyK = AK — AFK and exploiting the fact that cadlag processes only admit finitely

many jumps of width larger than k£ on each compact interval
t N t ~
/ (AFK)Tdx = lim/ (Z]}r@,m]]A’“K) dX
0 " Jo n
t ~
_ an/ (In r]) AFE) ™ d
n " 0

= Y P((AMK)],, Adr )

while ‘ JE(AK)™ dA] + P, (ARK)Y o AAr, | < 6kP (As) s that

TnAt
t

lim [ (AFK)™ d\
k10 Jo

= lkiﬁ)lpz (AkK):n/\t Adr, at

/Ot (AK)™ dA

Py (AK)D AA

In other words, AK™ =3~ (AK)_ [[r,]] which proves the claim.

APPENDIX G. PROOFS FROM SECTION 7.

Proof of Theorem 7. The same argument used in the proof of Corollary 2 may be employed to obtain
that, under the current assumptions, f (AK) =", f(AK.,)[[Ts]]. Therefore, by definition of the operator

I
/ f(AK,)dA = LIM / frm (AK,,) dA

In—1
= LIM Y mfe o (AKp {t =70} FY)
i=0

Io—1
LIMm? (AKTn U {0 =7} Fi’)
=0
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Under the current assumptions, however,

I,—1
LIM Z m? ({t} <7, <7p <191 }) <limm (1, — 7}, <7,) =0 (G.1)
i=0
and, for r sufficiently large, ’ﬁﬁ; - ﬁzﬁ'n_H = (mﬁ; - mﬁ'n_> (Q) < e. For F € |J Frr we deduce from (2.8)
m7, _(F) = limmZ, (F)+lim (mfz — mﬁn_) (F)
— limP (A, F)
= P(A,, _F)

and since F;,_ = o ({JF;r) we conclude that dm¢ _/dPr _ = A; _ by uniqueness of the Carathé¢odori
extension. Moreover,

In—1 In—1
Z ml _({t¢ = Tnstd > TR} FY) < Z (mﬁnf - mfr) (t& =7n)
i=0 1=0
In—1
= (mfn_ - mﬁg) ( U {t3, = Tn}> (G.2)
i=1
< €

We can now remark that AK » {t?-s-l = Tn} Fis Fr, — measurable by assumption, that (mﬁn - mﬁnyf) | Fro— =

(m& _ —m )| Fr,— and that {APK"a~1 2£0} C U;’il_l [[t2]] whenever « is large enough. Eventually we

Tn— Tn

conclude that

Io—1
LIM Y (m2 —mP ) (AR {2, =70} F)
i=0

[ Har, )

Io—1
= LIMP (AKTn U {1 = Tn}AA.,—n>

i=1

lim LIM P (MKjLa-lAATn)
= P(AKAA;)
ie. that [ f(AK)d\ =PY AK,»AA., . The last claim is obvious given Theorem 6.2 and that fact that
in the current context D = @.
APPENDIX H. PROOFS FROM SECTION 8.

Proof of Lemma 3. Necessity is obvious given the remark preceding the lemma,; the inequality, m (F') >
m§ (F) = Pp (Xt F) = P, (Xt F{T,, > t}) for F € F; implies that this is sufficient as well.
Lemma 10. Let f € B (F,N), v € ba(F,N), withv(Q) =1 and k € K, then

ar (f) 2v(k+f) = o (f) (H.1)
If NA holds

(1) (ax (f);ax (f) CA(f,K) C lax (f);ax (H);
(2) ax (f) = ax (f) if and only if f — 5 (@x (f) +ax (f) €C .
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Proof. Fixk € K andlet Ny, N_ € N be such that SUP,e N (k+ f) (w) <@ (f)+27" and inf,ene (k+ f) (w)+
27" >y (f). Then on N¢ = N{N¢

27"t () zk+fZz o (f)—27" (H.2)

The first claim follows from N € N.
(1). Suppose that 7 (f) ¢ A(f,K): then for some k € K and d € R we would have k + d(f — 7 (f)) €
B (F,N), or, equivalently, Ny, = {k +d(f —7(f)) < -—n} € N for all n > 0. Take the case d > 0, then

Qg ()2 inf (@R f) @ =d it (ktdf) @) =) -7

c c
weNkm weNkm

If d < 0 we likewise deduce a_gz-15 (f) < 7 (f) +n. Of course, n being arbitrary, we conclude there exists
k € K such that either ay, (f) > 7 (f) or @k (f) < 7 (f). We deduce that (ax (f);ax (f)) € A(f,K). If
7 (f) € A(f,K), K(f;m) and B (F,N), are separated and there exists therefore my € M (K) such that

my (f) =7 (f). By (H.2), we conclude that 7 (f) € [ax (f);ax (f)]-
(2). Let f = f— 1 (@x (f) + ax (f)) and suppose that f ¢ C. Then {f} and C may be separated

by a finitely additive probability my vanishing on N and on K and such that my ( f) > 0. Since my is a
separating measure for K, by (H.2) it follows that @ ( f) > my ( f) > g ( f) Given that both functionals,

@k (+) and ay (+), are linear with respect to constants the preceding double inequality translates into

e ()2 my (F) + 5 @c () +ax (1) > 5 (@ (1) + e (1) > ag ()

ie. ak (f) > ax (f). On the other hand, if f € Cthenm (f) < 0 for each m € M (K) so that A (f, /C) CR_
and therefore, by the first claim, 0 > ax (f) ie. ax (f) < ax (f). O

We shall now prove a theorem more general that Theorem 8. Let us introduce the following definition.

Definition 7. Let U C ba(F,N) and J C B (F,N). U is norm altaining for J if for each f € T,
£l = supyey v (f)-

Theorem 10. The following properties are mutually equivalent:

(a) there exists a subset U of finitely additive probabilities vanishing on N which is (i) norm attaining
for B(F,N) . and such that (i) if v € U and (hy,)
h,, converges to 0 in v measure;

(b) for every k € K and f € B(F,N), aui (f) = ax (f) if and only if oy, (f) = ax (f);

(¢) K has the extension property;

(d) there are no free lunches, i.e. (3.2) holds.

nen 18 a sequence in C such that ||h, || — O then

Proof. (a)—(b). Suppose that for some ko € K, say, a;, (f) = ax (f) (so that ax (f) = ax (f)) and
assume, without loss of generality, that ax (f) > 0 (if not, replace f by f — ax (f)). Then, for each
n there exists k, € K such that oy (f) > ag, (f) — 27" from which one deduces easily that, letting
B = (1+ |lko + fI) ™" (ko — kn), hs > —27™ outside some negligible set N’ and h,, € K. Choose (kn)pen
such that (@, (f)),cy is monotonically decreasing to ax (f). Let N} € N be such that ag, (f) >
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supenve (kn + f) (w) = 27" and N,, = N, U N, Then, as N, e N/

(ko + f) (W) N = (ko = kn) (w) Ny + (kn + f) (w) N
[(ko — kn) () Ny + (kn + f) (@) NE] A ko + f]]
< [(ko = ka) (@) N+ an, (F) +27 D] A ko + £

If v € U then v (hy, A 1) converges to 0 and therefore

v(ko+f) < lim [(1 + [lko + fI) v (hy A1) + g, (f) + 27<n71>]

= ax(f)

By definition of U then ay, (f) < sup,ey v (ko + f) < aic (f), i.e.au, (f) = auc (f). If, on the other side,
g, (f) = ax (f), then the same argument can be used to show that a; (f) = 7 (f). In other words, (b)
holds.

(b)—(c). By (b) we have ay (f) = aux (f). Let 7 (f) = % (asc (f) + axc (f)) and suppose that there exist
k€ K and d € R such that y = k +d (f — 7 (f)) € B(F,N), ie. such that {y < —n} € N for each > 0.
A shown in the proof of Lemma 10, this implies either oy, (f) = 7 (f) (if d > 0) or & (f) = 7 (f) (if d < 0),
in any case 7 (f) = ax (f) = ax (f). Say d > 0. But then, since ay, (f) = 7 (f) by (b), we conclude that
for any 7 > 0 there must exist a set N € N such that sup,cyey (w) < nie {y>n} € N from which the
implication y = 0 follows.

(¢)—(d). Let f € C. Then, by assumption it has an admissible price 7 (f) but by Lemma 10 it must be
7 (f) =0. Then, as f — 7 (f) € B (F,N), if and only if f =7 (f) we deduce that C NB (F,N), = {0}.

(d)—(a). Let n,e > 0 and ¢ € C be such that ¢ > —¢ up to negligibility. If v € M (K) then 0 > v (c)
and from this we easily deduce that v (¢ > n) <

€
e+n’

to 0 in v measure whenever c,, converges to 0 in norm. The same property easily extends to the collection
M (K)* of all finitely additive probabilities absolutely continuous with respect to some v € M (K). If (d)
holds, then for any set F' € F not negligible there exists a corresponding vp € M (K) such that vp (F) > 0

It follows that every sequence {(c,) neN 11 C converges

while the finitely additive probability oy = vg (F)*1 Fdvp is clearly absolutely continuous with respect
to vp [28, theorem II1.2.20, p. 114]. Letting F' = {h > (1 —n)|[[h|} for h € B (F,N),, then we have
op (h) > (1 —n)|/h]. But then the collection M (K)" is norm attaining for B (F, ), and (a) is therefore
satisfied. O

The equivalence between (@) and (d) has a direct correspondence in a result of Delbaen and Schachermayer
([23, corollary 3.7, p. 477], [43, lemma 2.2, p. 193]) obtained under the assumption N' = Nj.

Proof of Proposition 3. We start by proving that Q (T,, < co) > 0 for each m € M (K) if and only
if there exists 7 such that for any sequence (m,), .y in M (K) Q (N, {Tm, < oo}) > n. If this were not
true it should be possible to find a sequence (my), .y in M (K) such that Q (N, {Tin, < oo}) = 0. Let
m = Y. 27"my,: then, m € M(K) and for each 7 € 7 and m$ = » 27"ms, . (by uniqueness of the
decomposition (2.7)): therefore, ms > my, .. As a consequence, Q (5, < Ty,,) = 0 for each n: in other

words, up to a null set (", {Tr,, < oo} C {T3, < oo} and Q (T}, < 00) = 0.
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In the attempt to derive a contradiction, assume that 7 > 0. Fix € > 0 and consider the mapping F, that

associates to each m € M (K) the set

Fe(m)={feBFN) :f<L Q(f)=n(l—¢), m(f) <e}

It is clear from the definition that F is convex valued and non empty if (in fact m (T, < co) = mP (T}, < 00)
and mP and @ are orthogonal). Letting X be M (K) endowed with the weak* topology of ba (F,N') and
Y =B (F,N) we easily establish that X is Hausdorff and compact and that ) is a Banach space. In order
to show that F, is lower hemicontinuous, consider an open set Uy, C 2 containing fy € Fi (myg). It is clear
that Vy = {m € M (K) : m(f) < €} is open and that

FoH Uy,) = {m € M(K) : Fe (m) Uy, # 2} = U vy
{rettsy: Q(F)Zn(1—0)}

In other words, the lower inverse F.~! of F. maps open sets into open sets, i.e. F; is lower hemicontinuous.

By virtue of Michael selection theorem [51, footnote 7, p. 364.], F. admits therefore a continuous function

¢, such that ¢, (m) € F. (m) for each m € M (K) so that (i) 0 < ¢, (m) <1, (i) Q (¢, (m)) > n (1 —¢€) and
(iii) m (¢, (m)) < e.
Consider now the mapping M that associates to each f € %) the set

M (f) = {m e M(K) :m(f) = ax (f)}

M (f) is clearly a non empty, compact and convex subset of X. Let V be a closed subset of X and fy €

M~=1(V): for each § there exists then fs € M~ (V) such that | fs — fo|| < d. By definition this implies that
for some ms € V, ms (f5) = ax (fs) so that

ms (fo)

\%
S
=
S

= ax (fs)

)
)
> ak (fo) —2

)

Put it differently, for each § > 0 the set Vs, 5 = {m € V : ms (fo) > ax (fo) — 20} is non empty. It then
ensues from the finite intersection property that (\s5o Vso,s = {m € V : ms (fo) = auc (fo)} is also non empty
or, in other words, that fo € M~! (V) and therefore M~! (V) is closed. We conclude that M is upper
hemicontinuous and that so is the composite map ®. = M o ¢, : X — X; further, ®. is convex and compact
valued. It follows that ®. has closed graph and, X being a Hausdorff, locally convex topological vector

space, it admits a fixed point m* as a result of a well known theorem of Glicksberg [33, p. 171]. Letting
f* = ¢. (m*) we have that

e=m" (f*) =ax (f*)
while @ (f*) > n (1 — €). This can be considered as an orthogonality condition between @ and ayc.
Given that e was entirely arbitrary, we can establish the same conclusion replacing e with €, = 2771

let m,, be the fixed point of ®. and f, = ¢, (my) so that Q (fn) > n(1 —€,) and €, > ax (fn). These

same inequalities remain valid if we replace f, by g}, = ZD" ain fi where a; , > 0, the sequence (aim)

€n
i€N
contains finitely many non null elements and ), a;, = 1. In fact

ax (gy,) < Zai,n@ic (fi) < Zai,nZ_i_l <2t

i>n i>n
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Choosing weights conveniently, we obtain by Komlos lemma, that the sequence (g;,), cyy converges P a.s.;
by Egoroff theorem there will therefore exists a set F' € F such that P (F°) < ne and g, = g,,F converges
uniformly to some g > 0. But then, since 0 < g/, <1

Plg) = lmP(g,)
lim P (g),) — P (F°)
n

v

> li7rlnn(1 — €, —€)
= n(l-¢
so that g # 0. However
ax (9) = limag (gn)

< limag (g),)
= 0

By the second claim in Lemma 3, the last inequality implies g € C and the NFL property is therefore violated,

a contradiction.

APPENDIX I. PROOFS FROM SECTION 9.

Define the functional 7 : B (F,N) — R implicitly as 7 (f) = —ay (—f). The following is a fairly

trivial lemma.

Lemma 11. Let Assumption 5 hold.

(1) The functional i is positive, sub additive, positively homogeneous and such that mic (1) < 1;
(2) if (8.1) holds, then mic (1) =1 and i (k) <0 when k € K.

Proof. (claim 1). Let f,g € B (F,N). By definition (3.4), ax (f) > ag (f) > supyepr infuene f (w) so that
ay is positive and ¢ (1) < 1. As k € K if and only if k = k1 + ko with k1,ky € K
ac(f+g) = supsup inf (k+ f+g)(w)
keK NeN weN®

= sup sup inf (k1 +ke+f+9g) (w)
ki,ko €K NEN WEN®

> sup sup inf (k1 + f)(w)+ sup sup inf (k1 + f)(w)
k1€ NeN wEN® ko€ NeN wEN®

= o (f) +ax(9)
Since A™'k € K whenever A > 0, then

axc (Af) = Asup sup inf (A_lk'Jrf) (w)
ke NeN wEN®

= Asup sup inf (K +f)(w)
k'eK NeN wEN®

= Aag (f)

from which 7 (0) = 0 also follows.

(claim 2). If oy (—1) > —1 then there exists N € A such that £ > 0 on N¢, a contradiction of (3.1).
If ko € K then 7y (ko) = infrexc inf yen sup,ene (—k + ko) (W) < g, (—ko) = 0. mx [K] < 0 follows from
positivity of 7. O
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Proof of Theorem 9. Consider the functional 7x on B (F, ') and, appealing to Hahn Banach theorem,
construct a functional ¢ on B (F,N) such that ¢ () = 7k () and ¢ < mx. By Lemmas 4 and 11 we may
thus represent ¢ via a finitely additive probability m vanishing on A" and such that m [C] < 0. If k € K, then

m k> 2") < e (k> 27) < 7 (W) <o k|

Then k is m integrable and m (k) = lim,, m (k An) < mx (k) = 0.

Acknowledgement 1. I owe my gratitude to Robert J. Elliot and William Sudderth for their kind encour-
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